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Workshop Summary

Summary
This was a productive, active, and fun week at AIM. We had a good group of mathe-

maticians from a variety of career stages who proposed a large number of interesting problems
and were excited to work together on them.

Monday morning, Anna Marie Bohmann provided an introduction to operads and
the kinds of additional structure seen in equivariant operads, setting the stage for later
discussion about highly structured equivariant rings. Danny Shi then talked about the new
approaches to computations in chromatic homotopy brought about by the slice filtration and
the Hahn–Shi Real orientation. On Tuesday, Bert Guillou explained cutting-edge methods
to describe motivic and equivariant homotopy and homology groups. Vigleik Angeltveit then
gave an introduction to trace methods and algebraic K-theory that prompted a discussion
so incredible that the Earth moved. Wednesday morning, Mona Merling rounded out the
expository talks by explaining equivariant symmetric monoidal category theory and recent
developments in equivariant algebraic K-theory.

Starting Wednesday morning, we had a small number of talks discussing recent papers
and theorems shown by participants. Jeremey Hahn began by explaining his work with
Dylan Wilson and Arpon Raksit on the “motivic” or “even” filtration of a commutative ring
spectrum, showing how this gives new approaches to computing algebraic K-theory. Thurs-
day morning, Hana Jia Kong discussed work with Angelini-Knoll, Behrens, and Belmont
reimagining C2-equivariant stable homotopy theory in a way that might lend insight to the
odd primary case. Allen Yuan then explained his work with Robert Burklund and Tomer
Schlank on “chromatic nullstellensatz” and how this gives commutative ring orientations of
Lubin–Tate theories and proves the commutative ring case of Rognes’ Red Shift Conjecture.
Friday morning, Ishan Levy explained ongoing work with Robert Burklund computing the
Balmer spectrum of C-motivic spectra. Finally, Clover May described work with Dan Dug-
ger and Christy Hazel on the Balmer spectrum for C2-equivariant modules over the constant
Mackey functor F2.

There was a problem session on Monday afternoon, moderated by Dylan Wilson. The
problems were collected and written up by Ishan Levy and are available on the AIM website.
Each afternoon, before splitting into individual working groups, we discussed brief summaries
of the previous days’ progress and thoughts for future work. Some of the main problems
discussed during the workshop are outlined below.

Abstract Homotopy Theory
Synthetic spectra are a powerful new tool developed initially by Hopkins–Lurie and

then vastly generalized by Pstragowski. This framework acts as a kind of deformation of
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the ordinary stable homotopy category, building in an additional grading and providing a
clearer connection with the Adams spectral sequence. This approach has revolutionized
computations in classical and motivic stable homotopy theory. Several problems engaged
with this circle of ideas.

One of the key features of synthetic spectra is that the additional grading often allows
us to rule out more differentials or extensions in various spectral sequences purely for degree
reasons. Recent work of Robert Burklund showing the vanishing of the obstructions to
highly structured multiplications on generalized Smith–Toda complexes demonstrates this
beautifully. Burklund worked extremely generally, so the natural question is if one can do
better in particular contexts.

Problem 0.1. If R is an even, commutative ring spectrum, how structured a multiplication
can we put on R/xn?

The approach to C2-equivariant homotopy theory avoiding the use of MUR described
by Kong necessitates a more general understanding of the “local” piece in their categorical
fracture square. This category is the category of Real Artin–Tate motives, localized at the
Euler class of Spec(C) → Spec(R). Work of Burklund, Hahn, Senger suggests that this is
related to HF2-synthetic spectra, but that this is not exactly the same thing.

Problem 0.2. What can be said about the localization of Real Artin–Tate motives at the
Euler class, SpAT

R [a−1]?

One key feature of the synthetic approach to computating homotopy groups is that
strictly more information is recorded in the synthetic homotopy groups than in the classical
ones. In particular, additive and multiplicative extensions that are difficult to see classically
are often much more transparent synthetically. Equivariantly, we have no such tools to help
us see the richer algebraic structure.

Problem 0.3. Can we mix synthetic and equivariant homotopy in a way that reveals struc-
ture?

Recent computations with the slice spectral sequence have crucially used Mackey func-
tor restriction and transfer maps which jump filtration to structure and extend computations.
In general, however, showing these is a delicate procedure. These kinds of hidden extensions
are often quite visible in sythetic contexts, and preliminary discussion indicates that the
same is true here.

Equivariant Computations
Several questions arose involving equivariant computations.For instance, as Shi dis-

cussed in his survey talk, in the limited collection of known examples, the natural maps

BP ((G))⟨n⟩ → BP ((G))⟨n− 1⟩

induce isomorphisms of spectral sequences through a significant range. This suggests that
the differentials in the slice spectral sequence for BP ((G)) are detected at particular chromatic
heights.

Problem 0.4. Do differentials in the slice spectral sequence for BP ((G))⟨n⟩ have a well-
defined height?
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Phrased differently, we can similarly ask if there is a way to study to Bockstein spectral
sequence which allows us to rebuild BP ((G))⟨n⟩ out of BP ((G))⟨n− 1⟩.

In a different direction, a group explored when self-injective modules arise in the equi-
variant setting.

Problem 0.5. If R is a ring-valued equivariant homology theory, what conditions guarantee
that is R⋆ an injective R⋆-module?

Chromatic Support
A classical result of Greenlees–Sadofsky and of Kuhn says that the Tate construction

generically lowers chromatic height. This plays a key role in work of Balmer–Sanders and of
Barthel–Hausmann–Naumann–Nikolaus–Noel on the Balmer spectrum of genuine G-spectra,
showing how unexpectedly, we can see restriction maps dropping chromatic height.

For commutative ring spectra, especially genuine equivariant commutative rings, the
answer is more subtle. Hill showed the kind of transchromatic phenomena are more tightly
constrained. Hahn showed that even non-equivariantly, theK(n)-acyclicity of a commutative
ring spectrum implies the K(n+ 1)-acyclicity.

Problem 0.6. On commutative rings, does the Tate construction lower chromatic height?

K-theory and THH
Building on work of Guillou–May and of Bohmann–Osorno, Merling developed a good

notion of algebraic K-theory for G-categories which takes as input symmetric monoidal G-
categories and outputs a spectral Mackey functor. When the input is something like the
category of R-modules for a commutative ring R on which G acts by commutative ring
maps, then this rebuilds the expected categories of modules over the twisted group ring.

Just as with ordinary algebraic K-theory, however, this is notoriously difficult to com-
pute. In the classical setting, trace methods, pioneered by Bökstedt–Hsiang–Madsen and
Dundas–Goodwillie–McCarthy and recently reimagined by Nikolaus–Scholze, have proven
instrumental in identifying K-theory spectra and carrying out computations. Trace meth-
ods approximate algebraic K-theory by more computable invariants, such as topological
Hochschild homology (THH). In the equivariant, categorical case, we do not even know
where to begin, since there is not yet a good version of topological Hochschild homology
that we could work with.

Problem 0.7. How can we make a version of equivariant THH as a spectral Mackey func-
tor?

This working group sketched a candidate definition for such an equivariant THH using
Nardin’s approach to spectral Mackey functors, and showed that it is related via a trace map
to equivariant algebraic K-theory.


