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In the study of the finer behavior of the Riemann zeta-function the
problem of finding an asymptotic formula for
T

M{T) = [IC(1/2+in) de
i

is of some interest. Ramachandra [6] has shown that M(T) has order of
magnitude T(log T)'*. The present authors [2] have shown, assuming the
Riemann Hypothesis, that
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where dy, (n) is the nth coefficient in the Dirichlet series expansion for {(s)'/?
with ¢ > 1. Moreover, Heath-Brown’s argument in [4] can be adapted to
prove that
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We remark that the sum here is easily evaluated as
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with
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where the product is over primes p (and is absolutely convergent).
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While it is known that
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{IC@+inldt ~ T fi—'l%:i);

1 a=1

for o > 1/2 (see [7], Section 7.11), the corresponding mean with o = 1/2 18
elusive. In fact, if F(s) is a function which is representable by a Dirichlet
series in some half plane and if F(s) has infinitely many simple zeros on the
line ¢ = 6y, then no asymptotic formula for

,
[|F(go+i0l dt
|

seems to be known.
In this paper we give an example where we can find upper and lower
bounds for such a mean where the constants involved are close.
THEOREM. Let

T

I(T) = _f|Ct1/2+n);'(1/z+trnd:.

Then. assuming the Riemann Hypothesis,
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Remark. The upper constant is 3712 and it is obtained unconditional-
ly. The lower constant is
1 ‘82—-5 2\1/2
Ly
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An unconditional lower bound of 1/2 is essentially trivial.
In Conrey [1] the more complicated example

T
J(T) = j'IC3(1/2+it)‘g"(1/2+ir)1dr
1
is considered and upper and lower bounds

. 1)
0.02608 ... < - AL,

$ s - $002616...

are obtained.

The theorem follows from two lemmas. For the first lemma we recall the
function Z(t) from the theory of the Riemann zeta function. It is a real
valued function of a real variable such that

\Z ()] = (£ (1/2+i).
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Also, Z (1) changes sign at t = t, if and only if 1/2+it, is a zero of {(s) with
odd multiplicity. These conditions define Z(t) apart from a plus or minus
sign which would not be important here.

Levma 1. Assuming the Riemann Hypothesis,
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Proof. Let v and 7* be successive zeros of Z (1) with 0 <y < o o T
Then, assuming the Riemann Hypothesis, there is a unique number r, in
[y, 7] where Z'(t,) = 0. If y <t <t,, then Z(t) Z'(1) = O while if r, <t < v
then Z (1) Z'(t) < 0. Therefore, if y, denotes the least positive zero of Z (1) and
y; denotes the least zero of Z(1) which is = T, then
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since
Z(t)Z' (1) < '3
and

lyr—TI < 1.
In Conrey and Ghosh [3] we show that, on RH,

et—5

Tlog? T
4n i

Y KQf2+i))? ~
0<y<€T
Since |Z (1) = |{(1/24it)|, this completes the proof of the lemma.

Lemma 2. Suppose that f(x) and g(x) are real continuous functions on
‘a, b], and that

b

b
[f(x)dx =2, fg(x)dx = B,

“

there o and f are non-negative. Then

b
ﬁ.|f(xl+ig(x)[ dx = (a* + A2
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Proof. Let

Fit) = j_f’(x)dx, G(1) = fg(ndt

a

and suppose that F(b) =m and G(b) =n where m 2o, n > fi. Then we
require a lower bound for

b
{(F' (O + G (1)) dt

where F' and G' are continuous functions with F(a) = G(a) =0, F(b) = m,
G (b) = n. But this integral gives the arc length of the path p(t) = (F (1), G(0))
in the plane from (0, 0) to (m, n). This arc length is clearly not less than the
length of the straight line path, which is (m?+n?)!/2. The lemma follows.

Proof of theorem. For the upper bound we have by the Cauchy-
Schwarz inequality (see Ingham [5] for the second moment of ),

T T
I(T) < (j'|C(1/2+ir)|2dt)”z(j'|'§‘(1/2+ir)|2dr)”2
1 1
~(Tlog T)"*(} T log? T)2 =312 Tlog? T.

For the lower bound, we make use of the fact that

Re> (1/2+it) ~ —4logt,
5

whence follows easily

T vt
() fIc(/2+in? Re = (1/2+if)
1 S

T
dt ~ Elogz T

This leads to the “trivial” lower bound. since

T I o
(2) IHT) = \'l:{l/2+r‘r)]2\Rei—{ ,f2+n)-|—r'[m%{'l,:’2+ir) dt

is clearly greater than or equal to the integral in (1). We observe that by the
properties of Z (1),

L2 +it) = Z ()€™

where 9(r) is a real valued function of t. Then

ig(1/2+it) = Ei(r)+i9’(r)
¢ Z
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so that
. ’{!‘) = Im":-’(l/"ﬂr}
Z e
Thus,
’ ¢ ; ¢*—5
(3) IC( 240 Im=-(1/2+i0|dt = (|Z (1) Z' ()| dt ~ _—_— Tlog*T
i ¢ i n
by Lemma 1.
The theorem now follows from (1), (2), (3) and Lemma 2.
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