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1.1 Model Problems

[1  Propagation of time-harmonic acoustic waves in homogeneous medium

[1 Helmholtz equation

Given: > angular frequency (wave number) w >0 ([w] =m™ )
> bounded computational domain ) C R?
> source term f € L?(()) (supported in parts of )

» 1D model problem:

—" —wPu=f in]—1,1], +u/(£]1) —iwu(£l)=0.

» 2D model problem: ) C R? bounded polygon

—Au—wQu:f in ¢,
Vu-n —iwu=g¢g onodll.

—V - (Alx)Vu) —w’n(@u=f inQ,

Real world™ PML-ABC at cut-off boundary 0f) .

(1.1.1)

(1.1.2)
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1.2 Discontinuous Galerkin Discretization

wo = Vu in €2,
. 1
(LI12) > first order system: wu—V-o=—1Ff 1inQ), (1.2.1)
iw
Wo - N+ 1wu =g on Of).
+ partitioning 7;, = { K'} of 2 into cells  (— finite element mesh)

—= — test & integrate by parts locally

/iwa'-?anL/uV-TdV—/ uT -ndS=0 VreH(div; K)
K K oK

- . (1.2.2)
/iwu@dVJr/ U-VUdV—/ o-nvdS=— [ fodV Vye H(K).
K K 0K W JK
numerical fluxes wu, o on cell interfaces
/Zu}O’h Tth+/uhV-7-th— /fthh-ndS:O VThEEh(K)
K S 0K 1 (1.2.3)
/zwuhvthJr/ah-Vvth— /6h-n@hdS:i—/f@thVvh€Vh(K).
W
K 0K K
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Here: 3, (K) — trialltest space for cell fluxes
Vi,(K) — local trialitest space for u

Note: no interelement continuity conditions (— discontinuous Galkerin) I

Traditional choice:  polynomial spaces 3, (K ), V;,(K) (fixed or variable degree)

D. Arnold, F. Brezzi, B. Cockburn and L. Marini (2002), ‘Unified analysis of discontinu-
—\ AN ous Galerkin methods for elliptic problems’, SIAM J. Numer. Anal. 39(5), 1749-1779.

P. Castillo, B. Cockburn, I. Perugia and D. Schotzau (2000), ‘An a priori error analysis
of the local discontinuous galerkin method for elliptic problems’, SIAM J. Numer. Anal.
38(5), 1676-1706.

[l “DG-speak”

avarages: Ju,l} = %(uz +uy ),
for,} =350 +0;),

jumps:  [uy] = u;;'nfr +u,n,
o] =0 -n"+0o, 0. 19



Common nmerical fluxes (with polynomial spaces): penalty parameter
interior penalty (IP) DG:  uj, = {u,} , o, ={Vu,} — a(ac)W
local DG (LDG):  up, = {upft — Blup] , o ={on} — Slup] — oloy] -

mixed DG:  up = fupl +v - [up] — Blopl . op={op} —alu] —vlon] .
Terminology:  uy, = up({up}, lupy]) O  primal DG

1.3



1.3

The Ultra-weak Connection

O. Cessenat and B. Despres (1998), ‘Application of an ultra weak variational formu-
lation of elliptic PDEs to the two-dimensional Helmholtz equation’, SIAM J. Numer.
Anal. 35(1), 255-299.

time harmonic equations with the ultra weak variational formulation’, J. Computational
Acoustics 11, 227-238.

j O. Cessenat and B. Despres (2003), ‘Using plane waves as base functions for solving

T. Huttunen, P. Monk and J. Kaipio (2002), ‘Computational aspects of the ultra-weak

/
/

variational formulation’, J. Comp. Phys. 182(1), 27—-46 & many more

A. Buffa and P. Monk (2007), ‘Error estimates for the ultra weak variational formulation
of the Helmholtz equation’, Preprint

iwdh-?hdv—l—/uhv-‘rhdv—/fthh-ndS:O VThEEh(K)

K B 0K | 23
iwuhﬁhdv—l—/(fh-VUth— /&h-n@hdS:,— fo,dV Yu, € Vi,(K) .
W
K 0K K
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—== «— another integration by parts

1 1

/Oh-?th:,—/V’uh T, dV — — [ (up, —up) 7, - ndS . (1.3.1)
w w

K K 0K

—=== Assume V,V}; C 3,

/Vuh-VEh—wZUhﬁth—/(uh—ﬁh)VUh-ndS—/iw&h-nﬂhdS:/fﬂth.

oK oK
(1.3.2)

—== «— another integration by parts

/( Avp, — w vh)uth+/uthh ndS — /zwa'h nvpdS = /fvth. (1.3.3)
K 0K 0K

Assume —Avp, —w?v, =0 Yo, € Vj(K), VK.

133 = ﬂthh-ndS—/ iw&h-nﬁhdS:/ fo,de . (1.3.4)
0K 0K K
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o= —{Vaun} — 5 [

Ultra-weak fluxes: | (1.3.5)
up = qup it — — [Vaup| .
= unt — 5~ [Viunl
Note: special boundary fluxes required
Note:  non-standard fluxes (uj, = {up} — ﬁ [Vyunl)
T
Variational problem on skeleton of 7}, (fI = interior edges):
up € Vy,: Z / (—Vuy, - n + iwup)(—Vouy, - 1+ iwvy) dS
KeT, 0K
— / (=Vu, -n~ + iwug)(Vv;: -nT 4+ iwv;:) dsS
Ft (1.3.6)

_ /}_Z<_VUZ ntT+ @‘wuZ)(va n- + iwvg) dsS

:_in(f,vh)Jr/Bg(Vvh-n+iwvh)dS, Vo, € Vy, .
Fh

1.3



[ notations: meshcells /5,7 =1,..., N, interfaces 2., ; := K; N K,
Define: On 5’K] X] = iwuh‘Kk — Vuh|Kj "M

y] = ’Lu}’Uh.‘Kk — VUh|Kj . ’I’L]

F]O/]) = ’vah‘Kj — V’Uh‘Kj . ’I’Lj
B> foraninterior cell K; (f = 0):

/(‘9Kj ij'dv\zl: /E%Xle<yj> dV =0.

unknowns: functions on cell boundaries

B \Variational problem on X = H L*(0K)
KeT,

1.3



Trial/test space for the original ultra-weak formulation:

1.3
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7}, = triangular finite element mesh

-

plane wave space:

Vi,(K) := Span {& — exp(iwd, - w>}§:1’
27 (
cos(£r(j — 1
J <Sln<%<]1 )> v J ) » P

~

p € N = no. of plane wave directions

1.4
11



1.4 Plane waves

1.4.1 Approximation of homogeneous Helmholtz solutions

J. Melenk (1995), On Generalized Finite Element Methods, PhD thesis, University of
Maryland, USA.

—

0 notation: plane wave space W), := Span {:13 — exp(iwd,; - w)}?zl, peN

Theorem 1.4.1 (Proposition 8.4.14 in (Melenk 1995)).
D star-shaped Lipschitz domain, exterior angles > \w, u € H*(D), s > 1, —Au — wu =0

: og"p
inf |u—w <CD,w,s U :
. u—uly p < C ><])> Jully

1.4
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Theorem 1.4.2 (Sect. 8.6 of (Melenk 1995)).
1 = homogeneous Helmholtz solution in bounded domain D, Dy CC D compact,

3C>0,0<¢g<1l: inf |lu—w|,,<C¢ VpeN.
weW)

Approximation of . lane waves ~ spectral polynomial approximation
Helmholtz solutions P P poly Pp

1.4.2 Estimates for low frequencies

[1 relevant for h-version of plane-wave DG
[1 focus: triangular meshes

[1 Technical tool: similarity transformation techniques (cf. finite element theory)

14
.13



k_\\
K
\v
0 1
Note: change of frequency w — h gw under similarity pullback
[0 Aw — 0 stable basis of I1/},, p odd
<b1, o bp> = <ac — exp(iwdix), ..., & — exp(z'wdpa:)> Cor=1,...,p.

V .
unstable basis

p

bj(a) = (iw) VA Y (C7 ) expliwdy - )
k=1

(1.4.1)

1.4



Observation:

cos(pr)  cos(pz)  cos(is) cos(pp)

in(py) sin(ps)  sin(gs sin(cpp)

C . cos(2¢1) cos(2p2)  cos(2¢3) cos(2¢p)

= | sin@p) sin2pn) sin(2i3 sin(2pp)

cos(mepq) cos(ms) cos(meps) - - cos(mepp)
\Sin(mgpl) sin(mgs) sin(meps) - - sin(mgop))

[J directional angles: d; := (Césw‘j)) v =1,....p
sin(;)
coefficients (C_l)kj do not depend on w !

2=l ( Re N for even j |
bj(ac):W{ Im}(x+zy) +whj(w, x) for odd | .

R(w, ) uniformly bounded on R™ x €.

(1.4.2)

E

For w — 0 plane waves approach harmonic polynomials

1.4
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Approximation of general functions: plane waves ~ polynomials of degree 1 I

Lemma 1.4.3 (Inverse trace inequality for plane waves).
Assume “shape regularity”of triangle £: minimal angle condition ay,i,(K) > g
Then 3 C' > 0 only depending on p

_1/2
0.0K < ChK/

v

v

Proof. (e = edge of K)

0 similarity mapping ® : K +— K, dle)=e:= [(_1)7 (1)}

[0 prove inverse trace estimate for ¢ and R

14
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=)

o o]

0 C? = largest eigenvalue Apmax(w) of generalized eigenvalue problem

Tx = \Mz ,

Tjk:/é\wj(w)wk(ac)GLSw : Mjk:/}zwj(w)wk(w)dw,

{wy, ... 7wp} = any basis of IV}, (— does not affect eigenvalues !)

[0 use stable basis for smallw: [ positive limit lim Ay ax(w)

w—0

14
[0 use exponential basis for large w: 0 lim Apax(w) < o p. 17

w—0



0 w — Amax(w) continuous = C? ;= SUP,, >0 Amax(w) < 00

Numerical experiment: inverse trace estimate for unit triangle

Constant in inverse trace estimate Constant in inverse trace estimate
75 T T T T T T T T T T T T T o 75 T T T T T T T T T T T T T T
—p=3
7,
6.5F
6,
55F
O 5|
451
41+
3.5
—p=3
——p=5
3H——p=7
p=9
——p=11
25 L | L Lol L M| L M| L M| L Lol L Lo 25 L L L L L L L M|
107 107 107° 107 107 10° 10" 10 10° 10" 10

Theorem 1.4.4 (Inverse estimate for plane waves).

3C = Clag,p): IVollgr < Chit ollg e Yo e Wp.



Proof. transformation & estimate (using inverse trace estimate) on reference triangle /&

L/|V%Fdw—=—/qﬁw vde+ [ Vv-nodS
0K

2
<w / v d:B+HVU||OaK—HUHQ’af(

2
< ollg o+ ClUIVolly g llollg 4

< 02 Voll?
< | w? += HUHOK §|| UHO’K

—~—g——

Theorem 1.4.5 (Projection estimates for plane waves).
Qu = L?(K)-orthogonal projection onto V},(K). For odd p > 5and [ € {0,1,2}

3C = Clp,ag): [[(1d — Qu)ully s SCR (whie + 1)

) Yue HX(K) .

1.5
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1.5 Coercivity

Now: V3, = piecewise plane wave space on triangular mesh 7,

/Vuh-V@h—wQU;ﬁth—/(uh—ﬁ,h)Vvh-ndS—/iw&h-n@hdS:/f@th.
K

K 0K 0K
(1.3.2)
R 1
generalized UWF fluxes: o, = —{Vupt — alup]
. tw a,3>0. (1.5.1)
(boundary fluxes ignored) R 15} ’
ap = gunt — —[Vaunl -
+ “DG magic formula”
0
S / s = / [Vu}v]ds + / [Vulfv}ds. (15.2)

[J notation: J—"h/]-"f{ = edgesl/interior edges of 7},
—

1.5
132) & wupecVy ah(uh,vh) — wz(uh,vh) = (f, Uh) + {boundary terms} Vo, € V), . p. 20



an(,0) =V, V) = [ [l {9508 dS = [ {Vpud- s
fh ‘;Eh
- ./]:}?(1 —0)uVyvdS — ./]?}l?’(l —0)Vyu-novdS
1

- 1 _
by }_%ﬂ[[vhu]][[vhv]] dsS — — }_}?(1 —0)Vyu-nVyv-ndS

—I—i/ oz[[u]]-[[@]]dS—l—iw/ ouvdS, a,B,0 >0.
FE s

up, — | Imay,(uy, up)| is a normon V},

[ existence/uniqueness of solutions of discretized problem

Lemma [.4.3] [Inverse trace estimate for plane waves]

FCy > 0: vah

_1
0.0k < Cinvly, ’ vahHO,K Yoy, € Wy, VK € T,

with C;,,, only depending on shape regularity of /& (independent of w > 0).

1.5
.21



Tool: mesh dependent “DG-norm” (without boundary terms):
2

2 2 —1 1/2
Wihe = Vil o+ B2 Vie]||
? O,fh

does not match original UWVF !

Theorem 1.5.1. If o := % (h = local meshwidth), a > C\, 0 > %

2l

7
0,F3

2 11,112
+w |vllg o

5 5
3C > 0: ap(up, up) +w™(up, up)| = Clluglpg Yup € Vi,

with C' > 0 only depending on shape regularity of 7;,.

Assumed below: Q.

o

1.6
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1.6 UWVF estimate of Buffa & Monk (2007)

Error estimate in “energy norm”: Sj = U — Uh\aKj

2
v

a(£,8) <2 inf H»? VA
VieXy,

Theorem 1.6.1 (L2 error estimate).
Suppose that the mesh is regular and quasi-uniform and that {2 is a convex polygon. Then

= upllog < Ch2 inf | F =V,
VieXy,

v

optimal ?

1.7
. 23



1.7 Duality techniques

Tool: strong mesh dependent “DG norm”

[0l = ol +w |8 + a2 g

Off' 0.F7L

A. Schatz (1974), ‘An observation concerning Ritz-Galerkin methods with indefinite
—\ AN bilinear forms’, Math. Comp. 28, 959-962.

L. Banjai and S. Sauter (2006), A refined Galerkin error and stability analysis for

highly indefinite variational problems, Report 03-06, Institut fir Mathematik, Univer-

sitat Zurich, Zurich, Switzerland.

Lemma 1.7.1. With C' > 0 only depending on shape regularity and p

U — Up, W
v —upllpe < C inf |Ju—vy|pg+ +Cw sup { U h>|
€V, 0+w,eV,  Wallog

attack with duality estimates 1



—Ap — w?d = wy, in {2,
—Vo-n+iwp=0 onodf)

adjoint

problem wp € Vi

| consistency & adjoint consistency |

—~—g——
—~—g——

(= up,wp)| < C lu—uplpg llo — Quéllpg+ + I(f = Quf. ¢ — Quo)l -

Qu = LQ(Q)-orthogonaI projection onto V}, (piecewise definition)

(1.7.1)

/
Theorem 1.7.2 (Proposition 8.1.4 in (Melenk 1995)).

0l 0+ w9l < CEQ) [lwpllyq

() convex
000 < COQ)(1+w) [lwpllpq -

N

—~——

1.7



Lemma 1.7.3 (Approximation in DG -norm).
Provided that hw? < ¢ with ¢ sufficiently small,

W ¢ — Qw”%,Q <Ch*co(h+ o) lwplloq -
2
|6 — QuollHgr <Ch(h+ o) llwpld g .
W |6 — Quéll s <Ceolh+ co) llwpllf -

f =10 Chw? <1 = v —upllpe < C inf |lu—wvyllpa+ -
v EV)

with C' > 0 indepengént of the meshwidth and w.

iInacceptable threshold

Theorem 1.7.4 (A priori error estimates for primal plane wave DG method (h-version)).

If Q) is convex, w?h < co with ¢ sufficiently small, then

2
lu = unllpg < Ch (Julyq +e? flu

00+ (colh+ ) ) 1f = Quflly) -

1.7
. 26



1.7.1 1D plane wave duality estimate

» 1D adjoint problem:

— ¢ —wp=wy, in]—11[, +¢(£1)—iwg(£1l)=0.

s 1D mesh: 7T = {|z;_1, x][}j\il M € N, meshwidth h

s 1D plane wave space Vi, (K) = (x — cos(wx), x — sin(wx))

Fix /{ :]:Cj_l,xj[, hy = Tj—T;j_1:

—¢" — ngb = i (x) (Bcos(wz) + vysin(wz)) in|—1,1],

sin(wx) cos(w)

+ ¢/ (£1) — iwp(£1) = 0.

- {gb(x)eﬂx ST + Vi (K) forx e K,

¢ € (cos(wz), sin(wzx))

forr ¢ K

1.7
.27



N

wy,(x) = Z X[wj_1,2;] (x) (B cos(wz) + vjsin(wz)) , —1

j=1

4

N .
(Id — Qu)¢ = Z X[xj_l,xj](ld - qu)(ﬁ]

j=1

e

sin(wr)
2w

sin(wz)

study local projection estimates for funtions x ¢

2w

]

cos(w) |

2w

<xr<Il

cos(w)

2w

)

1.7
. 28



14 T | T | T T T T T T

scaled L2 constant

12k H1 constant _
—n
— — —scaled boundary trace

1k — — — derivative trace

=< MAPLE & MATLAB

0.8

|6 — Quéllper < nhw)h® wplg; 1

projection error constants

0.6} .
with bounded  : R* — R*. & |~ - oo
0.4} .
n >
0.2 \/ N ”“,\l l‘:'l’:"“l;"‘llwqw |
A e

0 s MR | L ool o =5 T s L MEAR IR | (R TR T S R A
10° 107 10" 10° 10" 10° 10°

“quasi-optimality threshold” Chw < 1 |

Challenge: extension to higher dimensions ?




1.8 Hybrid plane wave method

C. FARHAT, |. HARARI, AND U. HETMANIUK, A discontinuous Galerkin method with
lagrange multipliers for the solution of Helmholtz problems in the mid-frequency
regime, Computer Methods in Applied Mechanics and Engineering, 192 (2003),
pp. 1389-14109.

C. FARHAT, R. TEZAUR, AND P. WEIDEMANN-GOIRAN, Higher-order extensions of a
discontinuous Galerkin method for mid-frequency Helmholtz problems, Int. J. Numer.
Meth. Engr., 61 (2004).

—

R. TEZAUR AND C. FARHAT, Three-dimensional discontinuous Galerkin elements with
plane waves and Lagrange multipliers for the solution of mid-frequency Helmholtz
problems, Int. J. Numer. Meth. Engr., 66 (2006), pp. 796—-815.

Multiplier space: M= L), %= U 0K,
Broken Sobolev space: H1 (73,) = ® H1

1.8



>

Hybrid (2-field) variatoinal formulation: seek (u, 1) €' (73,) x M
N
S [ Vu-VodV + f udS + ..o= [fodV+... VYoe HYT,),
J= 1K Q
f[]-VdS =0 Vve M.
>

Trial- and test spaces:

o

X

local plane wave space p.w. polynomial space C Hl(Q) — “discontinuous enrichment”
M — traces of plane wave spaces onto interior faces

1.8
.31



Choice of spaces for acoustic scattering

e Superposition of planar waves
ne
’LLE _ ezka-qu
E : p
p=1

e Lagrange multipliers

. . ou®
— Accuracy considerations — A\~ -
v
— Stability considerations (inf-sup condition)
= [ <>

| [ ]
A A ¢ ¢
y y

!

Element Q-8-2: ng =8, ny =2 Element Q-16-4: ng =16, n, = 4

USNCCM 9 -8- Stanford University



Discretization pairs for 3-d Helmholtz problems
=
K
i
0
L=
<‘7&.

Hexahedral element H-26-4: ng = 26, ny, =4

'\7: “
PR,
e O

=

Hexahedral element H-56-8: ng = 56, n) = 8

USNCCM 9 -10- Stanford University “:i4



Conditioning

f #® Basic UWVF uses p directions/element. This can causeT
bad conditioning for B (e.g. on small elements, if x

changes,...)

# We use different p,. for element 2. One possibility:
chose p;. so that the condition number of the submatrix
corresponding to [, XY ds is a desired maximum

value.
Q,
pom e
Domain Cond. No. Non uniform M

Ao
B UNIVERSITY OF DELAWARE SMART, 2005 - p.22/4



1.9 Numerical experiments

s 0 =]0, 1%, unstructured triangular grids, p = 7
s boundary conditions & right hand side [J analytically prescribed

s u(x)=sin(iwd -x),d =1v2(7), (nohomogeneous Helmholtz solution)

Convergence of Ultra Weak Method (p=5) for u(x) = sin(  Ax(d)

Convergence of Ultra Weak Method (p=5) for u(x) = sin(  Ax[d)

101,:""' M T T Tt T o ] 10 prrrmr AR EXEEREE T SRR T
10° & g
a0 | 1 %
N O 1 ~N o
= = 102
e 5 10" | =
o @
N=
+_: 3
o~ +
- <
5 (\I_H .
© 5 10 F E
o £
- (]
'3 10°'F > =
r| — — — discretization error N 1 0
w=8 =4 AN 1 10" w=8A=4 3
w=16,A=8 N 1 f w=16,A=8
w=32,A=16 AN i w=32,A=16
W=64, A =32 W=64, =32
w=128, \ = 64 w=128, \ = 64
10—2”””‘ : . . ; Lo oo ; [ ; 10—1””“ : T ; Lo oo ; [ ;
10° 107 10" 10° 10" 10° 107 10" 10° 10"
hw hw

Discretization error of the original ultra-weak discretization of Cessenat and Despres



Convergence of PWDG ( a=1/hw,f=0,6=1,p=5) for u(x) = sin( Ax[d)

Discretization error of the plane wave DG method with o = (hw) ™!, 3 =0, = 1

12
)

2
0

+ w2|| error ||

2
1,h

(| error |

Convergence of PWDG ( a=1/hw,f=0,6=1,p=5) for u(x) = sin( Ax[d)

10 = ISBENEEE T T T ] BRI
10° | E
102 E 3
101 = 3
0
10 w=8A=4 =
’ w=16,A=8 ]
w=32,A=16
w=64,\=32
w=128, A\ = 64 : :
10—1 3 P—— ; x2 ; x‘l‘ 1 )
10 10 10 10 10
hw

100 T T T T
10" b g
N g
-
Lo
5
°
:I_ 10° | -
(\I_H 4
S
o
-
3
107} ———— : .
1 — discretization error B
w=8,A=4
w=16,A=8
w=32,A=16
=64, =32
=128, \ = 64 ‘ ‘
10—2” PR—— : T . . L. 1
10° 107 10" 10 107
hw
Now: u = plane wave with wave number w (f = 0)

1.9
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nce of PWDG ( a=1/hw,B=0.1hw,5=1), p=4 Estimate for convergence of PWDG ( a=1/hw,$=0.1hw,d=1), p=5
10" ¢ : 10" ¢
— @Q¢
— E >
S5 R
. W\
10" ¢ b K
: YA

& o N AN
o o W\
g0 BN NS
& o ~o NN
= = NN L

5 \\\\ <

@ \s \\ RN
= = N\ Y

_ SR
< +z,101" ».\\‘\'\ \

& o \‘\\ N

= RANRHRES

2 s \\\\\'
g g N
3 10 N 3

107
1072 2 1 0 -1 1073 2 1 0
10 10 10 10 10 10 10

Discretization error of the plane wave DG method with «

-

hw

107"

2112
o)

2 +lleror|

2

rl

( m‘2| erro

10" ¢

10° |

107 [

107

10°

Estimate for convergence of PWDG ( a=1/hw,3=0.1hw,d=1), p=6

10"

Numerical dispersion !

Inevitable for local discretizations of Helmholtz equation ?

—

10°

= (hw)" L 8=01hw, 6 =1

107"

|. BABUSKA AND S. SAUTER, Is the pollution effect of the FEM avoidable for the
Helmholtz equation?, SIAM Review, 42 (2000), pp. 451-484.
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Results due to T. Huttunen

Q = [-0.5,0.5] and use the three grids below. The exact
solution is u(x) = i H{"(x|x — xo|) with xo = (=0.75,0).

h=05 ~ ' N h=0.25

h=0.1
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First Results

In the first test case we choose « = 20 (so the domain is
slightly over 3 wavelengths across) and p = 15 (or u = 7)
directions on each triangle.

The predicted rate of convergence in the L2(Q) norm is O(h®).

[[ Meshsize h [[ #DoF [ Ngm | L2()Error(%) | Order | cond(D) [ Order [|
0.50 120 46 4.38 - 0.64x 102 -
0.25 480 9.2 0.01873 7.9 0.20 x 10 | -11.6
0.10 3000 | 229 1.51x10° 7.8 0.22 x 10" | -12.7

Peter Monk and Annalisa Buffa An error estimate for the UWVF



Some more results:

— 40, p = 21

Since © = 10, we expect 9th order convergence in the error, but
we observe roughly 10th order.

[[ Meshsize h [[ #DoF [ Ngm | L3(Q)Error(%) | Order | cond(D) | Order ||
0.50 168 2.0 252 B 8.7 B
0.25 672 4.1 0.0337 9.55 0.94x10° | -13.4
0.1 4200 10.2 2.32x10~° 105 | 0.14x10" -18

Peter Monk and Annalisa Buffa An error estimate for the UWVF
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L

A Model Scattering Problem

et O c R? (or R?) with disjoint boundaries I and X.
Approximate u which satisfies

Au+r?u = 0inQ

u = gonl (Q=1)

ou

— —tku = 0onX (Q=0)

Ov

=

ABC

I

Q

where g describes the incoming plane wave. The region
IS meshed with tetrahedra and the UWVF applied there.

ABC = Absorbing Boundary Condition

.
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-
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UWYVF results in 2D
-

Circle radius 0.3, k=50, A4 = 0.2399, pr. = 13: Iy error:
3.7e-2.

-
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More UWVF results in 2D

fDomain Qisannulus 04 <r <1

0.18 w

Remesh at each « to i
keep \/h ~ 8 (FEM)

.
01t -

0.08

35

0.04

0.031

Remesh at each « to ¢ |

keep V2pA\/h o~ 45 o o

(UWVF) 0

K

20 40 60
wave number

Dirichlet

.
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80

0.18 w

0.16
S
5 0.14

=
©0.12
o

0.1

-
0.08

0.04
0.03

0.02
|

relative error

0.01

O L L n
20 40 60 80
wave number k
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-
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Layered medium

Exact 0,=0 G, =500

o == N W > OO0 OO
o == N W > OO0 O

o == N W O~ 00 O N

o -
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Iterative solution of the linear system

fThe UWVF linear system can be solved by simple iterative T
scheme. We use BiCGStab.

o Bi—-CGStab
10 - - -

10 °¢

Relative residual

|
A

—k
o

0 20 40 60 80 100
lteration

BiCGStab convergence for a problem having 3,474,770

degrees of freedom using a 24 processor cluster (2.8GHz

P4, 48Gb memory total, 1000BaseT). Solution time is 451s
Lusing 25.3 GB memory (109 iterations). J
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Scattering from a capped cylindrical hull

Sound-hard capped cylinder with the length 12 and the radius 1.

The incident field is g = ¢i*(0:20.6 1)-x/v1.4.
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Unstructured domain decompositions

81 subdomains
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Discretization errors at £ ~ 27 and 47

Error
Error

—$— DGM H-26-4 N —$— DGM H-26-4
—O~ DG H-56-8 . —O~ DGM H-56-8
-+ Q . - @
-0- @3 0 -0- @3
10'4 —— 1 s P | s P 10'3 —— 1 s .
10 10 10 10 10 10
ndofs ndofs
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