NOTES ON KOSTKA POLYNOMIALS AND FUSION PRODUCTS

RINAT KEDEM

This point of view on Kostka polynomials is to think of them as a refinement of
the multiplicity of irreducible g-modules in the tensor product of several g-modules,
or more generally, the multiplicities of irreducible integrable affine algebra modules
in the fusion products of several integrable representations.

Let g be a simple Lie algebra {V;}, be a set of finite-dimensional g-modules.
Consider the integers K (v;} which describe the decomposition of the tensor prod-
uct of g-modules into irreducible modules V:

Vi - @Vy ~ @V()\)@K/\,{Vi}_
A

These integers can be computed from the Littlewood-Richardson rules.

For example, if g = sl,,, and if V; = V(u;w1), (u; € N, with p; > pi11) are the
irreducible, symmetric power representations of sl,, then K} (y;; = K, ,, where
w= (p1,---, un), are the Kostka numbers.

Kostka polynomials and their generalizations can be viewed as a refinement of
these multiplicities, which is obtained by defining a g-equivariant grading on the
tensor product. The graded components are still g-modules, and the decomposition
into irreducible components can be written as

Vixe-*kVNo=®d @ V()\)@I?A.{Vi}["L
A n>0

where * refers to the graded tensor product.

define the Poincare polynomial K) tv;3(q) = >, IZ',\,{VI.}[n]q". This can be
viewed as a generalization of the Kostka polynomial in special cases.

1. DEFINITION OF THE GRADED TENSOR PRODUCTS

The definition of the graded tensor product is motivated by the definition of the
fusion product of integrable modules in conformal field theory [BPZ]. It was defined
by Feigin and Loktev [FL]. See [FJKLM] for further details of the definition.

Let g[t] = g ® C[t] be the subalgebra of positive currents in the affine algebra
associated with g. Let a; € C be complex numbers. The g-module V; can be
given the structure of a g[t]-module, called the evaluation module. The generator
z ® f(t) € g[t], with = € g and f(¢) € C[t], acts on v € V; as

2@ f(t)v=Ffla)zv, vEV.

Thus, the action on V; depends on the complex numbers a;, and thus the g[t]-module
structure is denoted by V;**.
On the tensor product ®V;**, g[t] acts by the co-product,

N
z® f(t) ’U1®"‘®’UNZZf(ai)'Ul(X)"'@x'Uz'®“‘®’Un>
=1

where v; € V;.
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Now assume that V; are cyclic modules with cyclic vectors v;, and that a; are
pairwise distinct. Then it is a simple lemma that

(1) U(g[t])’l)1®"'®’l}1v2V1®"'®VN.

Note that this is not true if a; are not pairwise distinct.

The algebra U(g[t]) is filtered by homogenous degree in ¢. Let US" denote the
filtered component, consisting of polynomials of degree less than or equal to n. The
module (1) inherits this filtration, where the cyclic vector is taken to have degree
0.

F<n — US"vl Q- QUN.
The definition of the graded tensor product is as the associated graded space of
this filtered space.

1.1. Examples. Let g = s[,, and let V; be the symmetric power representations
as above, with the cyclic vectors to be the highest weight vectors of V;. Then the
resulting Poincare polynomial of the graded tensor product is K ,(g), the co-charge
Kostka polynomial. This is proved in [Ke].

Let g be any simple Lie algebra and let V; be a graded Kirillov-Reshetikhin mod-
ule, parametrized by the highest weight m;w;; with w;, fundamental weights. (The
definition of graded KR modules can be deduced from [Ch]). Then the Poincare
polynomial is the generalized Kostka polynomial of [SW, KS, SS]. This is proved
in [AK].

2. SOME OPEN PROBLEMS AND GENERALIZATIONS

In their paper [FL] defining the graded tensor and fusion multiplicities, the au-
thors made several conjectures about the properties of the graded multiplicities.
The most basic one is that the mutliplicities are independent of the parameters
a;. This can be proved by direct computation, but is does not follow from any
geometric arguments.

The authors also conjectured that there should exist a relation between the
graded tensor multiplicities and the generalized (restricted) Kostka polynomials.
This has now been established, by direct computation, for the cases where the
comparison is valid (see [Ke, AKS, AK]) for the non-level-restricted case. (It also
seems to follow from the form of the energy operator on the tensor product of crys-
tals (Okado, private communication).) In the level-restricted case, the comparison
is currently a work in progress, but is known to hold in special cases (sl,, A a
rectangular representation).

In general, the graded tensor product multiplicities are defined for the tensor
product of any irreducible representations, not just the Kirillov-Reshetikhin ones.
By definition, they manifestly have positive coefficients. It is now established that
there is no fermionic formula in these more general cases. (Fermionic formulas
have the major advantage that they are manifestly postive.) Nevertheless, the
(restricted) graded tensor product defined above does provide a new combinatorial
method of computing these coefficients. It is worthwhile to investigate whether
this is an effective new combinatorial algorithm for computing (graded) Littlewood-
Richardson and Verlinde coefficients.

It is possible to define the graded tensor product for double-loop algebras, mak-
ing a connection with Haiman’s diagonal coinvariants in the case where all the
representations are the vector representation of gl,, for sufficiently large n [FL2].
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However, The appropriate definition of the grading for the tensor product in gen-
eral is unknown. Question: What is the graded tensor product in the case of the
double loop algebra of symmetric power representations of sl,,? Is there a graded
tensor product related to Haiman’s ring 12,,?
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