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Chapter A: Open problems

Tropical varietiesare piecewise-lineaobjectsin Euclideanspace.The link betweenthe
classicalcomplexgeometryand the tropical geometryis provided by amoebasor logarithmic
imagesof complexvarieties. Tropical varieties appear as certain degenerationsof amoebas.
The workshopbrought together researbersin sud diverseareasasreal algebraicgeometry
mirror symmetry, cortrol theory, mathematical physics, analysis of se\eral variables, and
dynamics. Amoebas,tropical geometryand the degenerationwhich relatesthem appeared
in someform in all of theseareas.

The collection was compiled by Thorsten Theobald.

A.1 Combinatorics of linear tropical varieties

We know that the Bergmancomplexof a variety (as de ned in Chapter 9 of Sturmfels'
book on\Solving systemsof polynomial equations”), i.e. the tropical variety, is a polyhedral
complex. For linear subspacesthe paper of Ardila and Klivans shaws that this Bergman
complexhasa very nice combinatorial structure: a subdivision of it is the order complex of
the lattice of °ats of the assaiated matroid, a very well understood combinatorial object.
(As a corollary we get the topology; etc.)

Question: Canwe nd a similar conmbinatorial descriptionfor other classesf Bergman
complexes?

(contributed by FedericoArdila)

A.2 Monge-Amp pre measure and mixed cells

Badkground: There exists a Bernstein theorem for tropical varieties (see Sturmfels’
book on \Solving systemsof polynomial equations”), there also exists a mixed Monge-
Amppgre measurewhosevalue at any connectedcompactcomponert K of the intersection of
the consideredamoebasis the number of solutionsof the correspnding polynomial systemin
the pre-image(in the complextorus) by Log of K (seethe paper \Amo ebas,Monge-Ampare
measuresand triangulations of the Newton polytope"” from M. Passareand H. Rullgard).

Questions:lIs it true that this value coincideswith the volume of the mixed cell corre-
sponding to K (this volume participates in the Bernstein theorem for tropical varieties)? Is
there a one-to-onecorrespndencewith the solutions of our systemin Log' }(K) and the so-
lutions of a binomial systemcorrespnding to the mixed cell, and which sendsreal solutions
to real solutions?

(contributed by Frederic Bihan)

A.3 Mem bership problems

Background: For ewery ideal a in Rq = Z[x}1;: ::x§ 1 there is a related dynamical
systemgeneratedby d commnuting automorphismsof a compactabelian group via Pontry agin
duality. For dynamicsit is very important to determinewhen sud systemshave a niteness
condition called expansiveness. A theorem of Klaus Sdmidt statesin e®ectthat when a
cortains no nonzerointegers,then the systemis expansiwe if and only if the complexamoeba
of a doesnot cortain the origin.



Question: Is there an algorithm to determine whether the complexamoebaof an ideal
a in Ry cortains the origin?

(cortributed by Manfred Einsiedlerand Doug Lind)

A.4 Recognition problems

Badkground: Let k be an algebraically closednon-archimedean eld, and p be a prime
ideal in k[x}%;:::x3']. We know that the non-ardimedeanamoebaof p coincideswith the
Bieri-Grovesset of the algebraA = k[x$?1;:: :x§ Y=p, and is thus a homogeneoupolyhedral
complexwhosedimensionis the Krull dimensionof A, and which is rationally de ned over
the valuegroup of k. It alsohasthe geometricproperty of total concavity, a sort of harmonic
condition of spreadingfor the complex.

Question: Given a homogeneoupolyhedral complexthat is rationally de ned over a
densesubgroupof the realsand is alsototally concave, what further conditions are necessary
in order for it to be the amoebaof a prime ideal in the ring of Laurent polynomialsover an
algebraically closednon-archimedean eld?

(contributed by Manfred Einsiedler and Doug Lind)

A.5 Half-space behavior of amoebas

Badkground: Let Ry = Z[xfl;:::xgl] and a be an ideal in Rq with a\ Z = fO0g.
The adelicamala of a is the union of its complexamoebaand its p-adic amoebasover all
rational primesp. If a = Hi is principal, an argumen from dynamics shaws that every
1-dimensionalray from the origin must intersectthe adelicamoebaof f . There shouldbe a
version of this for generalideals,and it is enoughto state this for prime ideals.

Question: Let p be a prime ideal in Ry, and r denote the Krull dimensionof Rq=p.
Then for every subspaceof R with dimensiond; r+ 1, doesevery half-spaceof the subspace
intersectthe adelicamoeba of p?

(contributed by Manfred Einsiedlerand Doug Lind)

A.6 Higher order connectedness of amoebas

Badkground: Let k be an algebraically closednon-archimedean eld, and p be a prime
idealin R = k[x}1;:: :xf; 1. An argumert in a forthcoming paper by Einsiedler, Lind, and
Kapranov shaws that the non-archimedeanamoeba of p is a connectedset in RY. We also
know that it is a homogeneougpolyhedral complex of dimensionr, wherer is the Krull
dimensionof R=p. But examplesshav that the amoeba may always have a higher type of
connectivity aswell.

Question: Let p be a prime ideal in R, andr be the Krull dimensionof R=p. Form the
“nite graph whoseverticesare the r-dimensionalfacesof the amoebaof p, and for which two
vertices are joined if they sharean (r j 1)-faceof the amoeba. Then is this graph always
connected?

(contributed by Manfred Einsiedler, Doug Lind, and Rekha Thomas)



A.7 What does the Riemann-Ro ch theorem say in the tropical
world?

Badkground: One way to approad this would be to build up the madinery of line
bundles (or maybe coheren sheaes?). A di®ere, more immediately geometricapproad
might be called the \Brill-No ether" approad. This requiresonly two ingredierts:

A. \plane curve with ordinary nodes" and

B. If A, B and C arecurveswith acommonpoint of intersection,whatis\ A\ Bj A\ C",
the \residual intersectionof C in A\ B". If Oy is the local ring of x on A, and fg,
fc are the imagesin O, of the equationsof B and C, then in the classicalcasethe
parts of the intersectionsA\ B and A\ C supported at x are represeted by the
ideals(fg) and (f¢) in Oy, and the residual is represeted by the ideal

(fs :fc) =192 Oxjdfc 2 (fs)g:
The early work on Riemann-Rah treated only the casewhereA is smaoth at x. Then
A\ B at x is represered just by a multiplicit y, and residuationis just subtraction.

When A is arbitrary, things still work becauseO, is a Gorensteinring for any smaooth
curve, no matter how singular.

Question: How do thesenotions play out for tropical plane curves?
(contributed by David Eiserbud)

A.8 Tropical Calabi-Y au manifolds and tropical line bundles

An atne manifold is a real manifold with coordinate charts whosetransition mapsare
in AOR").

We will call a tropical Calabi-Yau manifold a real manifold B with a denseopen subset
Bo 1 B which hasan atne structure with transition mapsin R" o GL,(Z), and suc that
B nBg=: ¢ isalocally nite union of locally closedsubmanifoldsof B.

It makes senseto call B, a tropical variety. Certainly B, locally looks like tropical
atne space,and mapsin R" o GL,(2Z) look like mapsde ned by tropical monomials,sothis
seemsnatural. One can additionally talk about the sheafof piecewiselinear functions on
B, with integral slope, or the sheafof cortinuousfunctions on B which restrict to piecewise
linear functions on By with integral slope. This should play the role of the structure sheaf.

Question (Sturmfels): Is it natural to call B a tropical Calabi-Yau variety? In other
words, do thesesingularities make sensan the tropical context? This is relatedto Zharkov's
guestionof cutting tentacles.

Let A®(B;R) denotethe sheafof functions on B which are cortinuous and restrict to
atne linear functions with integral slope on B,. We de ne a tropical line bunde to be an
elemen of HY(B; A®B;R)). Represeting an elemen by a Cedh 1-cacycle

(®; ) for an open cover fU;g, a section of this tropical line bundle is a collection of
tropical functionss; on U; sudh that s; | s; = ®;. (Herethis is ordinary subtraction).

We sawv how sectionsof tropical line bundlesover tori are tropical theta functions.

Question (Eiserbud, seealso the question on Riemann-Rah®): What is tropical
Riemann-Rah?

33page 4, What does the Riemann-Roch theorem say in the tropical world?



The above discussionshould go over to tropical varietiesin general,if we have the right
de nitions. The samequestionapplies.

Questions: What is the notion of an ample line bundle? Is it interesting to study
embeddingsinto tropical projective space?

Exercise: Considera tropical plane cubic, say
i 63 4Ax%yj 3xy?i 6y3j 4y®zi 3yz%i Oxyzi 3x%zi 1xz?%i 3%
Draw a picture of this curve. Cut o®the in nite rays, to get a polygon. The axne length of
eadh edgeis de ned asfollows. For the verticesof an edge,v and w, write vi w = Id, where
d is a primitiv e integral vector and | is a real number. Then the atne length is jlj. Chek
that the sum of the atne lengths of the edgesis 13. Shaw this polygon can be obtained as

an embeddingR=13Z ! TP?, usingthree tropical sectionsof a tropical line bundle of degree
ve.

Question: This seemsa bit strange,doesn't it?

Obsenation: If one usesa line bundle of degree3 to try to map to TP?, certain line
segmets in the circle will be contracted! Doesthis meanthat the line bundle of degree3
isn't very ample?

Givensud a B, we canform two manifolds of twice the dimension,both torus bundles
over By. Let @ pu Tg, be a family of lattices in the tangert bundle generatedlocally by

restriction on transition functions, this is well-de ned. Let X (By) = Tg,=0. This carries
a complex structure which interchangeshorizontal and vertical directions in the tangert

we set X (Bo) = Tg,=0. This is canonically a symplectic manifold.

Oneparticularly important questionrelevant for the Strominger-Yau-Zaslav conjecture
is the following. We would liketo nd classi@l sectionsof tropical line bundles(i.e. smaooth
functions (U;; si) with s; i s; = ®;) satisfying the Monge-Ampgare equation

det(@si=@; @) = constant:

If one doesthis, then pulling badk the functions s; to X (Bo) will give KAhler potertials for
Ricci-°at metrics.

Question (Gross, Siebert, Zharkov): Is there a tropical Monge-Ampare equation? Fix-
ing the line bundle L, canone nd a sequencef sectionss; 2 j( B;L") (hopefully satisfying
this tropical form) sud that ~s, corvergesto a classicalsolution of the equation. (Here
~= 1=n). Write a computer program to produce numerical solutionsin this way, and draw
a picture of a geruine Ricci-°at metric!

Remark: There was somediscussionof phasesfor complexpatching during the confer-
ence. This canbeinterpreted asthe B- eld. SeeGross'book with Joyce and Huybredts for
details, but the basicidea is that one can twist the standard complex structure on X (B)
with an elemen of H(By; @ - R=a). Under mirror symmetry, this elemen corresmpndsto
what physicists call the B - eld.

ReferencesThinking about Calabi-Yau manifoldsin a tropical sort of way rst arose
in Kontsevich's and Soibelman's paper from 2000. For examplesof tropical Calabi-Yau
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manifolds, see Gross' book with Joyce and Huybredts, and the preprints of Haaseand
Zharkov. For more types of tropical varieties of this °avor, seeSymington's work. For a
generalconstruction of tropical Calabi-Yau manifolds arising from degenerationf geruine
Calabi-Yau manifolds, seeGross'recen paper with Siekert. This latter paper includesquite
a bit ontropical Calabi-Yau manifolds(section1) and givesapplicationsto mirror symmetry.

(contributed by Mark Gross)

A.9 Real tropical varieties

Real tropical hypersurfacesare directly related to T-hypersurfaces(piecewise-linear
hypersurfacesarising in the combinatorial patchworking). Many restrictions on the topology
of T-hypersurfacesare known. It would be interesting to look at theserestrictions from the
point of view of tropical geometryand to study the topology of real tropical varieties. For
example,the following questionarises.

Question: What can be said about Betti numbers of a real tropical variety?
(contributed by llia Itenberg)

A.10 The tropical Grassmannian

The tropical Grassmannian,studied by Speyer and Sturmfels, turns out, at leastin
the casesthey study, (2;n) and (3;6) to have strong combinatorial connectionswith the
Kapranov's Chow quotient G(r;n)=FC")".

Question(EugeneTewlevand SeanKeel): Try to understandthe preciserelationship.
(contributed by SeanKeel)

A.11 Real Gromo v-Witten invariants and tropical geometry

Badkground: G. Tian and S. Kwon recerlly de ned a real Gromov-Witten invariant
on ead chamber in the real Chow cycles' parameter spacewhen the target spaceis CP?.
That is a real erumerative invariant, courting the number of intersectionpoints of pull badk
of real Chow cyclesin the real part of the Kontsevidch's moduli spaceof stable maps from
gerus 0 curves. To useMikhalkin's work on courting planerational nodal curves,we shoved
that the classicalnodal Se\eri variety is enmbeddedas a Zariski open densesubsetin the
Kontsevich's moduli space.

Question: It will beinterestingto dewelop techniquesto calculate real Gromov-Witten
invariants by using tropical geometry

(contributed by Seongbun Kwon)

A.12 ldemp otent geometry
Questions:
1. Isit possibleto construct a versionof algebraicgeometryover a classof algebraically
closedidempotent semi elds (not only tropical semi elds)?

Remark: A simple criterion for an idempotent semi eld to be algebraically closedis
proved in the paper of G. Shpiz\Solving algebraicequationsin idempotent semi elds", Us-
pekhi Mat. Nauk, v.55, #5 (2000), p.185-186(in Russian;there is an English translation
in RussianMathematical Surveys, 2000). There are many examplesof algebraically closed
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idempotent semi elds. For example,somestandard linear function spacesand all the Banact
lattices generatealgebraicallyclosedidempotent semi elds;see,e.g.,the paper of G.L. Litvi-
nov, V.P. Maslov, and G.B. Shpiz\Idemp otent functional analysis: an algebraicapproad’”,
Math. Notes,v.69,#5 (2001),p.758-797.

2. Is it possibleto de ne a notion of an abstract algebraic(not only atne or projective)
variety over tropical and idempotent semi elds?

3. Isit possibleto de ne idempotent/tropical versionsof such conceptsasregular func-
tions and regular maps to get a natural category of idempotent/tropical \atne"
algebraicvarieties? Is it possibleto construct a natural corresppndencebetweenthis
category and a category of idempotent semirings of functions in the spirit of the
traditional algebraicgeometry?

4. It would be useful to de ne tropical/idemp otent versionsof such notions as alge-
braic equationsand ideals of atne algebraicvarietiesin sud a way that points and
subvarieties correspnd to analogsof ideals.

5. It would be usefulto descrike tropical/idemp otent versionsof sud notions as prime
idealsand irreducible varieties. How to investigatethe correspnding decompsition
into irreducible componerts?

6. It would be nice to construct dequartization proceduresfor a natural correspmpn-
dencebetween traditional algebraic varieties and tropical varieties? Is it possible
to construct somethinglike a functor (\almost functor") betweenthe correspnding
categories?

(contributed by G.L. Litvinov, in cooperation with G.B. Shpiz)

A.13 Mo duli space of holomorphic polygons

Badkground: In the paper with Fukaya \Zero loop open stringsin the cotangen bundle
and Morse homotopy", Asian J. Math. 1 (1997), 96 - 180, we proved that

\The moduli spaceof holomorphic polygonswith boundary lying on k-tuples of La-
grangian graphs of k-Morse functions is di®eomorphicto that of graph °ows of the Morse
functions in the adiabatic limit or (in the large complexstructure limit). The projections,
near the limit, of the holomorphic polygonson the baseof the cotangen bundle resenbles
amoeba-type shapesand it shrinks to the graphsof Morse °ows in the limit."

In the paper, we dealt with the caseof discs,i.e., open Riemannsurfacesof gerus zero.

Problem: Study the similar degenerationproblem for the higher gerus case.
(contributed by Yong-GeunOh)

A.14 Solidness of amoebas of maximally sparse polynomials

P _
Let f(2) = 4,4 @2® with A a nite subsetof the integer lattice Z", be a complex
Laurent polynomial. Its amoebais the subsetof R" obtained as the image of ff (z) = Og

if the number of connectedcomponenrts of its complemen is minimal, that is, equal to
the number of vertices of the Newton polytope ¢ ; of f. Solid amoebasare particularly
well adaptedto tropical geometry The polynomial f is said to be maximally sparseif the
support of summation A is minimal, that is, equalto the set of verticesof ¢ . Whenn =1
a maximally sparsepolynomial is a binomial.



Question: Doesevery maximally sparsepolynomial have a solid amoeba?

The conjectureis mainly basedon empirical data (=computer pictures). | did prove
with Hans Rullgard that if the number of verticesis lessthan or equalto n + 2, then the
tropical spineis cortained in the amoeba. (Soit would seemvery plausiblethat the number
of complemen componerts is minimal for maximally sparsepolynomialswith at mostn + 2
terms.)

(contributed by Mikael Passare)

A.15 Topology of amoebas of linear spaces

Consider a d-dimensionallinear subspaceV of C", and let M be the intersection of
V with (C*)". Then M is the complemen of a collection H of n hyperplanesin V, and
(virtually) any arrangemen of hyperplanesarisesin this way. It is a classicalproblem to
study the topology of M in terms of the combinatorics (for examplethe matroid) of H.

Questions:

What arethe bersofthe mapLog: M ! A, whereA is the amoebaof V?

What conditionson H will guarartee that this map is a homeomorphism?

What canwe sa in generalabout the topology of the amoebaof a linear space?
How doesthis relate to FedericoArdila's characterization of the tropicalization of V
in terms of the matroid of H?

oCowp

When d = 1, the answer to (1) is easy In this case,H is a collection of points on a
complexline. If there exist three points that do not lie on a commonreal line, then Log
is injective. If all n points lie on a real line, then the b ersof Log are the orbits of the Z,
action given by re°ection over this line.

Higher dimensional examplesof hyperplane arrangemems sud that Log is injective
can be constructedby taking a product of d copiesof three genericpoints on a complexline,
and then adding arbitrarily many more hyperplanesto this collection of 3d-hyperplanesin
V = CY But there should be many examplesthat are simpler than these.

(contributed by Nicholas Proudfoot)
A.16 Nullstellensatz for amoebas

Log is not injective.

We say that a list of positive numbers satis es the polygon condition if it is possible
to make a polygon with thosesidelengths,i.e. no number is greaterthan the sum of all the
others.

Theorem 1. Let | be anideal, and A(l) its amoeba. Then a 2 A(l) if and only if
f f ag satis esthe polygon condition for all f 2 1.

Let P(f) = fa 2 R" : ffag satis esthe polygon conditiong. Think of this as an
appraximation to the amoebaof a hypersurface.

Theorem 2. Let A(f) be the amoebaof a hypersurface.Let
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over all u; sudh that u™ = 1. The family P(f,,) corvergesuniformly (in the Euclideannorm)
to A(f).

Questions:

A. Is there a versionof theorem 2 (an explicit family approximating the amoeba)in the
higher codimensioncase?

B. An analogousstatemert to theorem 1 is known for non-archimedean Amoebas. Is
theorem1 true in an even more generalconext?

C. The corvergenceof the family in theorem 2 is of order O(log m=m), at leastin worst
casesituations. How fast doesthis family cornvergefor a randomly chosenf ? If the
approximation is within (alogm + b)=m of the actual amoeba, what area and b, in
typical examples?

D. What open problemscan this be usedto solve?

(contributed by Kevin Purbhoo)

A.17 Tropical Calabi-Y au structures

An exampleof a tropical Calabi-Yau is the baseof a Lagrangian b ered K3 surface.
This is a spherewith, generically an atne structure A on the complemen of 24 points
wherethe singularity at ead point hasa structure speci ed by two features:

A. The monodromy in the atne structure A alonga simpleloop around a singular point
is conjugateto U q

11

01
and

B. there is an injectiv e map © : (Uj R;A) ! (R? Ag) whereU is a neighborhood
of the singularity and R is a ray basedat the singular point. (Here the map © is

assumedo be alocal isomorphismof the atne structuresA and Ay.) The injectivity
follows from an argumern involving three-dimensionalcortact geometry

A natural questionis what closedsurfacesadmit sud a singular atne structure, and
how many singular points there can be on sud a surface. In fact, the possibilities are: a
torus or Klein bottle with no singular points, a spherewith 24 singular points, or an RP?2
with 12 singular points. Ead one can be realized as the baseof a (singular) Lagrangian
“bration. The singular b ersin eat are di®eomorphicto the singular b ersin a gerus one
Lefstetz bration, i.e. they are sphereswith one positive self-intersection.

Question: What can one say about the geometry or topology of the set of tropical
Calabi-Yau structures on S??

Remark: If one is willing to give up the secondcondition on the singular points,
retaining only the monodromy constrairt, then one can construct atne structures on S2
with 12 singularitiesfor any k , 2.

Motivated by the momert map imagesof Ka&hler toric varieties, one can considertrop-
ical manifolds that are not necessarilyCalabi-Yau. Sud a manifold would be built out of
strata that are tropical Calabi-Yau manifolds with boundary that satisfy appropriate com-
patibilit y conditions. A simpleexamplewould be a cylinder equippedwith an atne structure
such that the boundary of the cylinder is an atne submanifold.
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Question: Zharkov asked whether one can perform tropical Gromov-Witten calcula-
tions on a Calabi-Yau. Continuing on this line of thought, can one make sud calculations
on manifoldsthat have Lagrangian brations over thesemore generaltropical manifolds? In
particular, on S? £ T2 b ering over the cylinder?

(contributed by Margaret Symington)

A.18 Contour of an amoeba

For f 2 C[x1;x,], let G ¥ R? denotethe cortour of the amoebaof f , i.e., the locus of
the critical points of the Gaussmap. The singular points V on G naturally divides G into
sewral arcsE, and thus (V; E) de nesa planar graph.

Question: What combinatorial properties doesthe graph (V; E) have? Which graphs
can be realizedby somefunction f ?

Badkground: Someexamplesof the cortour can be found e.g.,in T. Theobald, Com-
puting amoebas, Exp. Math. 11:513-526,2002, or in M. Passareand A. Tsikh, Amoebas:
their spinesand their cortours, Preprint, 2003. Sincetracing the cortour canbe usedto (nu-
merically) computethe boundary of the amoeba,understandinghe combinatorial properties
of the cortour helpsto compute the boundary of the amoeba.

Question: How doesthis generalizeto higher dimension?
(contributed by Thorsten Theobald)
A.19 Tropical bases

of I which suxce to de ne the tropical variety T(I), i.e. T(1) =\ 23T (j).

Theorem. The 3£ 3-minorsof an n £ n-matrix of indeterminates(which are not a not
a universal Gr8bner basis) su+ce to de ne the tropical variety of that ideal.

Question (Sturmfels): Do the 4£ 4-minorsof a 5£ 5-matrix of indeterminates(which
are far from a universal Grébner basis) su+ce to de ne the tropical variety?

Question: Find a characterization of a (smaller) suzcient set (which should be eas-
ier/b etter to compute).

(contributed by Rekha Thomas)

A.20 Real enumerativ e invarian ts

In the lecture | gave at the AIM workshop on Amoebas and tropical geometry |
de ned some erumerative invariants of real algebraic corvex 3-manifolds. For example,
through a genericcon guration of 2d real points in the complexprojective space there passes
only nitely many irreducible real rational curves of degreed. Their real parts provide a
collection of embeddedknots in RP3. Equip this real projective spacewith a spin structure.
Then it is possibleto de ne a spinor orientation on theseknots. Indeed, consideringa real
subholomorphicline bundle of maximal degreein the normal bundle of the curves,one rst
de nes a framing on these knots. From this framing, one can then build a loop in the
SO3(R)-principal bundle of orthonormal framesof RP3. Then, the spinor orientation of the
real curve is the obstruction to lift this loop asa loop of the Spins-principal bundle given by
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the spin structure. Now the algebraicnumber of real curves, courted with respect to their
spinor orientation, turns out to be independen of the choice of the con guration of points
and this is my invariant.

Question: Is it possibleto compute this invariant with the help of tropical algebraic
geometry?

(contributed by Jean-YwesWelsdinger)

A.21 Positiv e tropical varieties and cluster algebras

Question: What is the connection betweenthe tropicalization of the totally positive
part of a variety, and the cluster algebrastructure of the variety?

Badkground: In joint work with David Speyer, we have descriked the tropicalization
of the totally positive part of the GrassmannianG(k;n). When k = 2, we get a fan which
is closelyrelated to the type A assaiahedron. For G(3;6) and G(3;7), we get fans which
arerelated to the type D4 and type E 6 ass@iahedra. Our results seemto be related to the
results of Joshua Scott, who shoved that the cluster algebrastructure of the Grassmannians
G(2;n), G(3;6), and G(3;7) are of typesA, D4, and E6, respectively.

(contributed by Lauren Williams)

A.22 Statistical algebraic geometry

Badkground: In statistical algebraicgeometry we put a Gaussianprobability measure
on the spaceof polynomials of degreeN in m real or complex variables. For simplicity,
we think mainly of the U(m + 1)-invariant Gaussianmeasurein the complex caseand the
O(m + 1) invariant measurein the real case. We then considerprobabilities and expected
valuesfor interesting random variables. The real and complexcasesare quite di®eren, since
deterministic problemsin the complexcasecan becomerandom in the real case.

Questionsfor real algebraicplane curves:

2 Considerthe ensenble of planealgebraiccurvesof degreeN . Let the randomvariable
be: the number of componerts of the curve. What is the most probable number of
connectedcomponerts? What is the expected number?

2 Considerrandom sphericalharmonicsof degreeN. Let the random variable be the
number of nodal domains(i.e. componerts of the complemen of the zero set of the
harmonic). What is the most probable number of nodal domains? The expected
number?

Random real fewnomials. We X a number f. In dimension m, we selectm real
fewnomialsof degreeN at random, ead with at mostf monomials. We pick the spectrum
of eath fewnomial at random (f lattice points in ZT'\ N 8). We then pick the coexcients
of thesefewnomialsat random from the O(m + 1) ensenble. The problemis:

Question: What is the expected number of real zerosof a random fewnomial system
of degreeN with f monomialsin ead fewnomial?

The current bound, due to Khovanski, is
#real zeros - 2m2f(1 D=2(m + 1)":

It is believed to be an enormousover-estimate.
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Zeros of random real fewnomialswith xed Newton polytope. We now pick m random

number f . How doesthe number of simultaneouszerosbehave asthe polytopesare dilated,
¢;! N¢;. Le. weincreasethe degreesput keepthe fewnomialnumber f xed and keep
the spectra in the dilates of the polytopes.

Zeros of rangomreal Kac fewnomials. We ask the samequestionsbut de ne random
real fewnomialas ,Cex® Wherecy are normal. That is, we do not useprojective spaceto
de ne norms of monomials. [The number of real zerosthen goesway down.]

Current result: Shi®manand | currertly have an exactformula for the expectednumber
of real zerosof random fewnomial ensenbles, but we have not yet found its asymptotics.

Prop osition. The density KN (x) of real zerosof random f -fewnomial systems of
degreeN is given by:

KN (X) _ 1 Q P P detr Hy log | njs(XY)ix=y .
s f T yknm jS(N;)j S2S(N;f) ['v I s (6x)Im !
whereQ := _, j»j exp(ijh » »)d» and where| yjs is the Szegkernel for the spectrum S
x H N 1
[ . — T\ -
| Njs(X;y) = - XYy

28
Here,S(N;f) is the set of possiblespectra.

Critic al points of holomorphic sections. Critical points of holomorphic functions have
a long history (Picard-Lefstetz, Milnor-Orlik, Arnold, etc.). Critical points of holomorphic
sectionshave arisenrecerly in string theory, wherethey are "supersymmetricvacua'. Mike
Douglas has posedthe problem of courting them, nding how they are distributed, and
many other statistic problemsrelevant in string/M theory.

Critical points of a holomorphic sections 2 H°(M; L) of a holomorphic line bundle
depend on a choice of Hermitian metric h or connectionr , which we usually pick to be the
metric connection. The equation readsr s(z) = 0 and hencethe number of critical points
dependson the connectionor metric.

(contributed by Stewe Zelditch)

A.23 Compact tropical varieties, Monge-Amp gre equation, Calabi
conjecture and curv e counting

Badkground: We adapt Gross'sde nition of tropical Calabi-Yau manifolds as well as
notations (seehis cortribution on tropical Calabi-Yau manifolds and tropical line bundles).

Compmct tropical varieties. The natural questionis how to make senseof compact
tropical manifolds, not necessarilyCalabi-Yau. There has to be a procedure of deleting
pseudo-mds and leaving as much of atne structure as possible. My guessis that this will
require a choice of polarization (tropical KAhler class). But the axne structure should not
depend on this choiceand hasto be of purely algebro-geometricnature.

Question: How to modify naturally the valuation map for compacttropical varieties?

Tropical Monge-Ampgre equation. Let me also add to Gross's question on Monge-
Ampgre equation. The beauty and importance of the real (and complex) MA equation is
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that given a boundary conditionsit hasa unique solution. This is crucial in proving various
Calabi conjectures.

In the di®erertial-geometric picture a metric is determined locally in an atne chart
U ¥2 B, by the graph of the di®erettial of a potential dK %2 R" £ (R")" (we can consisterly
identify tangert spacesat di®eren points in U with R" and cotangern spaceq with (R")").
In the tropical world the C' graphs should be replacedby piece-wiselinear ones, which
will de ne distribution-lik e metrics (or measures)on B. The Monge-Ampare condition {
the equality of euclideanmeasureson R" and (R")” provided by the graph dK { hasto be
understood in this distributional senseaswell.

Question: (Tropical Calabi conjecture) Is there a way to de ne a tropical Monge-
Amppgre operator whosesolution givesa (unique?) Monge-Ampare measureon B in a given
polarization classin H(B; A®(B;R))?

The uniquenessseemsto be falsein an obvious assumptionthat the bendingsof the
potentials areregulatedby the integral lattice. On atorus this correspndsto se\eral possible
Voronoi cell decompsitionsin dimensionhigher than one.

Curve counting. The symplectic area of a straight line interval is easily seento be
proportional to the scalarproduct of the primitiv e vector alongthe interval and the distance
vector betweenthe endpoints in the dual structure. The behavior of a curve nearthe singular
locusis very restrictive. Namely, it can end on a singular point only coming from a unique
(eigen) direction.

Question: Giventhis canwe performatropical Gromov-Witten calculationon a Calabi-
Yau?

As was shovn by Mikhalkin the tropical invariants coincidewith the geruine onesfor
curvesin surfaces. In higher dimensions,howeer, there are tropical curveswhich are not
limits of true holomorphic curves.

Question: Is there a simple recipe deciding which tropical curves are the limits of
classicalones?

(cortributed by llia Zharkov)

Chapter B: Snapshot of the pre-open problem session

Relevant aspects:

Amo ebas

maximally sparsepolynomials

amoebasfor fewnomials

spine

for generalvarieties (non-hypersurfaces):what are spine, solid, maximally sparse?
topological structure of amoebas;cornvexity

for speci ¢ classeof varieties?

discriminants and amoebas

N N N NN NN
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Tropical geometry

2 tropical linear algebra
2 line bundlesand vector bundles
2 variations of tropical varieties

Amo ebas vs. tropical geometry

2 What is gainedor lost in the transition?

Chapter C: Snapshot of the open problem session
The workshopincluded a moderated, open-problemdiscussionsession.
C.1 Relevant lines of research

Basic de nitions

Computational issues

Amoebasof higher codimension

Families of examples

Applications of abstract data typesin tropical and idempotent calculus
Recognition problems

Applications to complexalgebraicgeometry
Applications to real algebraicgeometry
Applications to dynamical systems
Applications to di®erenial equations
Applications to optimization and cortrol theory
Applications to represetation theory
Applications to number theory

Applications to statistical medanics

Tropical represemation theory

N N N N N N N N N N DNMDNMDNMDNMDN

C.2 Basic de nitions

A. What is an abstract tropical variety (without embedding, as ringed spaces,rigid
analytical space,non-archimedean eld given by a covering of charts) ?
What is a good family of local models? Gluing maps.

B. What is an abstract idempotert variety?

Detailed discussion(moderated and contributed by Margaret Symington; see also the
“gure of the white board of that session):

In the subsequehdiscussionof the basic de nition of tropical varieties, the workshop
participants expresseda desireto lay out a couple of de nitions, sorting out the namesof
di®eren objects arising in the tropical realm. Hereis what was proposed(in the lower right
hand sectionof the white board):

Givenanideal | in K” % K = C(t) (the Puiseuxseries),considertwo maps,

val: K"l R®
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and
(val; phase): K”! C*°
wherethe valuation map \val" takesthe value of the smallestexponert in a Puiseuxseries

and \phase" takesthe argumert of the coexcient of the term with the smallestexponert.
Then

2 atropical variety is the image of val,

2 a complextropical variety is the image of (val; phase),and

2 areal tropical variety is the subsetof a complextropical variety on which the phase
is real-valued.

In the p-adic setting (lower certer of the white board) one has analogousobjects of
interest: the image of the valuation map in Q and the image of the valuation and the phase
in Q£ F_; WhereF_; is the closure of the set of multiplicativ e generatorsof the algebraic
closureof Fp.

More generally(in characteristic zero),let | be anidealin the Laurent polynomial ring

tropical and complextropical varieties are the imagesof val and (val; phase)in (Q")" and
(C®". The b er of the projection from sudch a complextropical variety to the correspnding
tropical variety is a torus, while the b er of the projection from the real tropical variety is
a subsetof Z5.

t ! 0 the complexalgebraicvarietiesV(l;) corvergein the Hausdor®limit to the complex
tropical variety for I . In generalthe complextropical variety is not homeomorphicto V(I)
for t 6 0. For curves,if the complextropical variety is smooth, then it is homeomorphicto
V(l) for smallt.

Question: When is the complex tropical variety homeomorphicor homotopic to the
algebraicvariety V(I;) for small t?

Question: Can onede ne a Hodgetheory for complextropical varietiesthat is consis-
tent with the limit of the classicalHodge theory?

Moreover, the following questionsand needswere stated:

A. Patchworking theorem: Is there a re nement of tropical geometry that will give
information about a single (classical) hypersurface?
B. Needto de ne maps,line bundles,vector bundles

C.3 Computational issues

A. How to compute examplesof amoebasand tropical varieties?
B. Special featuresto compute:

2 homologygroupsof the complemett;
2 is there a Hermitean form whosesignatureis equalto the number of comple-
mert componers?
C. Which classicalvarieties are expansiwe (i.e., is 0 is in the amoeba?) ? E.g.,
2 Grassmanniansgeneralized®’ag manifolds, sphericalvarieties, determinartal

varieties, Schubert varieties;
2 Calabi-Yaus.
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Dewelop the theory of smooth curves.

What is the complexity of decidingthe vanishing of a resultant?

When doesLog(X) lie in a lower-dimensionalsubspace?

How hard is it to compute (i.e., what is the complexity of computing) the distance
of a point to the discriminantal variety?

@mmo

C.4 Recognition problems

A. How to recognizewhether a a pure d-complexis a tropical variety?

B. Characterizethe image of linear subspacesw.r.t. under the phasemap (\phlat").
i.e., characterize L) whereL % C® is a linear subspaceand %is the phasemap
Y4: C*1 T" (T": n-dimensionaltorus).

C.5 Applications

A. From number theory: Considerone polynomial in one variable with integer coex-
cierts, written asa straight line program of complexity ¢. How many roots are there
which are congruen to 1 modulo p, asa function of ¢, ?

There exist estimatesusing amoebatheory, by work of Maurice Rojas.

B. Prove Calabi conjecture for tropical Calabi-Yaus: in eadh metric classthere is a
unique metric which solvesthe tropical Monge-Ampgre measure.
In the real casethis corresppndsto det(Hessian)= const.



