
QUESTIONS PROPOSED AT THE A.I.M. WORKSHOPSARANG SANEAbstrat. An AIM workshop on "Projetive modules and A1-homotopy the-ory" was organized at the Amerian Institute of Mathematis from the 5
th tothe 9

th of May. Partiipants were asked to propose questions that they wereinterested in and felt are important to furthering the subjet. Below is a listof these questions and some related disussions.Question 1Question (Hailong Dao). Let X be the puntured spetrum on a loal ring (R, m).What is the obstrution theory for splitting of vetor bundles over suh a sheme?More spei�ally, let X = Spec(R) \ {m} for (R, m) loal of dimension d. Whatis the obstrution to splitting of rank d − 1 vetor bundles on X?Related Question (Satya Mandal). Let X be a sheme and E be a vetor bundle.What is the obstrution to obtaining a surjetion E ։ OX?Related Question (Aravind Asok). In the a�ne ase, one has a fair idea of theobstrution theory for projetive modules. What is the obstrution theory for generallasses of modules?Related Question (Hailong Dao). Is there an Euler lass group for re�exive mod-ules over a regular loal ring (R, m)?Related Question. What is the role of A1-homotopy theory in the non-a�nease?Remark (Paul Balmer). Maybe one an use the Jounalou trik of a�ne replaementof non-a�ne varieties.Remark (Aravind Asok). Let νr(X) denote the set of rank r vetor bundles over asheme X . There exists a non-a�ne variety Y and a map f : An → Y whih is an
A1-weak equivalene but νr(Y ) is large. Thus, for non-a�ne shemes, νr is not an
A1-homotopy invariant.Related Question (Aravind Asok). Let V be a �nite dimensional k-vetor spae.Let H be the odimension 1 hypersurfae in P(V ) × P(V ∗) given by the inidenerelation. Then

P(V ) × P(V ∗) r H
p1

։ P(V )is an A1-weak equivalene. Is p∗
1
surjetive on isomorphism lasses of vetor bun-dles?Related Question (Kirsten Wikelgren). What is the role of Nišnevih / étaletopology with realization to equivariant topologial vetor bundles in manifolds?Date: May 24, 2014. 1



2 SARANG SANEQuestion 2Question (by popular demand). What is the onnetion between Euler lass groupsand Chow-Witt groups?Remark (Jean Fasel). Given a variety X over C, there is a yle lass map
CHr(X)

cr

−→ H2r(X(C), Z).and given a variety X over R, there is a yle lass map
CHr(X)

cr

−→ Hr(X(R),
Z

2Z
).Both these maps are ompatible with produts.Question (Jean Fasel). Let X be a variety over R. Is there a map c̃r making thefollowing diagram ommute :

C̃Hr(X, ωX/R)

��

c̃r

//______ Hr(X(R), Z)

��

CHr(X)
cr

// Hr(X(R), Z

2Z
)whih is also ompatible with produts?Question 3Question (Christian Haesemeyer). What are �motivi loal systems�? Can onede�ne motivi Atiyah lasses? Question 4Question (Kroneker-proposed by Satya Mandal). Are urves in An

k set theoretiomplete intersetion ideals? Question 5Question (Satya Mandal). Let I ⊆ k[X1, X2, . . . , Xn] = R be an ideal. Then is
µ(I) = µ(

I

I2
)?Remark (Satya Mandal). This is known when µ(

I

I2
) ≥ dim(

R

I
) + 2.Related Question (S.M.Bhatwadekar). More spei�ally, let α be a surjetive

k-algebra homomorphism C[X1, X2, . . . , X5]
α
։ C[Y1, Y2] and let I = ker(α). Weknow µ(

I

I2
) = 3. Is µ(I) = 3?Remark (Aravind Asok). One an use A1-homotopy to ompute µ(P ) for a proje-tive module P . This is by onsidering if the map X −→ BGLr lifts to some suitableGrassmannian.Related Question (Jean Fasel). Let X = Spec(R) be smooth and Y ⊆ X bea smooth embedding. Is there a ohomologial obstrution (omputable á la Chowgroups) to Y being a omplete intersetion?



QUESTIONS PROPOSED AT THE A.I.M. WORKSHOP 3Remark (Jean Fasel). Let
Runiv =

k[X1, X2, . . . , Xn, Y1, Y2, . . . , Yn, Z]

(
∑n

i=1
XiYi − Z(1 + Z))

Xuniv = Spec(Runiv) Yuniv = Spec(
Runiv

(X1, X2, . . . , Xn, Z)
).Then the above struture has the universal property that given a k-variety X =

Spec(R) and a subvariety Y = Spec(
R

I
) with µ(

I

I2
), there is a natural map X

f
−→

Xuniv whih restrits to a map Y
f
−→ Yuniv. The universal Xuniv is a sphere in

A1-topology.
C̃H∗(Xuniv, )

∼

−→ GW (k) ⊕ GW (k)αwhere the element α is a form on the subvariety Yuniv.Question (Jean Fasel). With the above notations, given a k-variety X and a loalomplete intersetion subvariety Y , let f∗(α) be the image of α under the induedmap
C̃H∗(Xuniv , )

f∗

−→ C̃H∗(X, ωX/k).Is f∗(α) = 0 su�ient for Y to be a omplete intersetion?Question 6Question (Anastasia Stavrova). Can A1-homotopy be extended over general smoothshemes, e.g. over a dvr? Else explain the issues.Remark (Aravind Asok). Many basi things fail, a spei� example is the stable
A1-onnetivity theorem. Question 7Question (Aravind Asok). Fix an integer d. For ertain d, Mohan Kumar on-struts projetive modules of rank d − 2 whih are stably free but not free over asmooth a�ne variety X of dimension d over an algebraially losed �eld. Is thisknown for all d? Is there a pattern?Question 8Question (Jean Fasel). Let X be a smooth a�ne k-variety of odd dimension d.Let P be a vetor bundle of rank d. Does cd(P ) ∈ CHd(X) detet existene of afree summand of rank 1 for P? Question 9Question (Kirsten Wikelgren). Is there a Serre spetral sequene for Morel's
HA

1

( , Z)? Question 10Question (Anand Sawant). When are the above questions well-de�ned over singu-lar varieties? When have they been onsidered and what is their status?



4 SARANG SANEQuestion 11Question (Paul Balmer). Using operations like ⊗,∧ and taking ones, is therea onstrution so that one obtains the Koszul omplex K•(s) from the omplex
. . . 0 → P

s
−→ A → 0 . . .?Does this generalize to tensor triangulated ategories?Remark (Paul Balmer). Let K be a tensor triangulated ategory and let X ∈ Ob(K).Suppose there is a map X

s
−→ 1. If the above onstrution works, then one anobtain a lass c(X) ∈ GW (K). This lass should then de�ne an obstrution lassfor X to split a free summand 1.Remark (Madhav Nori). There is suh a onstrution.Question 12Question (Anastasia Stavrova). When G is a linear redued/algebrai group, in alarge number of ases, it is known on a ase-by-ase basis that ΠA

1

0 (G) is abelian.Is this always true? Can this be obtained in a uniform way when it is true?Remark (Madhav Nori). This is not always true e.g. G = SU(2, R). In fat, thesame reasoning should show that ΠA
1

0 (G) is not abelian for any anisotropi group
G over R. Question 13Question (Madhav Nori). Given positive integers d, r and X a CW omplex with
dimX = d and lasses ci ∈ H2i(X, Z) for i = 1, 2, . . . , r, suh that the image of
ci is 0 in H2i(X,

Z

mZ
) for all m, does there exist a omplex vetor bundle E with

rank(E) = r and ci(E) = ci? Question 14Question (Madhav Nori). Let X be a d-dimensional smooth a�ne variety. Let
α ∈ F d−1K0(X). Then does there exist a vetor bundle E of rank d − 1 suh that
[E ] = α?E-mail address: sarangsanemath�gmail.om
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