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1. LOCAL RIGIDITY

1.1. It is well-known that an Anosov diffeomorphism is structurally stable: ev-
ery C''-diffeomorphism which is sufficiently close in C''-topology to an Anosov
diffeomorphism is topologically conjugate to it. However, the conjugation map
is not differentiable in general. On the other hand, Anosov' actions by higher
rank abelian groups exhibit much more rigid behavior (see [93] for the first re-
sult of this type). It was shown in [97] that most of known algebraic® Anosov
ZF- and R*- actions, k > 2, are locally C*-rigid. Recall that a C*™-action of Z*
is called locally C*°-rigid if any C*-action of Z* which is sufficiently C'-close
to this action is conjugate to it by a C°°-map. A C°°-action of R* is called
locally C*°-rigid if any C'-small perturbation of this action is C'°°-conjugate
to it up to an automorphism of R¥.

Date: November 1, 2004; Scribe: A. Gorodnik.
1An action of a group G is called Anosov if there is an element g € G that acts normally
hyperbolically with respect to the orbit foliation of G.
2That is, the actions on infrahomogeneous spaces of Lie groups induced by either auto-
morphisms or translations.
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It was shown in [97] that most natural algebraic Anosov Z*- and R¥- actions,
k > 2, are locally C'*°-rigid provided that they do not reduce to rank one
actions via some elementary constructions. We call such actions “irreducible”.
See, for example, [97] for some natural conditions that guarantee that an action
is “irreducible”.

Recently, local rigidity was proved in [39] for partially hyperbolic higher
rank abelian actions by toral automorphisms. The method of [39] allows to
construct C*-conjugacy only for C'-perturbations of the original action for
some large [. Another interesting example of a partially hyperbolic action is
given in the following conjecture, which was communicated by R. Spatzier:

Conjecture 1. Let G be a connected semisimple Lie group, I' an irreducible
lattice in G, and A a closed subgroup of a split Cartan subgroup of G with
dim A > 1. Then any C'-small perturbation of the action of A on G/T is
C*®-conjugate to the action of A defined by a continuous homomorphism from
A to the centralizer of A in G.

We also state one of important partial cases of Conjecture 1:

Conjecture 2. If in Conjecture 1 the group A is not contained in a wall of a
Weyl chamber of the split Cartan subgroup D, then any C*-small perturbation
of the action of A on G/T is C*-conjugate to the action of A defined by a
continuous homomorphism from A to D.

Conjecture 2 was proved in [97] when A is the full split Cartan subgroup.
It was pointed out by A. Katok that these conjectures might be possible to
solve using the method from [39).

1.2.  Local rigidity for semisimple Lie groups of higher rank and their lattices
(motivated by the program of R. Zimmer [209]) has been an active area of
research too. First results in this direction were obtained for Anosov actions
(see [85, 94, 95, 97]) and for actions with weaker hyperbolicity assumptions (see
[131] and references therein). Recently, local rigidity results were established
without any hyperbolicity assumptions (see [60]).

2. GLOBAL RIGIDITY

2.1.  The only known examples of Anosov diffeomorphisms are automorphisms
of infranilmanifolds. Moreover, every Anosov diffeomorphism on an infranil-
manifold is topologically conjugate to a hyperbolic automorphism (see [62,
127]). This motivates the following “€100,000” folklore conjecture (stated in
[130]):

Conjecture 3. FEvery Anosov diffeomorphism is topologically conjugate to a
hyperbolic automorphism on an infranilmanifold.
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Although there are some partial results on Conjecture 3 (see, for example,
(61, 14, 69, 90]), it is not even known whether an Anosov automorphism is
topologically transitive in general. We also mention that the conjugation map
in Conjecture 3 is not necessarily smooth. There are examples of Anosov
diffeomorphisms on manifolds that are homeomorphic but not diffeomorphic
to a torus (see [54]).

In contrast, there exist Anosov flows that are not topologically transitive
(see [63]), and it is not clear how to state a conjecture regarding classification
of general Anosov flows. Such a conjecture is available in the special case when
either stable or unstable foliation has dimension one (see [195, 70]).

2.2. One can also state an analog of Conjecture 3 for Anosov Z*- and R*-
actions, k > 2. In this case, it is usually possible to show that if a continuous
conjugation map exists, it is also smooth (see, for example, [85, 93, 97]). R.
Spatzier communicated the following conjecture.

Conjecture 4. Every “irreducible” Anosov ZF- and R*- action, k > 2, is
C*°-conjugate to an algebraic action.

Some partial results on Conjecture 4 were obtained in [93, 142] and, recently,
by F. Rodriguez-Hertz [162] and B. Kalinin, R. Spatzier. One may also hope
to classify “irreducible” partially hyperbolic Z*- and R*- action, k > 2, and
more generally, higher rank actions of commuting expanding maps.

2.3. There are also analogous conjectures for actions of connected semisim-
ple Lie groups of higher rank and their lattices satisfying some hyperbolicity
assumptions (see [85, 131]).

Conjecture 5. Fvery action of a connected semisimple Lie group of higher
rank (i.e., all simple factors have real rank at least 2) or its lattice, which
that has an element which acts non-trivially uniformly partially hyperbolicly,
is C*°-conjugate to an algebraic action.

Partial results on Conjecture 5 were obtained in [85, 94, 95, 158, 72, 131].
Note that without partial hyperbolicity assumption, one may only hope to
classify the actions when restricted to an open dense subset. See [94, 59|
for examples of nonstandard lattice actions. In general, there are conjectures
originated from [209] on classification of actions satisfying some transitivity
assumptions or preserving a rigid geometric structure in the sense of Gromov
(see [117, 130] for up-to-date statements).

2.4. Ratner’s measure rigidity theorem has applications to the study of gen-
eral properties of continuous volume preserving actions of higher rank semisim-
ple Lie groups and their lattices on compact manifolds. In particular, Ratner’s
theorem plays a key role in the construction of arithmetic quotients of such
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actions (see [123, 124] for connected groups, [56, 57| for lattices, and [58] for
a survey). This raises the following question:

Question 6 (D. Fisher). Do the new results on measure rigidity for actions
of higher rank abelian groups give rise to obstructions to smooth or continuous
actions of a higher rank abelian group on a compact manifold?

Some basic obstructions for smooth volume preserving actions of higher
rank abelian groups are already known, see particularly work of H. Hu and
A. Katok. The question is whether one can use results on measure rigidity to
obtain more information.

The results on arithmetic quotients for actions of semisimple groups and
their lattices have no straightforward analogues here, since the proofs of those
results use not only Ratner’s theorem but applications of the cocycle super-
rigidity theorems to cocycles which are necessarily only measurable. Though
some cocycle superrigidity theorems are known for particular classes of actions
of higher rank abelian groups, none of these apply to measurable cocycles be-
cause of the Dye theorem [43] and its generalizations [154, 37].

3. MEASURE RIGIDITY

3.1. Let G be a Lie group, I' a discrete subgroup, and H a subgroup of G
generated by one-parameter unipotent subgroups. One of the prototypical
examples of measure rigidity is the classification of finite ergodic H-invariant
measures on G/I" (see [159], and [144] for an accessible exposition).

Problem 7 (L. Silberman). Eztend the results on measure rigidity of unipotent
flows to adelic setting.

It seems natural to expect (and is known in some cases) that the set of finite
ergodic invariant measures for other dynamical systems with parabolic behav-
ior has a manageable structure, which is possible to described in algebraic
terms.

Suppose that H is a connected semisimple Lie subgroup of a Lie group G,
and let P be a parabolic subgroup of H. One of manifestations of the measure

rigidity of unipotent flows is the fact that every finite P-invariant measure on
G/T is H-invariant (see [146]).

Question 8 (E. Lindenstrauss). Suppose that H acts on a space X preserv-
ing some geometric structure. Under what conditions on X, every finite P-
imvariant measure is H-invariant? In other words, which H-actions are stiff

(see [64])?

For example, one may consider an SL(2, R)-action on the moduli space of
quadratic differentials over complex structures on a compact surface. There are
a lot of similarities between this action and SL(2, R)-actions on homogeneous
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spaces (see [48, 199, 141]). Some partial results on topological and measure
rigidity for the latter actions were obtained in [143] and [51].

3.2.  A. Katok constructed an example of a Finsler metric on 2-dimensional
sphere such that the corresponding geodesic flow is ergodic and has only two
periodic orbits (see [92]).

Conjecture 9 (A. Katok). The only ergodic probability measures for this ezx-
ample are the smooth measure and the measures supported on periodic orbits.

3.3. Since a polygonal billiard is a parabolic dynamical system, one expects
that invariant measures and invariant closed sets should be scarce.

Question 10 (A. Katok). Classify ergodic invariant probability measure and
closed invariant subsets for polygonal billiards.

For rational polygonal billiards, the phase space decomposes into invariant

subsets Py that correspond to directions 6 of the flow. It was shown in [103]
that the billiard flow is uniquely ergodic on Py for the set of directions 6 of full
measure. There is an estimate of the Hausdorff dimension of this set, which
may be positive (see [140, 139, 34]). It is also known that the restriction of
the billiard flow on all but countably many of the subsets Py is minimal.
3.4. Let I' be a discrete subgroup of SL(2,R). If I" has infinite covolume, then
the only finite ergodic invariant measures for the horocyclic flow u;, = ( (1) ; )
on SL(2,R)/T" are the the ones supported on periodic orbits. It turns out that
there is a large family of infinite ergodic invariant Radon measures. Such mea-
sures can be constructed from the minimal positive I'-invariant eigenfunction
of the Laplacian (see, for example, [6]). Recently, F. Ledrappier and O. Sarig
proved that if " is a normal subgroup of a uniform lattice in SL(2,R), then
every u-ergodic Radon measure on SL(2,R)/I is of this form up to a constant
(see also [7, 166] for previous classification results).

Question 11 (F. Ledrappier, O. Sarig). Let G be a noncompact semisimple
Lie group of rank one, I' a disctrete subgroup of G, and U a horospherical sub-
group of G. What are the U-ergodic Radon measures on G/T'? In particular,
are they either carried by closed U-orbits or given by the harmonic function
construction?

A wg-invariant measure p is called squashable if the centralizer of u; contains
an invertible nonsingular transformation that does not preserve u. F. Ledrap-
pier and O. Sarig showed recently that for a normal coabelian subgroup I' of
a uniform lattice, the only nonsquashable u;-ergodic measure on SL(2,R)/T’
is Haar. If T" is conilpotent, then any us;-ergodic measure on SL(2,R)/I" is
squashable except possibly the Haar measure.
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Question 12 (F. Ledrappier, O. Sarig). Let I' be a normal conilpotent sub-
group of a uniform lattice in SL(2,R). Is the Haar measure nonsquashable?

For general discrete subgroup I' C SL(2,R), it is not known whether the
Haar measure on SL(2,R)/I' is nonsquashable, or whether there exist other
nonsquashable u;-ergodic Radon measures.

3.5. Another important class of examples with rigid behavior is provided
by the algebraic actions of higher rank abelian groups (see [121] for a survey).
Although several complementary approaches have been developed for the study
of invariant measures in this case (see [121]), all of them require some positive
entropy assumptions. Such an assumption is not needed in the adelic setting.

Let
Ac I @

v-place
denote the ring of adeles and D the diagonal subgroup in SL(2). E. Linden-
strauss showed that the only probability D(A)-invariant measure on SL(2, A)/SL(2, Q)
is the Haar measure (see [122]).

Question 13 (E. Lindenstrauss). Let A’ be defined as the ring of adeles,
but the product is taken over a subset of places of Q and I an “irreducible”
lattice in SL(2,A"). What are the finite ergodic D(A’)-invariant measures on

SL(2, A")/T'?

3.6. One may also expect measure rigidity for algebraic actions of “large”
groups.

Conjecture 14 (A. Furman). Consider one of the following actions of a group
I:
(1) T is a “large” subgroup of the group of automorphism of a nilmanifold
of finite volume.
(2) T is a “large” subgroup of a Lie group acting by translations on G /A
where A is a lattice in G.
Then the only ergodic I'-invariant probability measures are the measures sup-
ported on finite I'-orbits and the Haar measure.

There are results on the topological analog of this conjecture (see [16, 185,
148, 149, 74]).

4. EQUIDISTRIBUTION

4.1. Let G be a Lie group, I' a lattice in G, and U = {u(t)} C G a one-
parameter Ad-unipotent subgroup. Suppose that for z € G/I', Uz is dense in
G/T.
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Question 15 (G. Margulis [130]). Prove equidistribution of the sequence {u(t,)x}
in G/T', where t,, is one of the following:

(1) t, = [n]? for a > 1,

(2) t, = [P(n)], where P(x) is a polynomial,

(3) t,, is the n-th prime number.

A. Venkatesh suggested a proof of (1) when « is close to 1.

It is known that Cesaro averages along sequences as in Question 15 converge
almost everywhere for functions in LP, p > 1 (see [22, 23, 24, 25, 202]). Note
that there is a subtle difference between sequences ¢, = [n*] and t,, = n® for
a € Q — Z. In fact, there is no general pointwise ergodic theorem possible for
the latter sequence (see [18]).

4.2. Let V be a connected Ad-unipotent subgroup of the Lie group G such
that Vz is dense in G/I" for some z € G/I.

Question 16 (G. Margulis [130]). Show that for a “good” sequence of subsets
A, CV and every f € C.(G/I),

1
lim 7/ V) dv = d
n—oo VOl(An) An f( ) G/T f a

with effective error term, where dv is a Haar measure on V', and p is the
probability Haar measure on G/T.

Such equidistribution results were proved by several authors (see [160, 132,
176]), but the methods of the proofs are not effective. In the case when V'
is a horospherical subgroup of G' (see Section 4.3 below), one can deduce an
equidistribution result with explicit error term from decay of matrix coefficient
on L?(G/T) (see [108]).

4.3. Let L be Lie group, G a closed subgroup of L, and A a lattice in L.
For a semisimple element a € G, the expanding horospherical subgroup U of G
associated to a is defined by

U={9g€eG:a"ga" — easn— oo}

Suppose that for g € L/A, the orbit Gz is dense in L/A.

Let 1 be a measure on Uxg which is the image of a probability measure on
U, absolutely continuous with respect to the Haar measure on U, under the
map u — uxg, v € U. Then it is known that a"yu — X\ as n — oo where A is
the probability Haar measure on L/A (see [177]).

One may consider the following refinement of the above result. Take any
analytic curve 7 : [0, 1] — U, and let v be the image of the Lebesgue measure
on [0, 1] under the map t — y(t)xo.

3Here [z] denotes the integer part of z.
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Question 17 (N. Shah). Under what condition on 7, we have that a™v — A
asmn — oo?

Recently Question 17 was solved by N. Shah for L = SO(m,1) and G =
SO(n,1), m > n. He showed that a"v — X as n — oo provided ([0, 1]) does
not lie on an proper affine subspace or an (n — 2)-dimensional sphere in U.

Conjecture 18 (N. Shah). The same result holds for all Lie groups L con-
taining G = SO(n, 1).

The above kind of questions are related to the following more general prob-
lem. Consider a representation of a semisimple Lie group G on real vector
space V' equipped with a norm || - ||. Take a point p € V', and consider the set

Rp={g€G: |gpl| <T}

for T > 0. Suppose that the stabilizer of p is finite, so Rt is compact for each
T. Let I" be be a lattice in G, and let pr denote the image of the normalized
Haar measure on Ry projected to G/T.

Question 19 (N. Shah). What is the limiting distribution of the measure pr
as T — oo?

In some examples such results are known (see [53, 73]), but more general
answers can be very important for understanding distribution of I'-orbits on
homogeneous spaces G/H where either I' N H is a lattice in H or I'H is dense
in G.

4.4. For irrational «, the sequence {an? (mod 1) : n > 1} is equidistributed
in [0,1]. In fact, one expects that if « is badly approximable by rationals,
then statistical properties of this sequence are the same as the sequence of
independent uniformly distributed random variables. For [a,b] C [0, 1], we
define pair correlation:

Ry([a,b], N,a) = %#{1 <i#j<N:ai’ —aj’c %[a,b] (mod 1)}

Conjecture 20 (Z. Rudnick, P. Sarnak). If @ € R is badly approximable by
rationals (see [165] for exact conditions), then

(1) Ry(la,b], N,a) = b—a as N — 0.

Although it was shown that (1) holds on the set of « of full measure (see
[164]) and on a residual set of « in the sense of Baire category (see [165]),
one does not know any explicit « for which it is true. It is expected that (1)
holds for algebraic integers, and it is not hard to show that there are well
approximable irrational « for which (1) fails.
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It was discovered in [136] that Conjecture 20 is related to an equidistribution
problem on a hyperbolic surface X = I'\H?, T" a lattice. We assume that

F'n{z—z4+a:aeR}={2—2+4+a:a€Z}.

Then the curve {z + iy : x € [0, 1]} corresponds to a closed horocycle {u,(¢) :
0 <t < 1} of length y~' in in the unit tangent bundle T*(X), and it is well-
known that it becomes equidistributed in T*(X) as y — 0. Also, for irrational
a, the sequence {u,(an) : n > 1} is equidistributed in the horocycle. This
motivates the following conjecture:

Conjecture 21 (J. Marklof, A. Strémbergsson). Let f be a continuous func-
tion on T'(X) with given growth condition at the cusps (see [136]). Then for
a € R which is badly approximable by rationals and 0 < ¢q < ¢o,

1 M
Mmzzlf(“y(“m” = S T

uniformly as M — oo and c; M2 <y < coM~2, where X denotes the Liouville
measure.

It was observed in [136] that Conjecture 21 implies Conjecture 20. Conjec-
ture 21 was proved in [136] under the condition that c; M~ <y < oM~ for
some v < 2. Furthermore, the statement of Conjecture 21 holds for almost all
a with respect to Lebesgue measure [136] for any positive v, in particular for
v = 2. Hence this gives a new proof of the main result in [164].

4.5. Let M be a compact Riemannian manifold, and ¢; : M — M is an
Anosov flow, that is, ¢; is a C'-flow and there exists a continuous invariant
splitting

TM =E°® E*® E*

where EY is the one-dimensional bundle tangent to the flow direction, and for
some C, A > 0,

| Dow|| < Ce ™|, veE* t>0;
| Dgv|| > CteM|lv||, ve E* t>0.
The distribution E* is tangent to the strong stable manifolds
We(z) ={y € M : d(¢x, pry) — 0 as t — +00}.

Suppose that the flow is topologically transitive. Then it is known (see [28])
that the foliation W**(z), x € X, is uniquely ergodic, i.e., there is a unique
holonomy invariant transverse measure.
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In addition to the above assumptions, we suppose that there exists a con-
tinuous invariant splitting E* = E7 + E° such that for some C' > 0 and
P > fi— > A,

D) < Ce #o||, ve B, t>0;
Dol > C e ™ lo||, ve B t>0.

A basic example of such splitting is the geodesic flow of CH?. The distribution
EY integrates to the fast stable foliation W7.

The following is a nonlinear analog of the Ragunathan’s question about
classifications of measures invariant under unipotent flows:

Question 22 (F. Ledrappier). Describe the invariant ergodic measures for the
fast stable foliation W73 .

One may ask the same question for Anosov diffeomorphisms as well.

4.6. Let X be a Riemannian locally symmetric space of noncompact type
and of finite volume. A flat in X is a totally geodesic submanifold of sectional
curvature zero. Note that X = I'\G/K, where G is a connected semisimple
real algebraic group, K is a maximal compact subgroups of G, and I" is a
lattices in G, and flats are ['¢AK, g € G, for a Cartan subgroup A of G. It
was shown (see [150]) that the number of compact flats with bounded volume
is finite. Note that this number is related to the number of totally real number
fields of fixed degree with bounded regulator (see [150]).

Question 23 (H. Oh). Determine the asymptotics of the number of compact
flats with volume less than T as T — oo.

This asymptotics and the rate of convergence has been determined for rank
one spaces (see [128, 79, 67, 68, 205, 114, 156, 112]); however, the question
about optimal rate of convergence is still open (see [88, 126, 125, 31]). When
X is compact, using techniques developed in [183], one can determine the

asymptotics of the sum
> Vol(F).

F - regular, systol(F)<T

Here a flat is called regular if its shortest closed geodesics goes in the regular
direction and systol(F) denotes the length of this geodesics. See also [40]
for another analog of the prime geodesic theorem for higher rank compact
symmetric spaces.

Another open question concerns the distribution of compact maximal flats
on the unit tangent bundle T'(X). Since the identity component G of the
isometry group does not act transitively on X in the higher rank case, it is
more convenient to consider the compact orbits of a Cartan subgroup A on the
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homogeneous space I'\G, which we also call flats. Denote by uz the Lebesgue
measure on a flat 7 C I'\G and by jiz the normalized Lebesgue measure on
F. Let

Z]—': Vol(F)<T HF
#{F: Vol(F)<T}

_ > Vol(F)<T HF
P Vol(F)<T Vol(F)

Question 24 (H. Oh). Do the measures vy and vy converge to the normalized
Haar measure on I'\G ?

and Uy =

vr

According to [113], the normalized Haar measure on I'\G is the unique
ergodic measure of maximal entropy for the geodesic flow. Thus, to resolve
Question 24, it suffices to estimate the entropy of the weak* limit points of vp
and v and show that they do not escape to infinity.

For the rank one groups, Question 24 has been answered positively (see [26,
206, 155, 168, 104]). In higher rank case, the equidistribution of e-seperated
closed geodesics from different homotopy classes was established in [113]. As
in [113], one can also prove analog of the Conjecture 24 for compact ['\G and
the measure vr as above with summation taken over regular flats F such that
systol(F') < T. Another equidistribution result was obtained in a recent work
of Y. Benoist and H. Oh, where the averages along Hecke orbits of maximal
compact flats were considered.

5. DIOPHANTINE ANALYSIS

5.1. A vectory = (y1,...,yn) € R" is called v-approzimable (for v > 0) if
there are infinitely many q = (q1,...,¢,) € Z" and p € Z such that

g1 + -+ yutn — 2| < |la] 7.

Here || - || denotes the max-norm on R™. If a vector y € R" is (n + ¢)-
approximable for some ¢ > 0, it is called very well approximable (VWA).
An easy argument (using Borel-Cantelli lemma) implies that the set of VWA
vectors has Lebesgue measure zero in R™. Therefore, it is natural to expect
that a generic point on a “nondegenerate” submanifold of R™ is not VWA.
This is the Sprindzuk conjecture proved in [109] (see also [17]).

Similarly, an m x n real matrix A is called VWA if for some £ > 0 there are
infinitely many q € Z™ and p € Z™ such that

[Aq —p["™ < llaf ™"
It is easy to see that the set of VWA matrices has measure zero in R™*", and
one hopes that an analog of the Sprindzuk conjecture holds in this set-up as
well.
The definition of nondegenerate submanifold of R” in [109], which is well-
suited for the case of vectors, is a manifold with smooth coordinate charts
f : U(C R*) — R" such that the spaces spanned by the partial derivatives f at
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points of U have dimension n. It is not quite clear what is the right definition
of “nondegenerate” submanifold for the case of matrices.

Question 25 (D. Kleinbock, G. Margulis (see [109], Sec. 6.2)). Find rea-
sonable and checkable conditions for a smooth map £ : U(C RF) — M,,»,(R)

which generalizes nondegeneracy of vector-valued maps and implies that almost
every point of £(U) is not VWA.

Such conditions were obtained in some cases in [115, 116, 105].

5.2. A far-reaching generalization of the Sprindzuk conjecture was suggested
in [106]. Let x4 be a measure on R* and and f : supp(u) — R" that sat-
isfy some reasonable conditions. What are the Diophantine properties of the
generic points in R” with respect to the measure f,u? Several results in this
direction were obtained in [198, 107, 111] for locally finite measure. It would
be interesting to consider the case of Hausdorff measures:

Question 26 (D. Kleinbock). Give estimates on Hausdorff dimension of v-
approximable vectors in a nondegenerate submanifold of R™ using dynamics.

See [41] for a discussion of what is currently known about the Hausdorff
dimension and for a related result.

5.3. For a € R, let (o) = dist(a, Z). It is not hard to show that the set of
(o, 3) € R? such that

lim inf g(log ¢)*** {gax) (¢B) > 0
q—00
for every € > 0 has full Lebesgue measure. In fact, it was shown in [184] that
lim g(log ¢)** {ga) (g0) = oo

on a set of (a,3) € R? of full measure. On the other hand, the following
question remains open:

Question 27 (A. Pollington). Are there a, 3 € R such that for every e > 0,
lim inf g(log ¢)°~* (gev) (¢f8) > 07
q—0o0
It follows from [65] that
lim inf g(log ¢)° (qa) (45) = 0

for almost all («, 3). Thus, the set of («, 3) in Question 27 has measure zero.
Question 27 is related to the well-known conjecture of Littlewood:

Conjecture 28 (Littlewood). For any «, 5 € R,
lim inf g (qo) (¢B) = 0.
g—o0
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The best result on Conjecture 28 is [47], which shows that the set of ex-
ceptions (a, 3) for the Littlewood conjecture is a countable union of sets of
box dimension zero. The proof in [47] uses dynamics on the homogeneous
space SL(3,R)/SL(3,Z). It was observed some time ago that Conjecture 28 is
implied by the following conjecture:

Conjecture 29 (G. Margulis [130]). Let A be the group of all diagonal ma-
trices in SL(3,R). Then every bounded A-orbit in SL(3,R)/SL(3,7Z) is closed.

Conjecture 29 is a very special case of the general conjecture describing
closed invariant subsets for actions of Cartan subgroups on general homoge-
neous spaces (see [130]).

G. Margulis suggested the following conjecture, which might be easier to
handle than Conjecture 29:

Conjecture 30 (G. Margulis). For every compact set K of SL(3,R)/SL(3,Z),
there are only finitely many closed A-orbits contained in K.

This conjecture can be reformulated in terms of the Markov spectrum of

forms
F(l’) = H <Z CLijJIj) , Qi € R.
Let | Fa) 3
A(F) = det(a;;) and m(F) :lnf{ AT T €L —0}.

Then Question 30 is equivalent to the following question:

Question 31 (G. Margulis). Show that for every e > 0, the set [, 00)N{m(F)}
18 finite.

5.4. For 0 <s <1, define

¢, {(a, 5) € B - inf max{q" {qo) 4" (99} > o} .

In particular, Cy /o is the set of badly approximable vectors. Since Conjecture
28 holds for all («, 3) ¢ Cs, one may naively hope to prove it by showing that
intersection of the sets Cy, 0 < s < 1, is empty. In this regard, we mention the
following conjecture:

Conjecture 32 (W. Schmidt [170]). For any s,t € [0, 1], we have CsNC; # 0.

Note that W. Schmidt stated this conjecture in [170] only for s = 1/3 and
t=2/3.

It is known that each of the sets Cy has zero measure and full Hausdorff
dimension. It was shown that the set C;, N CyNC; has full Hausdorff dimension
as well (see [157]). Conjecture 32 is related to the following conjecture:
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Conjecture 33. Let A be the group of all diagonal matrices in SL(3,R), and
Ay, Ay C A are rays in A. Then there exists x € SL(3,R)/SL(3,7Z) such that
Az and Asx are bounded, but Ax is not bounded in SL(3,R)/SL(3,Z).

Note that for rays A; and A, which lie in the cone
{diag(e",e",e ") s u,v > 0} C A,

Conjecture 33 follows from Conjectures 32. On the other hand, it was pointed
out by D. Kleinbock that in the case when A; and As lie in the opposite Weyl
chambers, Conjecture 33 can be proved using the argument from [108], and
moreover, the set of x which satisfy Conjecture 33 has full Hausdorff dimension.

5.5. Let ) be a nondegenerate positive definite quadratic form of dimension
d > 3.

Conjecture 34 (Davenport-Lewis). Suppose that Q is not a multiple of a
rational form. Then the gaps between consecutive elements of the set {Q(x) :
x € Z4} go to zero as Q(z) — .

Conjecture 34 was proved in [15] for d > 9, and recently the method in [15]
was extended to d > 5 as well. The case d = 3,4 is still open.

When @ is a nondegenerate indefinite definite quadratic form of dimension
d > 3 which is not a multiple of a rational quadratic form, the set {Q(x) : = €
7} is dense in R. This is the Oppenheim conjecture proved by Margulis in
[129]. However, the proof in [129] is not effective.

Question 35 (G. Margulis [130]). Give an effective estimate on T = T'(¢)
such that there exists x € Z% with

0<|Q(z)|<e and |zl <T.

This question is especially difficult since the estimate on 7" should depend on
the Diophantine properties of coefficients of the quadratic form (). An easier
question with = satisfying conditions

IQ(z)] <e and |z||<T

is treated for d > 5 in an upcoming work of G. Margulis and F. Gotze.

5.6. Let Q(x) = ax? + bx1xs + cx3 be a nondegenerate indefinite quadratic
form with rational coefficients that does not represent zero over Q. For z € R?,
define

m(Q,x) = inf [Q(r+2)| and m(Q) = sup m(@Q, ).

rcR?2
If the supremum m(Q) is isolated, we also define

ma(Q) = sup{m(Q, z) : # € R*, m(Q, ) <m(Q)}.
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The interest in the quantity m(Q)) was motivated by the study of existence of
a Euclidean algorithm in quadratic fields Q(y/m), m > 0. If @) represents the
norm of Q(y/m) computed with respect to an integral basis, then Euclidean
algorithm exists iff m(Q) < 1.

The following conjecture was communicated by A. Pollington:

Conjecture 36 (E. Barnes, H. Swinnerton-Dyer [11]). For any quadratic form
Q as above, the supremum m(Q) is rational and isolated. Both m(Q) and
ms(Q) are attained at points with coordinates in the the splitting field of Q.

Conjecture 36 is based on numerous computations performed in [10, 11].
The supremum m»(Q) need not be isolated (see [71]).

5.7.  The following question was communicated by D. Kleinbock:

Question 37 (Y. Bugeaud). Let

B, = {(a,ﬁ) € R : inf n(min{||nall, [In5]}) (max{[[nall, [nsl}H)* > 0} :

Compute the Hausdorff dimension of the set By, 0 < s < 1.

Note that By is the set of badly approximable vectors and its Hausdorff
dimension is 2. On the other hand, By is the set of exceptions of the Littlewood
conjecture, and its Hausdorff dimension is 0.

5.8.  Some other interesting open problems on Diophantine approximation are
stated in [110], Section 13.

6. QUANTUM CHAOS

6.1. The term “quantum chaos” refers to the study of quantizations of Hamil-
tonian systems whose dynamics is chaotic. We concentrate on the case of the
geodesic flow on compact (or, more generally, finite volume) Riemannian man-
ifold X possibly with piecewise smooth boundary (e.g. billiards in R?). The
geodesic flow on the boundary is defined as elastic reflection. Denote by A
the Laplace-Beltrami operator on X and by dV the normalized Riemannian
volume on X. Let 0 = Ay < A1 < Ay... be the eigenvalues of —A and ¢;,
1 > 0, the corresponding eigenfunctions with the Dirichlet boundary condition
such that [|¢;]|2 = 1:

—Ag; = Ny, dilox = 0.
One is interested in the semiclassical limit of this system, i.e.; in the behavior
of the eigenvalues and the eigenfunctions as i — oo. According to the corre-

spondence principle in quantum mechanics, certain properties of the classical
dynamical system are inherited by the semiclassical limit of its quantization.
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Consider the probability measures

dpi(x) = |¢i()[2dV (x)
on X. One of the fundamental questions is to describe all possible weak*
limits of the sequence {u;} as i — oo, which are called quantum limits. It was
shown (see also [182, 204, 36, 207]) that if the geodesic flow is ergodic on X,
then p;, — dV in the weak* topology as i, — oo along a subsequence {iy} of
density one. This property is referred as quantum ergodicity.

In general, it might be possible that some of the quantum limits are not
absolutely continuous and even assign positive measure to an unstable periodic
orbit (this is called a scar) or to a family of marginally stable periodic orbits
(this is called a bouncing ball mode). However, it seems that no rigorous
proof of this phenomena has been given. For example, for the stadium billiard
there are substantial numerical and heuristic evidences of the existence of scars
and bouncing ball modes (see, for example, [82, 91, 119, 8, 187] and references
therein). On the other hand, the numerical data in [12] suggest that no scarring
occurs for some dispersive billiards.

Some numerical experiments were performed for X = I'\H?, where I' is an
arithmetic lattice, and no scars were observed (see [81, 80, 4]). Z. Rudnick
and P. Sarnak [163] formulated the following conjecture:

Conjecture 38 (Quantum unique ergodicity). Suppose that X has negative
sectional curvature. Then

wi — dV as i — oo.

The current research on this conjecture is concentrated on the case of arith-
metic manifolds X = I'\ X, where X is a symmetric space of noncompact type
and I' an arithmetic lattice. The arithmeticity assumption implies that there
is an infinite set of Hecke operators acting on X, which commute with the
left invariant differential operators (in rank one the Laplacian is the only such
operator). We assume that ¢;, ¢ > 0, are joint eigenfunctions of the invariant
differential operators and Hecke operators. Then the weak* limits of the se-
quence of measures {y;} are called arithmetic quantum limits. Tt is believed
(see [32]) that the Laplace-Beltrami operator on X = SLy(Z)\H? has simple
cuspidal spectrum; then the assumption on Hecke operators is automatic.

Conjecture 39 (Arithmetic quantum unique ergodicity). The Riemannian
volume is the only arithmetic quantum limit.

Positive results towards this conjecture were obtained for the case X =
['\H?, where T is a congruence subgroup in either SLy(Z) or in the group of
quaternions of norm one. In this case, T. Watson [197] proved Conjecture
39 assuming the generalized Riemann hypothesis. His proof also implies the
optimal rate of convergence. Unconditionally, Conjecture 39 for this case was
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proved by E. Lindenstrauss [120]. The only issue that was not handled in [120]
is the escape of the limit measure to the cusp in noncompact case. To handle
this difficulty, E. Lindenstrauss suggested the following intermediate problem:

Problem 40 (E. Lindenstrauss). Let X = I'\H? where T is a noncocompact
arithmetic lattice. Show that for all f,g € C.(X),

Jxgdp: [ gdV
The analog of Problem 40 for continuous spectrum was proved in [89, 126].

Results toward Conjecture 39 for some higher-rank symmetric spaces were
recently proved by L. Silberman and A. Venkatesh [178].

as 1 — 00.

6.2. M. Berry [19] conjectured that eigenfunctions of a typical chaotic sys-
tems behave like a superposition of plane waves with random amplitude, phase
and direction. This model predicts that the eigenfunctions ¢; behave like in-
dependent Gaussian random variables as ¢ — oco. In particular, the follow-
ing conjecture should hold for generic negatively curved compact Riemannian
manifolds:

Conjecture 41 (J. Marklof).

1 b
Vol({z € X :a < ¢y(z) <b}) —» —— [ e ¥t

27 Ja

as 1 — 00.

Conjecture 41 is supported by numerical experiments (see [81, 82]).

The random wave model also predicts a central limit theorem for the con-
vergence in Conjecture 38 (see [55, 44]). To formulate this, we need some
notations. For a smooth function a on the unit cotangent bundle S*X of X,
we denote by Op(a) a pseododifferential operator of order zero with principal
symbol a. For example, when a is a function on X, then Op(a) is a multipli-
cation by a. Let X\ be the Liouville measure on S*X and g¢' is the geodesic
flow. It is expected that for generic negatively curved compact Riemannian
manifolds,we have the following. (Suppose w.l.o.g. the surface has area 4m so

that Weyl’s law reads N(A) = #{i: \; <A} ~ \)

Conjecture 42 (J. Marklof (after Feingold-Peres [55])). Suppose X is “generic”.
For a € C°(S*X,R) with
/ ad\ =0,
S*X

&i(a) = N (Op(a)ey, o4

put
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Then the sequence &;(a) has a Gaussian limit distribution whose variance is
given by the classical autocorrelation function

Via) ™ / : / N a(zg)a(x) d\(x)dt.

That 1s, as A — o0,
(1)
1
LY 6@ - Vi)
Ai<A
(2) for any interval I € R

l . . —1/2¢. _ L —12/2
<A V() (0) € 1) \/%/16 d.

It was proved by W. Luo and P. Sarnak that for the modular surface X =
SLy(Z)\H?,

> [(Op(a)¢i, ¢:)* ~ VAB(a) as A — oo,

A <A
where B is a quadratic form on C2°(X) which is closely related to but distinct
from the form V' defined above (see [169]). In this respect the modular and
other arithmetic surfaces are ruled out as “generic” examples for the above
conjecture.

6.3. A. Katok suggested polygonal billiards as a promising model for quantum
chaos.

Question 43 (A. Katok). Do periodic orbits in a triangular billiard corre-
spond to scars? More precisely, are there quantum limits supported on periodic
orbits?

Based on the investigation [21], it seems likely that the answer to this ques-
tion is ‘yes’ for rational billiards.

Problem 44 (J. Marklof). Classify all quantum limits of the eigenfunctions
of a polygonal billiard.

6.4. According to the Berry-Tabor conjecture (see [133]), the eigenvalues of
the Laplacian for generic integrable dynamical system have the same statistical
properties as a Poisson process. For 2-dimensional torus, the set of eigenvalues
is {Q(x) : x € Z*} where Q is a positive definite quadratic form.

Question 45 (J. Marklof). What is the distribution of the set
{(Q(21) = Q(22), Q) — Qx3)) = s € 2, ; # xj fori# j} C R??



OPEN PROBLEMS 19

More precisely, determine the asymptotics of

def a < Q(r1) — Q(x2) <D,
Nr((a,b), (c,d)) = # < (w1, 70, 73) € (Z*)? 1 ¢ < Q(x3) — Q(x3) < d,
vi 42y fori 4, ol < T

The distribution of the set {Q(z) — Q(y) : =,y € Z?} was studied in [167,
49, 50], and in [134, 135] in the case of rational forms over shifted lattice
points. It depends on Diophantine properties of coefficients of the quadratic
form. The Berry-Tabor conjecture predicts that the set in Question 45 should
be equidistributed in R? for a generic quadratic form Q, i.e, after a suitable
normalization, Nr((a,b), (¢,d)) converges to (b — a)(d — ¢). However, it is not
even known whether the set in Conjecture 45 is dense in R?.

7. POLYGONAL BILLIARDS
Question 46 (A. Katok). Construct periodic orbits for triangular billiards.

Every acute triangle has one obvious periodic orbit, but it is not known
whether a general acute triangle has other periodic orbits. It is also not known
whether a general obtuse triangle has at least one periodic orbit. Periodic
orbits were constructed for some special classes of triangles (see [66, 83, 35, 77,
171]). Recently, a computer aided proof, which uses the program McBilliards
[84], was found that shows that every triangle with all angles less than 100
degrees has a periodic orbit (see [172]).

The situation is much better for rational triangles and polygons (i.e., if
the angles are rational multiples of 7). Unfolding the billiard table, one can
construct a compact Riemannian surface with a flat structure so that billiard
trajectories correspond to geodesics on this surface (see [141] for a survey).
Using this technique, it was shown that the number N(T) of periodic orbits of
length at most 7' is bounded from above and below by quadratic polynomials
in T (see [137, 138]). Moreover, for some billiard table this number has qua-
dratic asymptotics (see [193, 194, 52, 51]), but it seems unknown whether the
quadratic asymptotics holds for rational polygons in general. Note that the
convergence N(T) — oo cannot be uniform even on a compact set of triangles.
In fact, it was announced by R. E. Schwatz that for any given any € > 0 there
exists a triangle, within e of the 30-60-90 triangle, which has no periodic paths
of length less than 1/¢.

Question 47 (A. Katok). Prove ergodicity for triangular billiards with irra-
tional angles.

It was proved that the set of ergodic (topologically transitive) triangular
billiard table is residual in the sense of Baire category (see [103, 99]). How-
ever, it seems unknown whether the set of ergodic billiard tables has positive
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measure. [t is easy to see that rational billiards cannot be ergodic. On the
other hand, it was shown in [196] that if an irrational billiard table is very well
approximable by a rational one, then it is ergodic. In the case when one of
the angles of a triangles is rational, there is a useful unfolding procedure (see
[189]) that may lead to a proof of ergodicity.

Also, it seems unknown whether there is a weakly mixing polygonal billiard
(see [76] for a positive result in this direction). It was shown in [5] that typical
interval exchange transformation which is not defined by a cyclic permutation
is weakly mixing (see also [98, 192]).

8. DIVERGENT TRAJECTORIES

Let G be a semisimple real algebraic group, I' a noncocompact arithmetic
lattice in G, and D a closed subgroup of a maximal R-split torus A. An orbit
Dz of D in G/T is called divergent is the map d — dz, d € D, is proper. One
can construct a divergent orbits using the following observation. Suppose that
D is the union of open subsemigroups D1, ..., D; such that for every ¢ there
exists a representation p; : G — GL(V}), defined over Q, and v; € V;, such
that p;(dz)v; — 0 as d € D; goes to oo. Then Dz is divergent. Such divergent
orbits are called obvious.

Conjecture 48 (B. Weiss). (1) If dim D > rankgG, then there are no
divergent orbits of D.
(2) If dim D = rankoG, then the only divergent trajectories are obvious
ones.
(3) If dim D < rankgG, then there are non-obvious divergent trajectories.

Conjecture 48 was formulated in [200] where several special cases of it
were checked, and it was shown in particular that Conjecture 48 holds when
dim D = 1 (see also [38]). The case D = A was settled in [188]. Recently,
Conjecture 48(1) was proved in [33] when rankgG = 2 and in [201] in com-
plete generality. We also mention that Conjecture 48(3) was checked in [200]
for G = SL(4,R) for all diagonal subgroups D except

D ={(s,s7 ' t,t71) 1 s,t > 0}.

Next, we discuss a similar problem when D is a cone in A. There are ex-
amples of cones D that admit non-obvious divergent trajectories (e.g., a Weyl
chamber) as well as an example of cones that admit only obvious divergent
trajectories (see [200]). The latter example was constructed for G = SL(3, R)
and the argument used essentially that dim D = 2.

Question 49 (B. Weiss). Construct examples of cones D in A with dim D > 3
and no non-obvious divergent trajectories.

Let A7 denote the ball of radius 7" in A and A a Haar measure on A.



OPEN PROBLEMS 21

Question 50 (B. Weiss). Suppose that dim A > 2 and for some x € G/I" and
every one-parameter subgroup D of A, the orbits Dx is not divergent in G/T.
Is it true that there exists a compact set K C G/I" such that

lim sup A{a € Ar :ax € K}) > 07

T—o00 )\ (AT)

9. ANDRE-OORT CONJECTURE

A Shimura datum is a pair (G, X) where G is a reductive algebraic group
defined over Q and X is a G(R)-conjugacy class of homomorphisms h : C* —
G(R) such that

(1) The adjoint action of h(C*) on Lie(G*(R))* decomposes as a direct
sum of eigenspaces with characters z/z, 1, z/z.

(2) ad h(i) acts as a Cartan involution on G*4(R).

(3) G*(R) has no factors on which the adjoint action of h(C*) is trivial.

Morphisms (G, X) — (G, X) of Shimura datums are induced by morphisms
G — G of algebraic groups in obvious way. Note that X has a natural struc-
ture of complex manifold such that its connected components are Hermitian
symmetric domains, G(R) acts on X by holomorphic automorphisms, and
morphisms are equivariant holomorphic maps.

Let A; denote the ring of finite adeles, and K is an open compact subgroup
in G(Ay). Define

Shic(G, X) = GQ\(X x G(A))/K

One can show that Shg (G, X) is a finite disjoint union of Hermitian locally
symmetric domains. In particular, by the Baily-Borel theorem, Shx (G, X) has
a natural structure of an algebraic variety.

Ezample: Let G = GLy, h(a + bi) = < _ab 2 ) and K = GLy(Z). Then

Shy (G, X) ~ SLy(Z)\H? parametrizes isomorphism classes of elliptic curves
over C.

The Shimura variety associated to (G, X) is the projective limit of Shy (G, X)
where K runs over open compact subgroups of G(Ay). A point h € X is called
special if there exists a torus T' of G defined over Q such that h(C*) C T'(R).
One can check that in the above example, the special points are imaginary
quadratic irrationals that correspond to elliptic curves with complex multipli-
cation.

4Gad ig the adjoint group which is the factor of G by its center.
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For g € G(Ay), we have natural projection maps

T - SthgKg—l(G,X) — ShK(G,X)
o : SthgKgfl(G,X) — Sthgfl (G, X)

with finite fibers. This defines Hecke correspondence

T,(z) = mo(m; ' (2))g : Shg (G, X) — Shg (G, X).

Let (?,)g ) — (G, X) be morphism of Shimura datums that induces map
Shz (G, X) — Shi (G, X). The special subvarieties (also called subvarieties of
Hodge type) are the irreducible components of the image

Shy (G, X) — Shy(G, X) —% Shy (G, X).

Using Hecke correspondences, one shows that the set of special points in a
special subvariety is dense with respect to Zariski (or even analytic) topology.
The following conjecture is the converse of this fact.

Conjecture 51 (Y. André-F. Oort [3, 153]). Zariski closure of a set of special
point is a finite union of special subvarieties.

See [45, 46] and references therein for partial results on this conjecture. We
also mention that Conjecture 51 was proved in the case when the dimension
of the Zariski closure is one assuming generalized Riemannian hypothesis (see
[203]).

Conjecture 51 was partially motivated by an analogy with the theory of
abelian varieties, according to which special points correspond to torsion points
and special subvarieties correspond to translates of abelian subvarieties by
torsion points. Analogous conjectures for abelian varieties is due to S. Lang,
Yu. Manin, and D. Mumford. These conjectures were settled (see [190] for
a survey). One of the proofs (see [191, 208]) is based on equidistribution of
Galois orbits of “generic” sequences of points, which was established in [186]
(see also [20]). This approach may also lead to a proof of Conjecture 51.

Conjecture 52. Let {x,} be a sequence of special points on a Shimura variety.
Suppose that x,, lies outside of any special subvariety for sufficiently large n.
Then the (finite) Galois orbits of x, become equidistributed as n — oo with
respect to the normalized Haar measure.

For some partial results on this conjecture, see [78] and references therein.
In particular, for the above example, Conjecture 52 was established in [42].

Question 53 (L. Silberman). Give an ergodic-theoretic proof of the equidis-
tribution of special points on SLo(Z)\H?.
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10. ARITHMETICITY

Let G be the direct product of k copies of SL(2,R), k > 2, and UT and U~
the upper and lower unipotent subgroups G respectively. Let I't and '~ be
lattices in U™ and U~. We assume that these lattices are “irreducible” in the
sense that the projection maps from G to its components are injective on I'™
and I'".

The following conjecture was communicated by H. Oh:

Conjecture 54 (G. Margulis, A. Selberg). If the group (I'V,T'7) is discrete,
then it an arithmetic lattice in G.

It was observed in [151] that Conjecture 54 for k > 3 follows from Conjecture
29. In particular, one can show that the Hausdorff dimension of the set of
irreducible lattices 't C U™ for which (I'", T'™) is discrete for some irreducible
lattice '™ C U~ is exactly k (see [152]).

11. SYMBOLIC CODING

Symbolic dynamics plays important role in the study of Anosov flows (see,
for example, [27]). In the case of surfaces of constant negative curvature, a
symbolic representation of the geodesic flow in terms of a Markov chain can be
given quite explicitly. Such constructions go back to M. Morse, E. Artin, and
G. Hedlund. More recently, these constructions were generalized and improved
by several authors (see [30, 173, 174, 175], [1, 2], [100, 75, 101, 102]). The
geometric code of a geodesic is a biinfinite sequence of symbols that obtained
by fixing a fundamental domain and recording which sides the geodesic hits
along its pass. The arithmetic code of a geodesic is obtained by expanding
the coordinates of the endpoints of the geodesic into a continued fraction
expansion.

Question 55 (S. Katok). Construct analogs of the geometric coding and the
arithmetic codings for the Weyl chamber flow (i.e., the action the diagonal
group) on SL(n,R)/SL(n,Z).

It was pointed out by B. Weiss that an interesting symbolic coding for the
Weyl chamber flow was used in [181], where a (wrong) proof of the Littlewood
conjecture was given (see also [179, 180, 9]).

One should mention that symbolic representations in higher dimensions are
usually quite involved and not explicit. For example, any Markov partition
of a hyperbolic toral automorphism on the 3-dimensional torus must consist
of fractal sets (see [29]). F. Ledrappier and S. Mozes suggested to look for
a convenient symbolic representation of the Weyl chamber flow using fractal
tilings. This approach was successfully applied to construct explicit symbolic
representations for some automorphisms and shifts on higher-dimensional tori
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(see [161, 13, 86, 87]) and for the Cartan action on GL(2,Q,) x GL(2,Q,)/T,
I' a irreducible lattice (see [145, 147]).
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