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INTR ODUCTION

The following are a set of the questions, conjectures,and possible further research
directions that were discussedat the AIM Workshop on Moment Maps and Surjectivity in
Various Geometriesthat took placeAugust 9{13, 2004. The questionsare roughly grouped
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into topics. Moreover, the nameof the workshopparticipant whoo®eredor poseda particular
question, insight, or comment has (as much was possible)beenpreserved.

This set of notes was prepared for the purposeof preservingand o®eringto a wide
audience(including, but not limited to, the workshopparticipants) a samplingof questions
which the participants feel are interesting and important for future work in this ¯eld. We
hope that thosewho search herewill ¯nd interesting projects and directions to pursue(and
perhapsPh.D. dissertation topics for graduatestudents).

Comments on thesenotescan be sent to workshops@aimath.org
Good luck! | Megumi Harada

1 Hyp erK Äahler Kirw an surjectivit y

We ¯rst explain brie°y somehistory. FrancesKirw an, in an unpublishedmanuscript [Kir85],
gave a proof of Kirw an surjectivity for hyperKÄahler manifolds under certain conditions on
the moment map and the gradient °ow. In this manuscript, shegave two di®erent proofs
of this result: one is contained in Sections3 and 4, and the other is contained in Section5.
Shelater found an error in her argument in Section4 (Lemma 4.2), and shenever published
the manuscript.

The existenceof this unpublishedmanuscript was known to someparticipants at the
AIM workshop, and unknown to others. There were somelively discussionsregarding Kir-
wan's manuscript in the AIM discussionsessions.We summarizebelow what is stated in the
unpublishedmanuscript and the results of the discussionsat the AIM workshop.

Conjecture 1.1 Let X be a hyperKÄahler manifold with a hyperHamiltonian action of a
compact Lie group G. Let f denotethe norm-square of the hyperKÄahler moment map. Sup-
posethat for every x 2 X the forward trajectory of x under the negative gradient °ow of f
is contained in a compact subsetof X . Then there is a surjection

H ¤
K (X ) ! H ¤

K (¹ ¡ 1
H K (0))

in K -equivariant cohomology.

Commen t 1.2 Kirw an, in stating her theorems,actually requiresthat oneof the following
hold:

1. The original hyperKÄahler manifold is compact.

2. The norm-squareof the hyperKÄahler moment map is proper.

3. For every x 2 X ; the forward tra jectory of x under the negative gradient °ow of the
norm-squareof the hyperKÄahler moment map is contained in a compactsubsetof X .

(Note that 1 implies 2 implies 3.) The ¯rst and secondhypothesesare almost never ful¯lled,
sothe only relevant hypothesisis the last one. We have thereforestated Conjecture1.1using
this last hypothesis.
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Commen t 1.3 Section 3 of Kirw an's manuscript deals with the casewhere the group is
abelian. The participants at the AIM workshop tentativ ely agreedthat in this case,under
the hypothesesof the conjectureabove, the argument seemsto be identical to the onegiven
by Kirw an for the original surjectivity (for the symplectic case).The only di®erenceis that
we replace the moment map by the hyperKÄahler moment map. However, we (the AIM
participants) did not check the details in this case.

Commen t 1.4 Kirw an's third hypothesis(that the gradient °owsarecontained in compact
sets)holdsfor linear G-actionson T ¤Cn , by an argument similar to the onegivenby Sjamaar
[Sja98] for linear G-actions on Cn . Here, G can be nonabelian. Thus, if the conjecture is
correct, we have Kirw an surjectivity for quiver varieties.

Commen t 1.5 Section 5 of Kirw an's manuscript, which gives her secondproof of hy-
perKÄahler Kirw an surjectivity, usesthe \plus construction" of Carrell-Goresky[CG83] when
¹ ¡ 1

C (0) is singular. (In almost all examplesof interest, ¹ ¡ 1
C (0) is indeedsingular.) The work-

shopparticipants wereconfusedon the following points: ¯rst, the results in Carrell-Goresky
are stated for homology, not cohomology. Second,their results are not stated equivariantly.
Regardingthe ¯rst point, S. Wu believesthat having the result for homologyis not a prob-
lem; as long as there is a ¯ltration, there are spectral sequencesfor both homology and
cohomology. Regarding the second,S. Wu and J. Weitsman had a discussionduring the
workshopin which they seemedto concludethat the °ow of the squareof the moment map
seemsto de¯ne an R2 action rather than a C¤ action, so we did not understand why the
theorem in [CG83] can be applied. The workshop participants hope to come to a better
understandingon thesepoints.

2 3-Sasakian surjectivit y

Conjecture 2.1 (C. Boyer) Let S be a completecompact 3-Sasakianmanifold with a con-
nected compact Lie group G ½ Aut (S) acting on S. Consider the 3-Sasakianreduction Sr ed

(reduction at 0). Then the 3-SasakianKirwan map

H ¤
G(S) ! H ¤(Sr ed)

is surjective up to the middle dimension. Here we take either Q or R coe±cients.

Commen t 2.2 (C. Boyer) Weknow the conjectureis true for S1-reductionsof spheres.Note
also that in odd dimension, \up to the middle dimension" is all we can hope for. Boyer,
Galicki, and Piccinni [BGP02] have constructedsomeexamplesof 3-Sasakianquotients for
which they don't know how to compute cohomology, and Kirw an surjectivity would be a
nice way to get at somecohomology.

Commen t 2.3 (C. Boyer and T. Hausel) We might needsomeadditional hypothesesfor
the nonabelian case,but T. Hauselhas someideasabout how to prove somethinglike this
for abelian reductions.

Namely, the surjectivity in the 3-Sasakiancaseshould be related to surjectivity for
hyperKÄahler quotients.
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We considera more speci¯c example. Supposethere is an action of Sp(n + 1) acting
on S4n+3 : Restrict to an action of a compact subgroup G of this Sp(n + 1): Consider the
3-Sasakianreduction S4n+3 ===G; and additionally assumethat this is orbifold. We conjecture
that, in this case,the 3-SasakianKirw an map is surjective to the middle dimensionof the
quotient.

Here is a tentativ e idea of the proof. Look at the correponding hyperKÄahler quotient.
Considerthe samegroup G acting now on Hn+1 ; which containesS4n+3 as its sphere.Let X
denotenow the hyperKÄahlerquotient. The spaceX might besingularsinceG might not have
a center. But now supposethere exists some» in the center of G so that the hyperKÄahler
quotient is orbifold. Assumealso that the quotient is hypercompact (seeDe¯nition 6.9),
so the core is middle-dimensional. Then, in this case,the surjectivity of the hyperKÄahler
Kirw an map shouldimply the surjectivity (up to middle dimension)of the 3-SasakianKirw an
map. T. Hauselthinks this shouldbe an elementary argument. C. Boyer and T. Hauselwill
be pursuing this line of thought after the AIM Workshopends.

Question 2.4 (T. Hausel) Is there a Martin theorem for 3-Sasakianquotients? What
about for Sasakianquotients? Getting a Martin-t ype formula requiresKirw an surjectivity,
but perhapssurjectivity \up to middle dimension" would be enoughto get a Martin-t ype
theoremfor the 3-Sasakiancase.

Commen t 2.5 (J. Munn) Martin's theoremprobably should be extendableanalytically in
the polysymplecticcase.Since3-Sasakianmanifoldscan ariseasboundariesof hyperKÄahler
manifolds,we can look at compactcohomologybasedon the 3-Sasakianmanifold (regarded
as a boundary). Here we can ignore conepoints and do integration theory.

Question 2.6 (C. Boyer) In the caseof 3-Sasakianreduction by abelian groups, would it
be possibleto extract information about the cohomologyof the reductions by using ¯xed
points of smaller tori?

The question is motivated by the fact that some casesof 3-Sasakianreductions of
spheresby S1 is well-understood. Supposethere is a circle action on S4n+3 , wherethe action
is locally freeon the wholesphere,and freeon the zerolevel set. Then onecan seeexplicitly
that H ¤

S1 (S4n+3 ; Q) surjectsonto H ¤(S4n+3 ===S1; Q); up to the middle dimension.
The ideawould be to look at the ¯xed point set M H for subtori H ½ T; wherewe start

with the abelian group T acting on the 3-Sasakianmanifold M . Note that the ¯xed point
setsM H are contact, and for the Sasakiancase,known examplesof M H are spheres.

Commen t 2.7 (C. Boyer) Main referencesfor 3-Sasakiantoral reductionsare[BG99,BGM94,
BGMR98].

3 Kirw an surjectivit y for contact quotien ts

Question 3.1 (E. Lerman) Kirw an surjecitivty cannotwork for contact quotients. Hereis
a counterexample: considerS3 ½ C2 with the action of S1 given by ¸ ¢(z1; z2) = (¸z 1; ¸ ¡ 1z2):
The S1-equivariant cohomologyof this S3 is the ordinary cohomologyof P1. On the other
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hand, the contact moment map is ¹ : (z1; z2) 7! jz1j2 ¡ jz2j2: Hencethe contact quotient is
¹ ¡ 1(0)=S1 = S1: There is no surjective map from H ¤(P1) to H ¤(S1):

Nevertheless,there are still interesting questionsto ask: what is the kernel? What is
the cokernel?

Commen t 3.2 (C. Boyer) It would also be interesting to ask under what conditions a
contact Kirw an surjectivity would hold. There may bea classof spacesfor which surjectivity
would hold in the 3-Sasakiancase(although perhapswith somedimensioncondition, as in
the \up to middle dimension" clausein the 3-Sasakiansurjectivity conjectureabove).

4 Orbifold cohomology and surjectivit y

The starting point of this discussionis the theoremof Goldin, Holm, and Knutson.

Theorem 4.1 (Goldin-Holm-Kn utson) Let (M ; ! ) be a compact Hamiltonian T-space
with moment map ¹ . Let ® be a regular valueof ¹ . Then the direct sum

©g2 T H ¤
T (M g; Q)

hasa ring structure suchthat there existsa natural ring map

©g2 T H ¤
T (M g; Q) ! H ¤

orb(M ==®T; Q)

is a surjection. Here M g denotesthe points in M ¯xed by the elementg 2 T; and orbifold
cohomology H ¤

orb is in the senseof Chen and Ruan.

Commen t 4.2 (E. Lerman) A more standard de¯nition of Hor b¤ is due to Hae°iger; it
precedesChen-Ruan'sde¯nition by at least a decadeor two.

Question 4.3 (M. P°aum) Is there an analogoustheorem for compact non-abelian Lie
group G?

Commen t 4.4 (M. P°aum) The generalizationto non-abelian G would be interesting from
the point of view of quantization of singular reducedspacesand crossproduct algebras,as
they appear in symplectic orbifold theory.

Commen t 4.5 (R. Goldin, T. Holm) The main problem would be in de¯ning the product
structure on the ring in the LHS of the statement of the theorem. In the theoremof Goldin-
Holm-Knutson, they use in a fundamental way the commutativit y of the group structure
when de¯ning this product structure.

Commen t 4.6 (R. Goldin, T. Holm, M. P°aum) We expect a theoremof this nature to be
true if we take only the additive structure.

Note also that it is clear that we can't simply replaceT by G naively. One idea for
how to adjust the theorem would be to take the product in the LHS over conjugacyclasses
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of G insteadof all elements of G. Another idea would be to take the product on the LHS to
be Y

g2 G

H ¤
G([ h2 GM hgh¡ 1

)

instead.

This question on a non-abelian version of the theorem of Goldin-Holm-Knutson was
a topic during the small group discussionsessionsat the AIM workshop. We now present
someof the conclusionsand comments arising from this discussion(R. Goldin, T. Holm,
M. P°aum).

One possibleapproach to this problem would be to use the groupoid languagefor
orbifold cohomology. In other words, given an orbifold which is a symplectic reduction by
a torus, we may translate the theoremof Goldin-Holm-Knutson into the languageof proper
¶etale Lie groupoids. We may then try to use the approach of Moerdijk on descriptionsof
orbifolds by proper ¶etaleLie groupoids [MM03]. This approach could give a new description
of the ring structure of the orbifold cohomology{ at least, of orbifolds appearing as global
quotients by a torus. It is possiblethat this new description would also suggesta product
structure for the non-abelian case.

Commen t 4.7 (C. Boyer) Theremay besomesubtletiesregardingMorita equivalent groupoids
representing the sameorbifold.

Another approach would be to use methods from Hochschild and cyclic homology
theory. One can use

H C¤(C1 o G)

to obtain the orbifold cohomologyH ¤
orb(X ; C):

Still another approach would be to usecrepant resolutions(i.e. the crepant resolution
conjecturefor orbifold cohomology).

5 Topological aspects of momen t map theory

Question 5.1 (E. Lerman) Kirw an surjectivity is not really a \symplectic" result | it's
more a topological result which relieson certain topological properties of the moment map.
So a similar result can be obtained for maps other than a moment map. See[LT97] for an
example,wherethe topology of a small resolution of singular symplectic reducedspacewas
computedusing a map which was not a moment map. Can oneprove similar results in the
hyperKÄahler case?

There is a theory of \abstract moment maps" developed in [GGK02] which isolates
those properties of moment maps that make the familiar theorems hold. The setting is
roughly as follows; see[GGK02] for details. Supposegiven an action of G on a manifold M .
Note that M doesnot necessarilyhave a symplectic structure. An abstract moment map is
a map ¹ : M ! g¤ satisfying G-equivarianceaswell assomeconditions involving subgroups
H of G and its ¯xed points M H . However, a valid exampleof an abstract moment map is
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the constant function on R2, where the group S1 acts by rotation. Thus, to get a function
suitable for Morse-Bott theory, we must add somecondition of non-degeneracy.

We de¯ne, following [GGK02], an abstract moment map to be non-degenerate if its
components are Morse-Bott, and for each component, the critical sets for that component
correspond to the ¯xed point set M G.

Conjecture 5.2 (G. Landweber) Kirwan surjectivity holdsunder theseconditions.

Commen t 5.3 (M. Harada, T. Holm, L. Mare) For S1-actions, this is shown (under the
additional assumptionthat M is compact) in [GGK02]. The proof for T-actionsin [GGK02]
contains an error.

Commen t 5.4 (G. Landweber) Given an action of G on M with abstract moment map,
can one¯nd symplectic forms at least locally? If so, can we do the necessarygeometryjust
using theselocal symplectic forms?

Commen t 5.5 (M. Harada) The ¯rst question in the comment above is addressedin The-
orem G.22 of [GGK02]. Roughly, it says that if the abstract moment map is non-degenerate
and symplectic slicesadmit an invariant complexstructure, then there is a symplectic form
in a neighborhood of an orbit associated to the abstract moment map.

Question 5.6 (G. Landweber) In standard Morsetheory, every function is arbitrarily close
to a Morse function. In the spaceof abstract moment maps, is every abstract moment map
arbitrarily closeto a non-degenerateabstract moment map?

Question 5.7 (G. Landweber) We can model the local structure on M using abstract mo-
ment maps. Is there an analogousstatement for contact moment maps?Is there a theory of
abstract contact moment maps?

Question 5.8 (E. Lerman) Can we prove Kirw an surjectivity without Morse theory? The
motivation for this questioncomesfrom the fact that two fundamental results in the theory
of symplectic moment maps | connectednessand convexity, which were originally proved
using Morse theory have an alternative proof [CDM88]. This alternative approach works
well in the contact setting (equivalently in the setting of symplectic cones)where Morse
theory fails. The reasonsfor the failure in the contact setting are due to the fact are that
the contact moment maps are not Morse and that there is no relationship betweencritical
points and isotropy groups. In the equivalent setting of symplectic conesthe moment maps
are not proper.

Commen t 5.9 (E. Lerman) As mentioned in Question5.8above, for contact moment maps,
onecanshow the convexity of the contact moment map image[Ler02] for tori of high enough
dimensionusingmethodsof [CDM88]. A quick noteon what \high enough"means:convexity
fails for 2-tori and connectednessfails for circles. However, both aretrue for tori of dimension
3 and higher, aslong aszerolevel set of the moment map is empty (which is true in the toric
case).

Commen t 5.10 (C. Boyer). There exists a versionof Morse theory \through a range," as
in the instanton moduli space.Perhapsthis is applicable in the contact case.
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6 The cohomology of hyp erK Äahler quotien ts

This section is an edited versionof T. Hausel'stalk given at AIM during the workshop, in
which he listed many conjecturesand open problems. The main examplesof hyperKÄahler
manifolds consideredin his talk were the moduli spacesof Higgs bundles on a Riemann
surface, Nakajima's quiver varieties, and hypertoric manifolds (introduced by Bielawski-
Dancer). Note that all exampleshyperKÄahler quotients that T. Hauselconsidershere take
the form T¤A====G, i.e. they are hyperKÄahler reductions of cotangent bundles to an a±ne
space.

6.1 Generators for the cohomology ring of the quotien t

A versionof this conjecturewas already presented as Conjecture 1.1, but we state it again
here in T. Hausel'sformulation, for good measure:

Conjecture 6.1 (T. Hausel) The hyperkÄahler Kirwan map · : H ¤
G(T¤A) »= H ¤(BG) !

H ¤(T¤A====»G) is surjective.

Commen t 6.2 Hereis what is known about the threemain examples(moduli spaces,quiver
varieties, and hypertoric varieties).

² It is known for M 1
D ol(GL(2; C)) by (Hausel-Thaddeus2000), for M d

D ol(GL(n; C)) by
(Markman 2001)

² For quiver varieties it is conjecturedby (Nakajima 2002), for hyperpolygon spacesit
is proven in (Konno 2000,Hausel-Proudfoot 2003)

² For hypertoric manifoldsM (A; ») it is known by (Konno 2000,Hausel-Sturmfels2002)

6.2 In tegration theory on hyp erK Äahler manifolds

To state the conjectureshere,we must ¯rst make a few de¯nitions.

De¯nition 6.3 A smooth oriented manifold M with a circle action U(1) on M is circle-
compact if the set of ¯xed points M U(1) is compact.

Note that the natural circle action on the ¯b er directions of T ¤A inducesa natural
circleaction on the hyperkÄahlerquotients. With this circleaction all of our examples(moduli
spaces,quiver varieties, hypertoric varieties) are circle-compact.

De¯nition 6.4 (T. Hausel, N. Proudfoot) Let M be an oriented manifold with a U(1)
action such that M is circle-compact.Then the rationalized U(1) equivariant cohomologyis
de¯ned as the vector space

Ĥ ¤
U(1) (M ) := H ¤

U(1) (M ) ­ Q[u] Q(u);
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over the ¯eld Q(u) of rational functions. For ® 2 Ĥ ¤
U(1) (M ) we de¯ne

Z

M
® :=

X

F

Z

F

i ¤
F (®)

E(NF )
2 Q(u)

Commen t 6.5 (S. Wu) There is related work of E. Prato and S. Wu [PW94] which takes
the approach of interpreting the right-hand side of the de¯nition above as a tempered dis-
tribution.

Commen t 6.6 (T. Hausel)It would be interesting to make senseof this de¯nition in terms
of equivariant di®erential forms.

Question 6.7 (M. Libine) Here is another way to view integration theory. Let M be a
noncompactsymplectic manifold which is real algebraic. Let T be a compact torus, acting
on M Hamiltonianly with a proper moment map¹ . Assumethat ¹ is semi-algebraic.Suppose
M T is compact. Let ® be an equivariant form on M which is semi-algebraicasa map from g
to the spaceof di®erential forms on M (smooth, not necessarilypolynomial). Then it should
be possibleto de¯ne the integral Z

M
®

geometrically, sothat the localization theoremholds. The integration takesvaluesin smooth
functions on the Lie algebra. The hypothesesgiven hereshould not be very restrictive.

The ¯rst result is

Theorem 6.8 (Hausel-Proudfoot 2003) The pairing on Ĥ ¤
U(1) (M ) given by

Z

M
®^ ¯

is non-degenarate.

This givesus a \P oincar¶e duality" for this pairing and allows us to do kernel compu-
tations.

De¯nition 6.9 A hyperkÄahler manifold M is hypercompact for the complexstructure I , if
there is a ! I -Hamiltonian circle action on M , with proper moment map with ¯nitely many
critical points and a minimum, such that the holomorphic symplectic form ! C := ! J + i! K ,
for ¸ 2 C£ satis¯es ¸ ¤! C = ¸! C:

Using this de¯nition, we make the following

Conjecture 6.10 (T. Hausel2003) Let M 4n be a hyper-compact hyperkÄahler manifold and
¾(M ) denotethe signature (corresponding to the ordering, given by the sign of the leading
term) of the pairing on Ĥ ¤

U(1) (M ). Then

(¡ 1)n¾(M ) ¸ 0:

Commen t 6.11 (T. Hausel) This conjecture is known in the hypertoric case,where it is
in fact the Brown-Colbourn inequality for the the h-numbers of a matroid, which was ¯rst
proved in the context of reliabilit y of computer networks.
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6.3 Ab elianization

We now state sometheoremsand conjecturesrelated to the abelianization procedure,given
in the symplectic caseby S. Martin.

Theorem 6.12 (Hausel-Proudfoot 2003) In the construction of hyperkÄahler quotients let A
be ¯nite dimensional and G compact. Let T ½ G be a maximal torus of G. Suppose that
T¤A====Gand T¤A====Tare both circle compact. If ® 2 bH ¤

U(1)£ G(T¤A), then

Z

T ¤ A====G
·̂ G(®) =

1
jWj

Z

T ¤ A====T
·̂ T (®) ^ e;

where
e =

Y

a2 ¢

a(u ¡ a) 2 (Symt¤)W ­ Q[u] »= HU(1)£ G(pt):

Theorem 6.13 (Hausel{Proudfoot 2003)Supposethat T ¤A====Gand T¤A====Tare equiv-
ariantly formal, circle compact, and that the Kirwan map · G : H ¤(T¤A) ! H ¤(T¤A====G)
is surjective. Then

H ¤
U(1) (T

¤A====G) »=
H ¤

U(1) (T
¤A====T)W

Ann(e)
:

The ring H ¤
U(1) (T

¤A====T) has been calculated in (Harada-Proudfoot 2002). Thus
surjectivity of the hyperkÄahler Kirw an map ) description of the cohomologyring of the
hyperkÄahler quotient. This programhasbeencompletedonly in the caseof the hyperpolygon
spacesof Konno by (Hausel-Proudfoot 2003), obtaining the circle equivariant cohomology
ring of the hyperpolygon spaceof (Harada{Proudfoot 2003).

Conjecture 6.14 (Hausel 2000) Suppose that both T ¤A====Gand T¤A====T are hyper-
compact. Then

H ¤(T¤A====G) »=
H ¤(T¤A====T)W

Ann(~e)
;

where
~e =

Y

a2 ¢

a 2 (Symt¤)W »= HT (pt)W :

6.4 Equiv arian t in tersection num bers on M d
Dol(SL(n; C))

The following theoremsand conjecturesare motivated by similar work by Witten on other
moduli spaces.

Theorem 6.15 (Hausel-Szenes2003) Let ® 2 H 2
U(1) (M

1
D ol(SL(2; C)) »= Z be the positive

integral generator, M := M 1
D ol(SL(2; C))

BA(y) =
µ

2
u

¶ g¡ 1

³
2

(1¡ y=u)2 + u
´ g

³
ey u+ y

u¡ y ¡ e¡ y u¡ y
u+ y

´
y2g¡ 2(u2 ¡ y2)g¡ 1

;
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we have
Z

M
e® = Res

y=0
BA(y) + Res

y= ¡ u
BA(y) + Res

y= u
BA(y)

= ¡
X

b

Res
y= b

BA(y);

where the last sum is taken over the solutions of the Bethe-Ansatzequations:

ebu + b
u ¡ b

= e¡ bu ¡ b
u + b

Conjecture 6.16 (Nekrasov{Shatasvili{Moore 1998, Hausel{Szenes2004) The equivariant
volumeof M d

D ol(SL(n; C)): Z

M
e® =

X

F

Z

F

e®

E(NF )

(and indeed all equivariant intersection numbers of M d
D ol(SL(n; C))), can be described as an

iterated residueof a certain expression

BA(y1; y2; : : : ; yn ):

Someof the polesof the expressionBA are in one-to-onecorrespondence with ordered par-
titions of n, and the rest are the solutions of certain Bethe Ansatz equations. The iterated
residuetaken at a pole corresponding to the ordered partition n = ¸ 1 + ¢¢¢+ ¸ k , agrees with
the contribution to the equivariant volumeby the componentsof type (¸ 1; ¸ 2; : : : ; ¸ k). More-
over minus of the sum of the residuesat the Bethe polesgive the equivariant volumeof the
Higgsmoduli space.

6.5 Arithmetic approac h

Fix a compact Riemann surface§ and a pair of relatively prime integersn and d. Carlos
Simpson'snonabelian Hodge theory provides a di®eomorphismbetween M d

D ol(GL(n; C)),
the moduli spaceof rank n degreed Higgs bundles,and M d

B (GL(n; C)), the moduli space
of twisted n-dimensionalrepresentations of ¼1(§):

M d
B (GL(n; C)) := f A1; B1; : : : ; Ag; Bg 2 GL(n; C)j

A ¡ 1
1 B ¡ 1

1 A1B1 : : : A ¡ 1
g B ¡ 1

g AgBg = »n I dg=GL(n; C)

The strategy of (Hausel{Rodriguez-Villegas2003) for getting the Betti numbers of
M d

B (GL(n; C)) is to count the rational points of the variety over a ¯nite ¯eld Fq. Thus we
have to count points of

M B (GL(n; Fq)) := f A1; B1; : : : ; Ag; Bg 2 GL(n; Fq)j

A ¡ 1
1 B ¡ 1

1 A1B1 : : : A ¡ 1
g B ¡ 1

g AgBg = »n I dg=GL(n; Fq);
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for which (Frobenius{Schur 1907)gives:

# fM B (GL(n; Fq))g =
X

Â2 I r r (GL (n;Fq ))

jGL(n; Fq)j2g¡ 2

Â(1)2g¡ 1
Â(»n )

Deligne'smixed Hodgestructure for

M := M d
B (GL(n; C))

givestwo ¯ltrations on the cohomologyH k(M ; C) whoseassociated gradedis
M

p;q

H p;q;k(M );

we denoteby hp;q;k the dimensionof H p;q;k(M ).

Hn(x; y; t) :=
X

p;q;k

hp;q;k(M )xpyqtk ;

is the mixed Hodgepolynomial.

Theorem 6.17 (Hausel{Rodriguez-Villegas2003)

Hn(
p

q;
p

q; ¡ 1) = # fM B (GL(n; Fq))g

=
X

Â2 I r r (GL (n;Fq ))

jGL(n; Fq)j2g¡ 2

Â(1)2g¡ 1
Â(»n )

We now de¯ne a function Hn (q; t) which will conjecturally be related to the mixed
Hodgenumbers. We de¯ne

Vn (q; t) = Hn (q; t)
(qt2)(1¡ g)n(n¡ 1)

(qt2 ¡ 1)(q ¡ 1)
;

and

Zn (q; t; T) = exp

Ã
X

r ¸ 1

Vn (qr ; ¡ (¡ t)r )
T r

r

!

:

Then let

H ¸
g(q; t) =

Y

z2 d(¸ )

(qt2)(2¡ 2g)`(z)(1 + qh(z) t2`(z)+1 )2g

(1 ¡ qh(z) t2`(z)+2 )(1 ¡ qh(z) t2`(z))
:

Here`(z) denotesthe leg length and h(z) is the hook length, and h(z) = a(z)+ `(z) ¡ 1;
wherea(z) is the arm length, as in the ¯gure below.

² ² ² ² ²
² z² ² ² ² a(z)

² ² ² ²
² ² ²
² ` (z)

12



We ¯nally de¯ne Hn (q; t), in generatingfunction form:

1Y

n=1

Zn (q; t; Tn ) =
X

¸ 2P

H ¸
g(q; t)T j¸ j :

Using this notation, we have the following conjectures.

Conjecture 6.18 (Hausel{Rodriguez-Villegas2004)The mixed Hodgepolynomial of M d
B (GL(n; C));

is given by
Hn (

p
q;

p
q; t) = Hn (q; t)

Example 6.19 The casen = 2 follows from (Hausel{Thaddeus2000):

H2(
p

q;
p

q; t)=(qt + 1)2g =
(q2t3 + 1)2g

(q2t2 ¡ 1)(q2t4 ¡ 1)
+

q2g¡ 2t4g¡ 4(q2t + 1)2g

(q2 ¡ 1)(q2t2 ¡ 1)

¡
1
2

q2g¡ 2t4g¡ 4(qt + 1)2g

(qt2 ¡ 1)(q ¡ 1)
¡

1
2

q2g¡ 2t4g¡ 4(qt ¡ 1)2g

(q+ 1)(qt2 + 1)
;

and when g = 3 :

H2(
p

q;
p

q; t)=(qt + 1)6 = t12q12 + t12q10 + 6t11q10 + t12q8 + t10q10

+6 t11q8 + 16t10q8 + 6t9q8 + t10q6 + t8q8 + 26t9q6

+16 t8q6 + 6t7q6 + t8q4 + t6q6 + 6t7q4 + 16t6q4 +

+6 t5q4 + t4q4 + t4q2 + 6t3q2 + t2q2 + 1:

Conjecture 6.20 (T. Hausel) The Pure rings of M d
D ol(GL(n; C)) and N d(GL(n; C)) (the

moduli space of rank n stablebundles of degree d), i.e. the subringsof the cohomology rings
generated by the classesa2; : : : ; an are isomorphic. In particular, unlike the wholecohomology
ring of N d(GL(n; C)), it does not depend on d. Moreover the Poincar¶e polynomial PPn (t)
of the pure ring is given by:

PVn (t) = PPn (t)
t2(1¡ g)n(n¡ 1)

(t2 ¡ 1)
;

PZn (t; T) = exp

Ã
X

r ¸ 1

PVn (t r )
T r

r

!

:

PH ¸
g(t) = t4(1¡ g)n(¸ 0)

Y

x2 d(¸ );a(x)=0

1
(1 ¡ t2h(x))

;

n(¸ 0) :=
X

z2 d(¸ )

`(z):

1Y

n=1

PZn (t; Tn ) =
X

¸ 2P

PH ¸
g(t)T j¸ j :
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Example 6.21 For the casen = 2, the pure ring is generatedby ¯ = a2, and ¯ g = 0,
this is the famousNewsteadconjecturefor N 1(GL(2; C)), was¯rst proved by (Kirw an 1992,
Thaddeus1992),while for M 1

D ol(GL(2; C)) it was proved in (Hausel{Thaddeus2000)

Example 6.22 For the casen > 2, similar vanishingsfor the pure ring of N d(GL(n; C))
was proved by (Earl{Kirw an 1999)using (Je®rey{Kirwan 1998),which also follow from the
conjecture.

PP3(t) =
1

(t6 ¡ 1) (t4 ¡ 1)
+ t12g¡ 12

¡
t8 g¡ 8

t2 ¡ 1
+

1
3

t12g¡ 12

(t2 ¡ 1)2 ¡
1
3

t12g¡ 12

t4 + t2 + 1

¡
t8 g¡ 8

(t4 ¡ 1) (t2 ¡ 1)
+

t12g¡ 12

t2 ¡ 1

7 Kernel computations for Kirw an maps

Supposea compactLie group G acts linearly on an a±ne spaceCn Hamiltonianly. Consider
the symplectic quotient Cn==®G, for ® central and regular. We can alsoview this spaceasa
GIT quotient

(Cn n f the ®-unstable locusg) =GC:

Either way, we get a Kirw an map · ®

H ¤
G(Cn ) »= H ¤

G(pt) ! H ¤(Cn==®G):

This givesus a di®erent maps· ® and di®erent idealsI ® := ker(· ®) dependingon our choice
of ®.

Note that, from the viewpoint of the GIT quotient, the ®-unstablelocusfor any central
regular ® contains points in Cn on which G fails to act locally freely. So instead, let's look
at

X := (Cn n f points whereG fails to act locally freelyg) =GC:

Using this space,we alsoget a map

f : H ¤(Cn ) »= H ¤
G(pt) ! H ¤(X =G);

and from the description of the spaceX it is clear that

ker(f ) ½ ker(· ®); 8®:

Question 7.1 (N. Proudfoot) In this setting, is it true that we have the equality

ker(f ) = \ ®ker(· ®):

wherethe intersection is over central regular values®?
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Commen t 7.2 (N. Proudfoot) When G = T is abelian, the conjecture is true. The proof
requireshyperKÄahler geometry, despitethe fact that the statement doesn't involve anything
hyperKÄahler. Is it possibleto prove it directly?

Question 7.3 (R Goldin) Let G act on Cn as above, and X be as de¯ned above. Then is
the map

H ¤
G(Cn ) ! H ¤(X =G) = H ¤

G(X )

surjective? What is the kernel?

Commen t 7.4 (M. Libine) We shouldprobably begin by looking at irreducible representa-
tions. Note alsothat it is possiblethat X is empty without someadditional assumptionson
the action of G.

8 Higgs bundles and relations to gauge theory

Question 8.1 (G. Daskalopolous) For a 3-manifold, the theorem of Corlette givesa corre-
spondencebetweenrepresentations of the fundamental group in SL(2; C) with the spaceof
Higgs bundles. The question is if under the existenceof a contact structure, there is any
additional structure on the spaceof Higgs bundles as in the surfacecase. For example, is
there a contact interpretation of the (L 2) norm of the Higgs ¯eld? Is there a description
of the critical points of the norm of the Higgs ¯eld? Can this be usedin any way to show
existenceof representations of the fundamental group into SU(2) or PSL(2; R)?

9 In tersection Cohomology

Question 9.1 (N. Proudfoot) The intersection cohomologyof a singular hypertoric vari-
etieshasa \seemingly natural" ring structure (as a quotient of the equivariant cohomology
H ¤

T (T¤Cn ) of the original space). Is there, in general,a natural ring structure on the inter-
sectioncohomologygroup of a singular hyperKÄahler quotient?

Commen t 9.2 (N. Proudfoot) Onesetting in which onegetsa ring structure on intersection
cohomologyis when onehasa small resolution, but in the hypertoric examples,Nick is not
aware of any such small resolution.

Question 9.3 (T. Holm) Is there a natural ring structure for the intersection cohomology
of singular KÄahler quotients?

Commen t 9.4 (E. Lerman) In [LT00], E. Lerman and S. Tolman construct a small resolu-
tion for S1-reducedspacesand thus obtain a ring structure on the intersectioncohomology
of the S1-reduction, but their results are special to the S1 case.

Commen t 9.5 (R. Sjamaar)In their paper "ntersectioncohomologyof symplecticquotients
by circle actions" (to be published in J. London Math. Soc.), Kiem and Woolf produce an
exampleof a singular symplectic (in fact KÄahler) quotient which has two small resolutions
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with distinct cohomologyrings. So there appears to be no natural ring structure on the
intersectionhomologyof a singular quotient.

10 Computations over Z

Problem 10.1 (R. Goldin, S.Tolman,J. Weitsman)Describeall the conditionsunderwhich
Kirw an surjectivity holds for symplectic reductions over the integers. What are the most
generalconditions under which it holds?

Question 10.2 (R. Goldin) Considerthe caseof smooth toric varieties Cn==T: Is it always
true for all toric varieties?

Question 10.3 (R. Goldin) For which symplectic toric orbifolds [LT97] doesthe surjectiv-
it y hold over Z? Actually, perhapsthe more appropriate question involves looking at the
analogousstatement which usesthe orbifold cohomologyinstead of ordinary cohomology.
Also, what happensif we take Z=pZ coe±cients?

Commen t 10.4 (E. Lerman) Note that in Question 10.3, the issueis not just one of sur-
jectivit y but also of the choiceof the cohomologytheory for the reducedspace.I.e. should
one take Chen-Ruanorbifold cohomology?Or that of Hae°iger?

One approach to addressingthe question would be to look for a good (= optimal)
condition on critical setsof the norm-squareof the moment map.

11 Lo calization form ulas for non-compact groups

Question 11.1 (M. Libine) Let M be a compactmanifold, and considerT ¤M : Let ¾be the
canonicalsymplectic form on T¤M . For any other exact symplectic form ! = d® on T ¤M ,
with ®jM exact, is it possibleto ¯nd a di®eomorphismon T ¤M preservingM sending! to
§ ¾?

Question 11.2 (M. Libine) If there is no such di®eomorphism,how can we parametrize
symplectic forms on T¤M up to this equivalence?

Commen t 11.3 (M. Libine) Answering this question would provide further extensionsto
the Berligne-Vergnelocalization formula extendedto non-compact(reductive) group actions.

12 Volume growth of hyp erK Äahler manifolds

Question 12.1 (H. Konno) Let M be a connectednoncompacthyperKÄahler manifold. Fix
a point p 2 M : Consider the open ball B (p;r ) of radius r around p in M . Describe the
asymptotic behavior of the volumeof the ball Vol(B (p;r )) asr ! 1 : (Fact: this is indepen-
dent of the choiceof p 2 M :) It would be interesting to search for examplesof hyperKÄahler
manifolds with di®erent volume growth.
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13 Ho dge theory

Question 13.1 (J. Weitsman)SupposeM is a compactKÄahler manifold and a Hamiltonian
G-space.Supposeall the ordinary cohomologyis of type (p;p). Can we say anything about
the cohomologyof the quotient?

Commen t 13.2 (R. Sjamaar)Usual quantization-commutes-with-reduction statesthat the
cohomologyH ¤(M ; L ) with coe±cients in the sheafof the prequantum line bundle L is a
G-module, and further, that the G-invariant part is the cohomologyof the GIT quotient
with coe±cients in the sheafof the induced prequantum line bundle L r ed. Teleman[Tel00]
says that somethingsimilar should work not just for the prequantum line bundle but also
for a sheafsuch asL ­ ­ q; whereL is still the sheafof the prequantum line bundle, and ­ q

is the sheafof holomorphic q-forms. But then sinceH p;q(M ) = H p(M ; ­ q); perhapssome
quantization-commutes-with-reduction argument, using just the sheaf­ q instead of a sheaf
tensoredwith L , could alsobe usedto show that the appropriate cohomologyalsovanishes
downstairs.

Commen t 13.3 (D. Burns, J. Weitsman) Burns and Weitsmanhave found onemethod for
doing this, though it may already be implicit, assuggestedby Sjamaarin Comment 13.2, in
earlier work.
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