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AVERAGES OF QUADRATIC TWISTS OF LONG DIRICHLET
POLYNOMIALS

BRIAN CONREY AND BRAD RODGERS

ABSTRACT. We investigate averages of long Dirichlet polynomials twisted by Kronecker
symbols and we compare our result with the recipe of [CFKRS]. We are able to compute
these averages in the case that the length of the polynomial is a power less than 2 of the basic
scaling parameter on the assumption of the Lindel6f Hypothesis for L-functions of quadratic
characters, and we show that the answer is consistent with this recipe. This corresponds,
in terms of the recipe, to verifying 0- and 1-swap terms.

1. INTRODUCTION

1.1. Main results. The purpose of this note is to estimate the averages of long Dirichlet
polynomials twisted by Kronecker symbols, a topic closely connected to moments of L-
functions over a quadratic family. Our main result is Theorem [I] and gives a power saving
asymptotic estimate for

(1) > ¥(d/D)Pa(xa)
d
where the sum over d is over a family of primitive quadratic characters with conductor d and

Paxa) = 3 W (/) A0

is a Dirichlet polynomial of length roughly N and 74 is a weighted multiple divisor function
(see ([2) below). Here ¥ and W are smooth weights. We obtain an answer for

N=D" forl<n<?2.

In fact we will also compute averages which have been twisted in the sum over d. As we will
see the answer changes depending on the parameter 1 and can be seen as a confirmation of
the recipe of [CFKRS] in a restricted range. We will make use of the methods in [Soul, in
particular a critical role will be played by a Poisson summation formula proved there and
recalled in Section of this paper.
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1.2. Background. The recipe of |[CFKRS| gives very precise conjectures for moments of
products of shifted L-functions averaged over a natural family. The so-called shifts are
represented by a set A = {ay, ..., ax} of complex numbers with small real parts (in the case
of orthogonal or symplectic families) and by two such sets A and B in the case of a unitary
family. The structure of the recipe is an expression of these shifted moments as a sum over
“swapped” terms where the swaps are a shorthand way of describing the replacement of
subsets of A by all of the negatives of the elements of the subset (in the case of orthogonal or
symplectic) or replacing each subset of A by all of the negatives of the elements of an equal
sized subset of B in the case of a unitary family. The size of the subset used for swapping is
somehow an indication of the complexity of the terms, or at least the difficulty in explicating
those terms. So, the O0-swap terms (with the empty subset of A or of A and B) represent the
most obvious contributions to the moment, namely the diagonal, which basically arise from
the m = n term in a unitary family, the m = [0 term in a family where the characters are
quadratic characters, or the m = 1 in a family of cusp forms where the harmonic detector
is the Petersson formula. (In this case, it depends on how the moment is attacked.) The
1-swap terms (where the swapping sets have cardinality 1) are harder to uncover. They arise
from Soundararajan’s Poisson formula in the case of quadratic characters (see [Sou| and
[Elol]); they arise from the asymptotic large sieve (see [ColwSoul, [ChLi| and also [RoSoul);
they arise from the Kloosterman sum terms in the Petersson formula in the case of averaging
cusp forms (see [KoMiVa]); and they arise from an assumption about divisor correlations in
the case of the Riemann zeta-function (see [CoGhl [CoGol)

As already mentioned, one is interested in averaging products of shifted L-functions; see
for instance [AnKe, [Floll, [Flo2, [Flo3, DiWh! [Dil [Son| [Dj| for work on families of quadratic L-
functions in particular. However, only low moments seem possible to consider using current
techniques. Another possible way to make progress is to consider an average of a Dirichlet
polynomial which truncates the Dirichlet series for a product of shifted L-functions. Indeed,
it is exactly because low moments themselves can be closely approximated by relatively short
Dirichlet polynomials of this sort that we are able to compute them.

In computing averages of Dirichlet polynomials as opposed to moments, we will see below
that comparison with portions of the moment recipe are possible even for high moments. It
may be necessary to assume the Lindelof Hypothesis to bound the error terms in this case.
Such a use of Lindelof may seem contrary to the long-term goals of proving the moment
conjectures; but at this early stage of development it is important to see what is true in
order to be guided how to proceed. The family under study will have a basic parameter
which is essentially the analytic conductor of the family. The truncation parameter, called
the “length” of the polynomial, is the power of the analytic conductor. In general, if the
length is < 1, only the diagonal or O-swap terms will contribute.

If the length is between 1 and 2, then we are in the situation described in the previ-
ous paragraph. It is this situation we will examine for the family of quadratic characters,
confirming the appearance of 0- and 1-swap terms in the aforementioned recipe. In recent
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work, Hamieh and Ng have used this perspective and Hardy-Littlewood type conjectures
for divisor functions to study mean values of Dirichlet polynomials averaged in the t-aspect
[HG]. Likewise in work concurrent with this paper, Baluyot and Turnage-Butterbaugh have
pursued a similar strategy for Dirichlet polynomials averaged over all primitive characters
using the asymptotic large sieve [BaTu], and Conrey and Fazzari have studied the analogous
problem for long Dirichlet polynomials with modular coefficients using Kloosterman sums
and the Petersson formula [CoFaz]. In an appendix to her thesis [Flol] Florea has used
closely related ideas to study off-diagonal terms arising from an application of Soundarara-
jan’s method to the problem of moments of quadratic L-functions in function fields, likewise
making a comparison between the polar structure of these terms and that of 1-swap terms
from the CFKRS recipe.

In forthcoming work Baluyot and Conrey use the results in this paper to heuristically
study swaps larger than 0— or 1— over the family of quadratic L-functions, a symplectic
analogue of heuristics in [BaCol, [CoKell, [CoKell, [CoKeIIl, [CoKelV], [CoKeV] for a unitary

family.

2. SETUP AND RESULTS

2.1. Long Dirichlet polynomials. We consider averages of long Dirichlet polynomials over
a family of quadratic characters and twisted by a quadratic character. Set

SA(D 1) = 3 W(d/D) Y W (/) A,

with N = D" for 1 < n < 2, and where 74 is defined implicitly by

o0

) Zas) = [[ s by = 3 200

Here D is a family of primitive quadratic Dirichlet characters (i.e. Kronecker symbols, or
characters of quadratic field extensions of Q). We will say more about our choice of family
below. The test functions ¥ and W are C°° functions on R* which can be thought of as
approximating the characteristic function of [1,2] and of (0, 1] respectively. Finally ¢ is a
positive integer which is not too large (indeed the reader may wish to set £ = 1 on first
reading).

Our goal is to express S4(D; ) in terms of the 0- and 1-swap terms predicted by the recipe
of CFKRS; we explain this prediction below.

2.2. Quadratic characters and L-functions. Recall that a quadratic character modulo
q is a non-trivial character y such that x? is a trivial character modulo q. We are interested
in primitive quadratic characters (in this case a character modulo ¢ has conductor ¢) and
these have the following description (see [MV], Ch. 9] for proofs of these claims):
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e for any odd prime p there is a unique primitive character of conductor p given by

()

where () is the Legendre symbol, and there are no primitive quadratic characters of
conductor p’ for j > 2.

e There is no primitive quadratic character of conductor 2. There is one primitive
quadratic character of conductor 4 given by

+1 ifn=1mod4
(4) n—q—1 ifn=3mod4

0 if n is even.

e There are two primitive quadratic characters of conductor 8, given by the functions

(

+1 if n =41 mod8
(5) n— < —1 if n=+3mod8
0 if n is even,

and

(+1 if n=1,3mod 8
(6) n— < —1 ifn=>57mod8

0 if n is even.

e For j > 4, there are no primitive quadratic characters of conductor 27.

Furthermore if ¢ = ¢;q2 with ¢; and ¢ coprime and y; and Y, primitive quadratic char-
acters of conductors ¢; and ¢y respectively, then x;ys is a primitive quadratic character of
conductor ¢ and moreover all primitive quadratic characters of conductor ¢ = ¢1¢» can be
factored this way. Therefore a complete list of primitive quadratic characters is formed by
multiplying various combinations of the characters described in ([B])-(@) together.

There is a convenient parameterization of such characters in terms of the Kronecker symbol
(also written () and which coincides with the Legendre symbol where the latter is defined).
Recall that an integer d is said to be a fundamental discriminant if d = 1 or d is the
discriminant of a quadratic field. It is known that an integer d is a fundamental discriminant
if and only if it is either a squarefree integer congruent to 1 modulo 4, or 4 times a squarefree
integer congruent to 2 or 3 modulo 4. (See e.g. [IR] Ch. 13.1].)

We have the following parametrization of primitive quadratic characters. For d a funda-
mental discriminant set and d # 1 set
d
n)=1\-—1.
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If d =1set x1(n) = 1. xq is a primitive quadratic character modulo |d|, and moreover one
may show that all primitive real characters are of this form. (Thus is may be seen that the
character in (3] is x, if p = 1 mod 4 and x_, if p = 3 mod 4; the character in (4] is x_4; the
character in ([B) is xs; and the character in (@) is x_s.)

A critical point is that

1 ifd>0
1) =
Xa(=1) {—1 if d < 0.

In other words x, is an even character if d > 0 and x4 is an odd character if d < 0.

Each fundamental discriminant d is the discriminant of the field Q(v/d), and we have the
Dedekind zeta-function of a quadratic field is given by

Cowa) = ¢(s)L(s, xa)

where ((s) is the Riemann zeta-function and

L(s, xa) = Z Xd(:l)'

n

These L-functions have functional equations which depend on the conductor of the characters
and on the parity of the character. The functional equation is given by

L(1—s,xq) = |d]*"Y2X (1 — s)L(s, xa)
for even characters (i.e. d > 0) and

L(1 —s,xq) = |d]*"Y2X_(1 — s)L(s, xa)
for odd characters (i.e. d < 0) where

Xi(1=s)=2"°1""cos(Z)I(s)

X_(1—s)=2""7""sin(Z)I(s).
We will write
|d]*12X (1 —5s) ifd>0

Xu(1—s) =
d( S) {|d|s—1/2X_(1 — S) lf d < 0

From Stirling’s formula, the reader can verify that
(7) [ Xa(s)] = (|d](t] +2))"*,

for s = o + it in the vertical strip 1/4 < o < 3/4 say.
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2.3. The recipe and Dirichlet polynomials. We are interested in averaging products of
these (shifted) L-functions at the central point 1/2. The recipe of CFKRS gives a conjectural
answer to such an average over a family of real characters. The families we consider are all
of the fundamental discriminants d that are = a mod ¢ for some fixed a and g; i.e. they are
all the fundamental discriminants contained in a fixed arithmetic progression. Let D denote
such a family. Let D be a (large) parameter and let A be a set of complex numbers with
real parts < @ and imaginary parts < D. Let

La(s,xa) =[] L(s + o xa) ZZTA

acA n=1
Let ¥ € C*I1,2] be a smooth function supported on the interval [1,2]. We consider the
average
- v ( )cA (1/2 xa)xall).
deD

The conjectural answer for this average depends on the auxiliary function
_ v 7a(n)
PG

and, more precisely, on

BD(A;0) = ma(n).
B(A) and BY(A;¢) are defined by these sums for ®a; > 0 for all i and are defined by
analytic continuation for R «; > —1/4 for all i (see Lemma [I] below).

Conjecture 1. (Recipe) Given a set A of complex numbers with positive real parts <
1/log D and imaginary parts < D, there is a § > 0 (depending on the number of elements
in the set A) such that

Mu(D;t)= > ¥ (%) S T X124+ w)BYA-U+U0) + 0D

Jen UCAueU

where A—U 4+ U~ isthe set{a € A:a¢ U} U{—u:uecU}.

Remark 1. [t is important to note that this statement of the recipe for this family dif-
fers in a subtle but important way from previous statements. In previous incarnations, the
fundamental Dirichlet series had the form

(e}

3 () Ly 51

n

n=

1
n=0
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where the factor Hp|n 1% 1s part of the “arithmetical” apparatus of the recipe. It turns out

that the recipe can be recast in the manner above with this factor Hp\nz% becoming part

of the “averaging over d” portion of the recipe and the condition (d,n) = 1 being inserted
into the fundamental Dirichlet series as above. See Lemma 2 and also Lemma 7 and the
subsequent paragraph for some calculations which show that the statements of the recipe are
equivalent, though perhaps psychologically different.

We apply Conjecture [I] to the average S4(D;¢) by using the Mellin transform

Pls) = /0 " P du,

Note that if F'is a smooth function compactly supported on a closed interval I C (0, 0),
we have that F'is an entire function of exponential type with

v

F(a ‘l"lt) <<a,A W’

for any a € R and any constant A > 0, and we have the inversion formula

1 .
Flu)= — | F(su=d
(u) 2 ) (s)u™*ds

where the path of integration is on any vertical line segment from a — 700 to a + icc.
We use the notation
A;={a+s: ae A}
in what follows. Conjecture [Il then suggests

Conjecture 2. Let a be a small fized positive constant (e.g. a = 1/10). Given a set A of
complex numbers with positive real parts < 1/log D and imaginary parts < D, there is a
d > 0 (depending on the number of elements in A) such that

1 5 . d _
SaD;l) = ()W(S)N y W(E) Y T Xa(1/2+ w)BY(A, — U+ U 0) ds
a deD UCAs ueU
(d,0)=1

+0(£Y2 D19,
for N = D" with 0 <n < H, for any fixed H.

Indeed, it should be possible to demonstrate that Conjectures [l and 2] are equivalent —
Conjecture 2] following from Conjecture [Tl via a simple Mellin transformation, and the other
direction via an approximation of L-functions with Dirichlet polynomials — but we do not
pursue a formal equivalence here.
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2.4. Statement of results. In this paper we will focus on the family D of Soundarajan’s
paper [Sou| on quadratic non-vanishing, namely the family of positive discriminants divisible
which are divisible by 8. This family D can be written D = {8d : 2d is squarefree and positive}.
The reason for choosing this family is only ease of explication. For 8d € D, define

0= S () A0

where ¢ is odd. (Becasue xgq(m) = 0 if m is even, we have that if £ is even, then Pa(ysq; ¢) =
0. For the same reason the sum above can be restricted to odd n.)

Let
Zu 2d)¥ ( )PA(XsM)

Our main result is the following:

Theorem 1. Assume the Lindeldf Hypothesis for the functions L(s,xq). Let a be a small
fized constant (e.g. a = 1/10). Given a set A of complex numbers with positive real parts
< 1/log D and imaginary parts < 1, we have for any € > 0,

Sa(Dit) = > p(2d)¥ (%) i,/()W(s)Ns > T Xsa1/2 + w)BPY (A, — U+ U5 0) ds

(d,0)=1 2mi UCAs uelU
lUj<1
O( 7\71/4D1/2+E€1/4+e)'

In this theorem we have adopted the convention that D is sufficiently large, so that the
shifts of size < 1/log D will be smaller than given small constants like a. The rest of the
paper should be read with this convention in mind. It should be possible with more book-
keeping to prove this theorem where shifts have imaginary part < D, but we have focused
on the range above for ease of explication.

One expects that Pa(xsq;?) is of size O(N€) so that one expects Sa(D;/¢) to be of size
O(DN¢). Thus the error term is a power savings for N = D" as long as n < 2. For n > 2
the error term will be larger than the main term.

Note that the sum over U in this theorem is restricted to |[U| < 1. As the n in N = D"
gets larger we would expect more terms to enter into the formula; namely all the terms U
with |U| < 7. Indeed, one may show that terms with |U| > n will make no contribution if
added in:

Proposition 1. Let a be a small fized constant (e.g. a = 1/10). For N = D" with n < j,
and a set A of complex numbers as in Theorem[d, if d < D, then

(8) 27-(71/ WSNSZHXd1/2+u (AS_U+U_,€)dS<<D_E

UCAs ueU
|U|=j

for some constant € > 0 (depending on j and n).
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Thus combining this Proposition with the Theorem above, we see the Lindelo6f Hypothesis
implies Conjecture 2] for the family of Soundararajan when 1 < 2. We give the proof of
Proposition [l in Section B.1] below.

3. PRELIMINARIES

3.1. Analytic continuation of B. We have already used the following analytic continua-
tion of the function B (A; /) in order to state our results:

Lemma 1. For A = {ay, ..., } with R a; > 0 for all 1,
BOA ) =] ¢+20) [] ¢1+a+p)- 940,

aEA {a,8}CA

where C9(A; £) is given by an Buler product which is convergent as long as for some § > 0,
we have Ra; > —1/4+ 6 for all i. Moreover C'V(A; () <5 d° for any € > 0 in this region,
uniformly in d and L.

Note that this continuation implies in Conjecture 2 and Theorem [I] that the integral over
the line with real part a will not involve integrating over a singularity for sufficiently large

D.

Proof. For Ra; > 0 for all 7, one finds

B0 =[] (1 N Ta(p?) n Ta(p") e ) LEY A D),

P p p2
with
con~ [ (AU ey 1
| vp(£) 0dd L+ 7a(p?)/p+ -+ vid 14+ 7a(p?)/p+ -
(p,d)=1

ED(A; () is a finite Euler product, and it is easy to verify that the first term of it is bounded
in the region Ra; > —1/4 + § for all 4, while the second term is <. d°. Hence

ED(A; 1) <5 d.

Yet using
@) => 7+ > p
acA {a,8}CA
we have
2 4
H(lJFTA;p ) +TA]§I; ) +> =[[c¢t+20) T ¢t+a+p)-EA,

D acA {a,8}CA
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with £'(A) = Os(1) in the region Ra; > —1/4 4 § for all i. Hence
BYA ) =] ¢+20) [ ¢O+a+p)-E(A)- D40
acA {a,8}CA

and the claim follows. 0]

Proof of Proposition[l. We claim for s = o + it,
(9) ST X124+ w)BD (A, — U+ U5 0) < DTFr(Jt] +2)7F

UCAs uelU
|U|=¢

To see this we use Corollary [I], proved in the Appendix, with
Fuy, ooy ;015 o V) = Xa(1/24 1) - - - Xo(1/24u;) B (—uy, .., —uj, 01, oy v ) A (0 0),

in the notation of that Corollary. If s = o +it, and u; and v; all have imaginary parts within
a bounded distance of ¢t and real parts within a sufficiently small bounded distance of o,
we have that F'(u;v) < D797 ¢(|t] +2)777F¢, from Stirling’s formula (7)), Lemma [l and the
Lindelof Hypothesis. Hence the left hand side of ([9]) is

( —j)! 2m / // / 5) A)(Azlf7,)jj( w)” " Twdz,

where we choose a contour I' of bounded length enclosmg all points of Ay which remains a
small distance away from any point of As. This then yields ().

By using the decay of the function W, we thus see that () is < D" D~7D¢ for arbitrary
€ > 0. As 1 < j this proves the claim. O

3.2. Sieving for squarefrees and Soundararajan’s summation formula. By the Lin-
delof Hypothesis, for d < D and shifts « € A with real part < 1/log D and imaginary part
< D,

211

Pa(xsa; £) = xsalt /E (5 +1/2, x3q)W(s)N* ds < D°N*

upon moving the path of integration to the Rs = € line. The same estimate holds whether
d is a fundamental discriminant or not. Since

=> )

c2|d

~Y Y ul ( )pAo@m

c d odd
2|d

we have
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We introduce a parameter Y and split this sum into those terms with ¢ <Y and those with
¢ >Y. An optimal choice of Y will be made later. The sum with the terms with ¢ > Y are,
by the Lindelof Hypothesis,

<Y | Palxsers O)] < DY
c>Yb<<D/cz

as long as N grows no more than polynomially in D.
Thus as long as N grows no more than polynomially in D we have

=2 > ulo) ( ) Pa(xsa; ) + O(D'Y ™).

d odd e2|a
c<Y

Our basic tool to analyze this sum is the Poisson formula of Soundararajan’s paper [Sou,
Lem 2.6]

Lemma 2. (Poisson summation formula) Let m be a positive odd integer. We have
d (2) () = N kD
Z ZM(C)‘I’ (5) Xa(m) = D% Z 2 Z 1)FGr(m) ¥ (202m)

d odd c2|d (¢,2m)=1 k=—00
c<Y c<Y

where -
U(z) = / U(u)(cos 2mxu + sin 2rzu) du

and where Go(m) = ¢(m) if m = O and 0 otherwise; and if k # 0 then Gr(m) is a
multiplicative function of m whose value at m = p* is determined by the value of k for which
Pk by
(0 if p < Kk and p is odd
o(p*) if p < K and b is even
Gulp*) =4 —P ifu=r+1 and pu is even
(%)p“\/ﬁ ifp=r+1 and p is odd
0 if p> K42

In fact Gg(m) can also be written in terms of Gauss sums (see [Soul, Sec. 2.2]), but it is
the multiplicative characterization above that will be useful for us.

We apply this to our sum with m = nf (noting that both n and ¢ must be odd if xgq(nf) #
0) and get
S4(D; ) = 84(D: 0) + O(DV ey ),

where

10) Sypin=0D Y W( ) o M v 49 i (—1)* Gy (n0)F (2]2514)'

(n,2)= (e,2nb)=1 k=—o0
c<Y
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We have used the fact that xsq(nf) = (%) = (£) xa(nf), the first factor of which cancels

the term (%) coming from the right hand side of Lemma

3.3. An outline of the proof. Having approximated S4(D;¢) by the expression in ([I0),
we can now outline the main steps in our proof to be carried out in the following sections. In
Section .1l we examine those terms from the right hand side of (I0) corresponding to k = 0.
The contribution from these terms will be diagonal contributions and will be relatively easy
to evaluate. These terms will be seen to correspond to the contribution in Theorem [] from
B = () (the 0-swap contribution). In Section the terms for which k& # 0 are examined.
The contribution from these terms will be found via the collection of residues from a multiple
contour integral. Terms for which k is a square will be seen to contribute to the main term,
while other terms will be seen to contribute only to an error term. The function Gy2(n) is
a multiplicative function of two variables, and this fact, combined with a factorization into
Euler products and analytic continuation, allows for contours to be shifted and residues to
be computed. Finally in Section [l the answer that is obtained this way is compared with
the recipe prediction for 1-swap terms in Theorem [II That two expressions are equal is
not immediately clear; it requires a somewhat involved comparison of Euler products and
gamma factors.

4. DIAGONAL AND OFF-DIAGONAL TERMS

4.1. Evaluating S°. The contribution from the k& = 0 term of S (d; ¢) in (I0) is

(nf)
Sipso = i) X w () 3 ARG
né=0 (¢,2n)=1

(n,2)=1 c<Y

In this section we show that Sp(A;¢) is equal to the O-swap terms in Theorem I up to a
small error term.

Lemma 3. For any m and D and a smooth function ¥ we have
p(c) _ 2 d 1/2 D
> 5= Zlu(d)ﬁf(B +0 (D logY + 3 ).

c<Y —
(a1 (d,m)=



AVERAGES OF QUADRATIC TWISTS OF LONG DIRICHLET POLYNOMIALS 13

Proof. Decomposing p?(d) = Y, 2, p(c) and splitting into parts with ¢ <Y and ¢ > Y,

)
2 d 2 2
> waw(5) = X wevee/n)ro( ¥ wee/n))

~
I

(d,m):l (be2,m)=1 (be2,m)=1
c<Y c>Y
= 3 ue) Y wee/py+o( Y p/e)
(e;m)=1 (bym)=1 e>Y
c<Y
2 .D
= > w0 ulg)d (ghc*/D)+0 v/
(c,m)=1 g‘m h
c<Y
The sum over h is
1 . Ds . D
— 0 ds = U(1)= + O (D'?c g7 1/?
77 SOV U)o ds = W(1) o+ 0 (DY)

This gives
Z_ 2(0)0 <%) _ \I’(I)@D 3 % 40 <D1/21ogY+ g)

c<Y
(e,m)=1

Since W(1) = ¥(0), the proof is complete. O

We apply this with m = 2n¢ with n and ¢ odd. Noting that ¢(2nf) = ¢(nf) we see that
(11)
1 9
SYUDi ) =— [ W(s)N* > p?(2d)T (%) BRD (A 0) ds +O(DY?1logY + DY)

2m
(@) (d,0)=1
and so contributes the 0-swap terms (i.e. those with |B| = 0) in our theorem with an error
term that will be acceptable with a good choice of Y.

4.2. Evaluating S7°. Now we treat & # 0. This computation is somewhat lengthy and
consists of four steps. We outline the steps here, but a reader may prefer to continue reading
on and then come back to this outline while organizing the argument in their mind. In Step
1 we express Sfo as a multiple contour integral in variables s and w. This contour integral
involves a function U*(s,w;Y’), with a sum of terms U.(s,w) for ¢ < Y. In Step 2 we
analytically continue the functions U.(s, w) in the variable w; this allows us to push back the
contour in w and extract residues. In Step 3, we evaluate the residues which remain. This
is done via a different analytic continuation in s, which allows us both to push backward
the contour in s and then to complete the sum in ¢ up to a small error term. In Step 4 we
use the functional equation of the zeta function to rewrite this completed sum in a way that
looks more like terms from the 1-swap recipe.
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In this way we obtain a good approximation for ijo which (at least superficially) resembles
the 1-swap terms in Theorem [[ What remains is to show that the terms that arise this way
actually are equal to those that appear in Theorem [Il This (nontrivial) comparison is done
in the following section.

Step 1. We use

S tng(n) = QLM / ; - </0°°g(t)tw—1 dt) dw

for an appropriate value of a.

Let S7°(D; () be the contribution of the non-zero k terms in S’ (D;¢). We have
S1Y(D; 0)

2m/ Z NG Qng Z Z (—=1)*Gr(nt) /OOOW (%) % (;Zf;) =1 dt dw

2n6)=1 k=0
(22" 7

We rewrite the integral over ¢ above using the following lemma.

Lemma 4. For any v with Rw < v we have

o t\ - (C
S /3 w—1 1_ X (1 — NsCw—s
/0 W(N) (t)t dt = 27m/ Wi(s s+w)X(1—s+w)NCY* ds

where

X(1—=s)=2m)"°T(s) (cos %8 + sin g) .

Proof. The integral in question is

/ w <%) tw_l/ U (u)(cos 27ru§ + sin 27ru0) du dt
0

—00

We substitute v = u and have (recall ¥ is supported on [1, 2])

> t > t t
/0 w (N) tw_l/o v (%) (cos2mv + sin27w)5 dv dt
t 1 y t\ "
where we initially choose v < 1 + Rw and bring the t-integral to the inside; it is

© Ity dt . o\t
U westl D — P(w — (= .
/0 (o)t 7= Vet ’(v)

We use
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The v-integral is
/ v Heos 2mv + sin 272) dv = X (1 — s+ w).
0

The lemma now follows upon collecting these results with a larger range of v permitted by

analytic continuation. 0
Let
) ple) .
U (S,U],Y) = Z mUc(S,w)
(c,20)=1
c<Y
where
) 7a(n) Gr(nl)/\/n
Uils,w) =Y 5 D (- =50
(n,2¢)=1 k#0
Then

1 . 5 1—s+w
#0/ 1. ) _ _ _ sTT* . il
Sy (D () = L /(1) /(2) W(s)U(l—s+w)X(1—s+w)NU*(s,w;Y) (26) ds dw

2

Step 2. Now we begin the process of analytic continuation of Uf(s,w) in s and w. In
this step, we analytically continue in w, and shift the contour in w to extract residues. The
residues which are extracted will correspond to square values of k in the sums above.

Note that Gj(n) = G (n) for odd n. For any non-zero integer k we can write 4k = k k3
uniquely where k; is a fundamental discriminant (k; = 1 is allowed) and where k, is positive.

Lemma 5. We have

Z 7A(n)Gar(nl)//n

nl—i—w

= ‘CA(]' +w, Xkl)gA(]- + w; k’,g, C)
(n,2c)=1

where Gao(w+1; k, £, ¢) is holomorphic for Rw > —1/24+maxae 4 |Ra| and is < k02t (0, k2)1/2
there, for any € > 0.

The proof is essentially the same as that of Lemma 5.3 of [Sou].

So now

—1)*
Uz (s w) = 3 e 106w + 15, 6 0)
k0

Now L4(w+1, xx,) is entire unless k1 = 1 in which case L4(w+1, x1) = Za(w+ 1) which
has poles at w = —a for @ € A. We move the paths of integration now, first we move w to
the line Rw = —1/2 4 § and then we move s to s = 1/2 + 20.
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In doing so we cross poles at w = —a when k; = 1 (i.e when & = ). Choose ¢ > 0
and then 0 > 0 sufficiently small based on €. By Lemma 2 and the Lindelof hypothesis the
integral on the new path is < NY/2DY1+<(3+2 where again we suppose N grows no more
than polynomially in D.

Thus,
S3(D;0) = S5(D; ) + O(NY2 Dy Hepze)
where
1 v .
urn. - _ ¢ — g — S
SUD;0) = sz (1+6)W(s)\11(1 s—a)X(l—s—a)N
acA
D l1-s—a
(12) X Res U(s,w;Y) (ﬂ) ds.
where
p(c)
U(S,’LU7Y) = Z mUc(S,w),
(c,20)=1
with N
Ud(s,w) = > (=1)F K" 24 (w + 1)Ga(w + 13k, £, c)
k=1

defined for Rw > —1/2 4 6 and R(s —w) > 1/2.

Now consider the region w > max,eca |Ra| and R(s —w) > 1/2. In this region we may
expand this expression as a Dirichlet series and we have

R S Ly
(n,2c)=1 k=1

— (o) Y 7a(n) i Gz (nl) )/

Wi nl-i-w p k2s—2w
(13) _ 1 — 2iH2w=2s TA(?’L) Z sz (nf)/\/ﬁ
- 1 — 22w—2s nltw k2s—2w )
(n,2c)=1 k odd

where in the last two lines we have again used the property Gi(m) = Gy (m) as long as m
is odd. Note that in this range of w and s, both the sum over n and the sum over k will be
absolutely convergent.

Step 3. We now analytically continue the expression Res,—_, U.(s,w) in s. This will
allow us analytically continue Res,—_, U(s,w;Y") as well, which in turn allows us to shift
the contour of s in (I2) to a vertical line with small real part. This enables us to complete
the sum over ¢ in U(s,w;Y). Because the resulting expression is a complete sum in all
parameters, it will be easier to treat using Euler products in the next section.
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It will be convenient to isolate an Euler product with only odd prime factors. For that
reason we define the functions

(14) ¢Bs) = (1-27)¢(s), Z3(s) =[] ¢®la+s),

a€cA

which are defined so as for s > 1 to have the usual Euler products with the local factor at
the prime 2 removed.

Lemma 6. Let a be a small fized constant. Then in the region Rw > 0 and R(s —w) > 1/2,
for odd coprime ¢ and /,

1— 21+2w—2s

(15) Ud(s,w) = — Z2 (1 + w)¢P(2s — 2w)V,(s, w;: 0),

1 — 22w—2s
where Vo(s,w;€) is analytic in s and w for a < RNs and —a/4 < Rw < Rs — a/2 and
in this region (i) has a convergent Euler product over only odd primes, and (ii) satisfies
Vi(s,w; l) <K 1t where € > 0 can be chosen arbitrarily.

Consequently for odd coprime ¢ and €, the function U.(s,w) has an analytic continuation
to this region and

1 1— 21—20!—28
(16) Res U.(s,w)

Res Up(s,w) = —5 - T gy Zai(1 = a)(P(2s + 20) Vs, —a0),

for A" := A\ {a}.

Proof. Note that f(k,n) = Gy2(n) is a multiplicative function of two variables; i.e. we have
f(k1ko,ning) = f(k1,m1)f(ko,ny) whenever (kinq,koms) = 1. This allows us to express
U.(s,w) as an Euler product. Let

n+vp(€)
TA p2k p p )
8 w; £ Z Z nw+n/2+2k(s w)
n,k=0 k,n=0

where v,(¢) := max{k : p*|(} is the p-adic valuation of £. We calculate from (3] that for
Rw > 0 and R(s —w) > 1/2, as long as ¢ and ¢ are coprime odd numbers,

1 — 21+2w 2s

UC(S’w):_ — Q2w—2s HH S’LU]. HZ k(2s—2w) HH S'LUE

pf2cl ple k= 0 p|¢

1 — 91+2w—2s Zk>0 1/pk(25 2w) H (S w: g)
1 e — 1 2 p\S, W,
(17) 1 — 22w=2s HHP(S’ w; 1) H H,(s,w; 1) H H,(s,w; 1)

p>2 ple

pl¢
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Using the values in Lemma 2 to evaluate Gr(p™), we find for a < fs and —a/4 < Rw <
Rs —a/2, if we let v =25 — 2w (so Rv > a),

Ho (s, w: 1) = (1 _ = ) <1 n Ta(P*)o(p?) n Ta(ph)o(") " 7a4(P°)d(0°) 4. )

p3+2wpv p6+4wp2v p9+6wp3v

L (2 Ap) | mal?) TA(p)+...>

pl—i-w + p2+2w p3+5w
-1 A(pQ) 1
—(1-) 1+ BB T ) (140 (),

for sufficiently small 6 > 0 as long as a is sufficiently small. From these terms the factor
Zj[f}(l + w)¢#(2s — 2w) can be extracted.

Note furthermore that this implies in this region of w and s that H,(s,w; 1) = %), We
can use the same argument and the values in Lemma 2l to see that H, (s, w; () <, p»® . And
finally it is easy to see that Y 1/pF(2s=2w) = ¢Oa(l),

If we return to (I7) using this information and the fact that number of primes factors of
c is o(log ¢) (and likewise for ¢) we obtain (3.

The claim (I6]) then follows immediately as U.(s, w) has a simple pole for w at —«, coming

from the factor ¢[2(1+w + ) in ZJ(14w). Note that ¢2(1 + w + ) has a residue of 1/2
at w = —a. UJ

Return to (I2). We may push the contour from the line s = 1/2+ § to Rs = a for a any
small fixed positive constant, using (I6). Note that for all ¢, the function Res,—_o U.(s, w)
has no poles for s in between these lines; the simple pole of the function ((2s + 2a) at
25 +2a = 1 is cancelled by the zero of (1 — 2'72972%) at this point. Now bring the sum over
a € A inside the integral, and note from the singularity structure of (IZ]) we may write,

1
Z Res U, (s,w) = 3 /Uc(s,w) dw,

a€cA

where 7 = U7, is a union of sufficiently small contours encircling each o € A.

Now along the line 8s = a we complete the sum in ¢. By Lemma [l and the above expres-
sion for >" Res U.(s,w), one sees that this introduces an error term of size < D*</¢/y1=¢
as long as a is sufficiently small (depending on ).

Hence from (I2), what we have shown is that for sufficiently small positive a (depending
on €),
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(18)

l-s—a
SH(D; 1) = Z 2%” /( | W(s)W(1—s—a)X(l—s—a)N® wfie_sa U(s,w) (2%) ds
acA @

+ O(N1/2D6Y1+E€%+e + D1+E€E/Y1_€)’
where U(s,w) := limy_,o, U(s,w;Y) is well-defined in the region of this integral.

Step 4. We now rewrite the expression above in a way that more closely resembles the
1-swap terms we are seeking.

Lemma 7. For Rs = a with a > 0 sufficiently small and all elements of the set A with
sufficiently small itmaginary parts, and odd ¢,

1
X(1-s—a) P:(%_s U(S,W)W

_ gsta-1 rrot 21 _ o @24 pi(c) o
=87 (1/2+ 5 + o) ——(F(1 = 25 = 20) 2 (1 — 0) > Sl Vels, —as0).

c2—25—2 ¢
(c,20)=1

Here x(s) := X (s), so as usual {(s) = x(s){(1 — s).

Proof. Note the easily proven identity
(19) X(1—=s—a)x(2s+2a) =4""x(1/2+ s + a).

We will also use (I6]) of Lemma[6l Note that in (I6) we may make the substitution
_ 2—25—2a

1
¢®(25 +20) =

w(p](l — 25 — 2a)x(2s + 2a).

Applying (I9) and a little algebra, we obtain lemma. O

Plainly the left hand side of this identity can be directly substituted into (I8]), and because
the terms 8t~1y(1/2 + s + ) resemble those in the 1-swap recipe, this brings us closer to
a proof of Theorem [l

5. IDENTITIES

The answer we have obtained has begun to look like the contribution from 1-swap terms.
There are two remaining ingredients to complete our proof. First, in the following subsection,
we apply Lemma [ and make use of a comparison of Euler products to get a version of
Theorem [I] with no averaging over d. Then, in second subsection, we show that an average
in d can be extracted from the result just obtained. This allows us to compare to the claim
in Theorem [II
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5.1. A comparison of Euler products. For Ra; > 0 for all 7, define

BP(A;0) = Z M, with a,, 1= L,
(=1 vr p‘mijl

and define [5’(2)(14; ¢) for other parameters «; by analytic continuation. In analogy with
Lemma [I], we have

BOA;0) =[] ¢ca+20) J[ cA+a+p) - CP(4;0),
aEA {a,8}CA

for C®(A;¢) given by an Euler product convergent as long as Ray; > —1/4 for all i (with
the proof of Lemma [l applying mutatis mutandis). Thus B® (A;¢) may be analytically
continued into this region.

In this subsection we prove the following identity.

Lemma 8. For sufficiently small a > 0 and Rs = a, for odd positive integers ,

(20)
s+a—1 ~
O Pl —25-20) 2 (1—a Z e 2 2 ~ —oif) _ QA BO((A),u{—a—s}; 1),
e o2 ¢BI(2)
where \ == 1/2.

We have left A in this expression rather than writing 1/2 in order to easily refer to this
factor later.

Proof. Retracing our steps, note that the left hand side of (20) is equal to
21 — 25 — 2a) 1 _ 92w—2s
s—l—a—lc ( S « |: ( o >:|
21) £ (s 1 2a) Lonen Ve T

sa L1 =25 - 20a) A 1 92w—2s
=1 ¢PI(2s + 2a) [wi@a Al twta)l ™ w)< 1— 21+2w_23)}

Again \ = 1/2; this factor appears here because 1/((s) ~ A\/¢!%(s) as s — 1.

We show that the left hand side and right hand side of (20) are equal by an identification
of Euler products. We will show for p > 2 and v > 0 even,

1 1—pste <1 1) i (%) Ta, (p™) G per (p" 1)

(22) - -
pu—u(s—i-a) 1— p2(a+s)—l P = p2k(s+a)+c(2—2a—2s)+%n—n(s+a)

min{c,n+v}=0

— <1 _ i) i T(a)sUf—a—s} (D*") Qpntv

2
) "
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while if v > 0 is odd,

(3 L 1-p (1_1) S 707G (07)

pu—u(s—l—a) 1— 2(a+s)—1 D — p2k(s+o¢)+%n—n(s+a)
=

_ b (1 1) o T(A)Uf—a—s) (PP ) apnss
pn '

p2

VP

(In fact (22]) is true for even and odd v and contains (23)) as a special case, but it will be
more transparent to separate the two cases.)

By using (I3)) to analyze (21), the left hand sides of ([22)) and [23]) are formally the local
factor of an Euler product for the left hand side of (20), and likewise the right hand sides
are formally the Euler product for the right hand side of (20), where v = 1,(¢). (Note
that the product over odd primes will in each case formally be 2 times each side of (20),
owing the factors A = 1/2 we have labelled.) The products of these local factors over
all odd primes will not converge, but from the preceding discussion one sees that if these
local factors are multiplied (on both the left and right hand side) by the local factors of

n=0

(¢cP(1—2s— 2a)ZfJ(1 — a))7!, the resulting product over all odd primes will converge, for
Rs = a. We therefore will have proved the Lemma if we verify (22]) and (23]).

It is sufficient to prove the identities (22)) and (23)) in the case that s = 0, as the general
case follows from this case by replacing the arbitrary set A by Ay; therefore we assume that
s = 0 below.

_3
@3

= — . and observe that

To prove the identities we let X =p~™@ and Y = g
p

d(p™) if m < 2k and m is even
Goor(p™) = & p?+12 ifm =2k 4+ 1
0 otherwise

so that

ZG o (p™) X = (1 X2 )1( 1 %f m ?s even
\/_pm X1 if m is odd

From this, we see that v even gives

1 > > T 2n 2n+v >
Z TA(pn)Gp% (pn+1/)X2kyn _ Z A(p )¢(p )X2ny2n + \/EZTA(p2n+l>p2nX2ny2n+l'

v+ra _ 2\
p i k,n=0 n=0 (1 X )p n=0

If v is odd we have

1 = n ntvy v2kyn 2n 2n—7 2n—1v,2n TA 2n+1)¢(p2n+1+u) 2n+1y,2n+1
o k;()m(p )Gy (p" ) XY gT 2 Xy Z oxy Y
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The first equation, with v even, may be rewritten as

1 > > T 2n 2n+v 2n+u S 2n+1
Z TA(pn)Gp2k(pn+V)X2kYn _ Z A(p )¢(p )/p Z

pu—l—ua Pt — (1 _ X2)pn
If v = 0 this is
- 1 7a(p) (1-1/p) AP\
n n X2kyn — 2n n
2o, ot a2 (e - 2 )
If v > 0 this is
I 1-1/p) o~ 7al™) | 1 ¢l
Ta(p™)Gan (PP X2RY™ = + —
pu-i-uoz kgz:o A( ) p ( ) (1 — X2) nZ:% p" p nz:% "
The second equation, with v odd becomes
1 0o 1 00 TA(pQ") 1 ( — %) > 7.A(p2n—|-1)
T pn G o pn—i-u X2kyn — 4
e 2o, A ) NSO PR (e G P

Let’s focus on the v = 0 case. Let z = 1/p. We need to add in the contribution when ¢ = 1

which is
oo 2

-1 1 z
2-2a Z %k X2(] — X2
pFe = p X2(1-X?)
since (1 —p~2*) =1— X2 Let

T(n):=71a(p") and U(n) = Tauf—a (0").

Then, our identity in the case v = 0 may be rewritten as
2

—ﬁ+1+ (1—2z ZT%Z +<——X) ZT2k+1

k=1

L+ (1-+5) <1+

Let us consider the coefficient of 2™ on both sides. For n = 0,1 or 2 we can check that the
coefficients of 2" on both sides are equal. For n > 3 we would like to show that
U(2n — 2)

X2

X

For a set A containing an element « recall the identity

(24) T(2n) — T(2n — 2) + (i - X) T(2n—1) = U(2n) —

Ta(P") = T4 (P") + 0 Ta(P" )
where A’ = A — {a}. Let
by = Tar (pn)
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Then we have
T(2n) = ton + Xton1 + X°T(2n — 2);
Ton—1 = top—1 + XTo,_9;
1 1

U(Qn) = tgn + thn_l + FU(QTL - 2)

Substituting these into (24]) we get our desired identity when v = 0.
When v > 0 is even we have to prove

(1 —z)f:T(2n)z"+z <% —X) iT(2n+ 1)z" = (1 — %) iU(Qn)z”

n=0 n=0
This boils down to the same identity (24]) we just proved.
Finally, when v is odd we have to prove
1 C n C n < S n

(Y . X) ;T(Qn)z +(1-2) ;T(Qn 1) = (1 . ﬁ> ; U@2n + 1)z
i.e. that
U(2n —1)

X2
Again this is a simple change of variables from (24]). O

(%—X) T2n)+T2n+1)—T2n—-1)=U2n+1) —

Thus applying Lemmas [7] and [§] to (I8) we have shown for sufficiently small positive a
(depending on ),

(25)

SjO(D;f) = Z QLWZ /( ) W(S)\ij(1—S—a)N58—S—aX(1/2_|_S+a) B(z)((A/)s U{—a—s};{)
acA a

22)
+ O(N1/2D6Y1+E€%+e + D1+E€E/Y1_€)’

Dl—s—a dS

5.2. Extracting an average in d. Finally we will show that the right hand side of (25) can
be replaced by the expression we began with, appearing on the right hand side of Theorem
M Theorem [ involves an average over d of the sums B?% whereas what we have proved
in (23] involves the function B® | in which the sums defining B have by multiplied by the
factors a,,. The passage to Theorem [I] from (25]) is motivated by an identity,

(26) (d%I 12(2d)U(d/D)d~" ~ mam\ia o)D",

as D — oo, which holds for m odd and v with small real part. (We will use (28] only to
motivate the discussion that follows and so we will neither prove it nor specify how small v
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must be.) Heuristically, one may pass between Theorem [Il and (25)) by applying (26]) with
m = nl and v = s+ a. Unfortunately the series defining BZ?((A4"), U {a — s}; /) and
B ((A"),U{a—s};¢) will not converge absolutely for variables s and sets A in the relevant
range for Theorem [l and (25). But we have the following result, which may be thought of
as expressing the same idea: for Rs =a > 0,

(27) D wP2d)W(d/D) Y (8d) T X(1/2 + 5 + a) BV ((A), U {—a — s};0)

(d,0)=1 acA

; 30 ((A). U {—a — s):
S - s - @) (/24 5+ ) 2 ’;Efzb 10 pies-a

+ O(D1/2—a+e>’

for any € > 0, uniformly for all odd /.

The reader may have noted that the left hand side and right hand side of (21) are linear
combinations of simpler expressions, and it is tempting to prove this result by removing the
sum over a € A and treating each piece individually. This would work, but for the possibility
that some a € A are very close in which case the individual terms B((A’)s; U{—a — s}) will
have singularities. It is only by summing them together that these singularities cancel out
and a result of this sort is proved for all possible sets A with the error term that is claimed.

Let use proceed to the proof of (27)) which will occupy the rest of this subsection. We
define the function BE?U))(B; () = Bgi))(ﬁl, ety B3 £) for Rw > 0 and RF; > 0 for all 7 by

Z vn p+1

(n,2)=1
ne=0

Note that if Rw > 1 and RG; > 0 for all 4,

(d,0)= (d,0)= (n,2d)=1

nt=0
78(n) p2d) _ e ¢Hw)
= =B\ (B; ¢ :
(n%;l NG o dw B(w)( ) )C[z](gw)

nt=0

We will use (28)) to prove (27]), but first we must discuss an analytic continuation of B (B )
in the parameters B.
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Note that for ®w > 0 and RF; > 0 for all i (and ¢ odd),

w

BO\(B; () = g<1+ZTB v (p +1))
<0 (22 T (2252 (GE)

pte
ple n=0
vp (€) even vp(£) odd

Likewise note that B (B;/) has the same Euler product in which the factors 5—+1 have
been replaced by 1. Set

52) /. co (@) [ _pv w
09 FuB = cwB0 I1 (L = 252 (#1)) 7
v L 2 . co TP w '
B(w)(B7 0 ey <1 + 2 %) it ¥ 1

The Euler product defining F,,(B;¢) will converge as long as #/3; > —1/4 + ¢ for all 7 and
Rw > 1/2 for 6 > 0 and so we may extend the definition of F(,,(B; /) into this domain. One
may check through the Euler product that on this domain for fixed § > 0,

(30) Fup(B:0) =] (1+0( ( H%)) p <1,

p>2
ptt

where the bound is uniform in ¢.

We return to (28); by analytic continuation it will also hold in the domain fw > 1/2 and
Bi > —1/4+ ¢ for all p; € B.

Hence if ¢ > 1, and R3; > —1/4 + 0 for all 4, and v is any complex number,

_ 1 ; _ ((2d)

2 vR(2d) . — . z—v (2d) .

(31) E w(2d)¥(d/D)d~ "B (B; ?) 5 /(C)\If(z v)D g pE BY“Y(B;0)dz
(d,0)=1 (d,0)=1

1 y _ ¢B(z)

= — V(z —v)D? UB B/

210 J (o) ( ) ( >C 4(22)

Thus putting v = s+« and B = (A"); U{—a — s}, then summing over o € A, we see that
the left hand side of (27)) is

L (Z\I/z—s—a)S TN (L2 + 5+ )BE ((A), U {—a — s}; e>)

21t J o

¢?(2)

()

Push the contour Rz = ¢ to Rz = 1/2. The residue at z = 1 straightforwardly gives the
main term on the right hand side of (27), while the contour at Rz = 1/2 will give the error
term.
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To verify the claimed error term, condense the sum in parentheses using Corollary [I] of
the Appendix, exactly as in the proof of Proposition [I] earlier. From (29]) and (B0), we have

8(2 (B ) < |IB@(B;¢)| as long as Rz > 1/2 for index sets B with all elements to the

(w+v)
right of the line right real part —1/4. The decay of ¥(z — s — «) means the integral will
be effectively localized to z close to s + a. Use Lemma [I] and the Lindel6f Hypothesis and
Stirling’s formula (7)) to see that the error term claimed in (27) is obtained.

5.3. Completing the proof of Theorem [l Applying (27) to (25) we have, for sufficiently
small a > 0,

SP(Dst)= > u2(2d)\11( )2m/ W(s)N* Y~ Xga(1/2+5+a) B ((A') ,U{—a—s}; () ds

(d,0)=1 acA
+ O(D1/2+5 + N1/2D6Y1+6f§+5 + D1+6€6/Y1_E)

From (II) we have an analogous expression for S§(D;¢). Optimize the parameter Y by
setting Y = DY2/¢Y/4 in both cases. The decomposition Sy = S84 + 873" then yields the
Theorem as long as the real part of the line of integration a is chosen sufficiently small based
on e.

But clearly one may shift the contour in the Theorem between contours with sufficiently
small and fixed real part since the functions B?? ((A’), U {—a — s};¢) will cross no poles in
such a contour shift. This proves the Theorem for small fixed a, e.g. a = 1/10.

APPENDIX A. SYMMETRIC SUMS AND CONTOUR INTEGRALS

In this section we prove a few results which condense permutation sums with singularities
into contour integrals. The method dates at least back to [CFKRS| Sec. 2.5]. We use the
following notation:

Aoy, ..., o) == H(Oéj — ),

1<j

with the convention for a singleton A(«q) := 1. Similarly we set

ik
A2y, oy 25500, oy Q) 1= HH(Z

r=1s=1
Note that A(ay, ..., ax)? is symmetric, and A(zq, ..., 2;; @1, ..., @) is symmetric in 21, ..., 2

and aq, ..., (.

Proposition 2. Let A = {aq,...,ax} be a collection of complex numbers, and for j < k
consider G : C/ — C. Suppose E is an open connected set in C containing A, and G(z) =
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G(#, ..., zj) is analytic in each z; on the region E (taking all other variables zs as fized).
Then
Z)A(z Gu, o uy)
LAy A=)’

,,,,,

dzstmct

where I' is a closed curve or union of closed curves in E which encircles each element of A
exactly once.

The right hand side is well-defined if all elements of A are distinct, and if it is interpreted
by continuity in ay, ..., oy if some elements of A coincide, this relation remains true with the
right hand side bounded.

On the right hand side, we have let u be a shorthand for the elements wy, ..., u;, so that
A(u; A—u) = Auy, .., uj;v1, ..., vy—;) where vy, ..., v,_; are the elements of A not in u. Note
that in the sum on the right hand side wy, ..., u; can appear in any order, so that if G is a
symmetric function in j variables, the left hand side will be

jl
;AUA U)

Proof. We first suppose all elements of A are distinct. Then the residue theorem gives that
the left hand side is

_ Z G(ul,...,uj)A(ul,...,uj)2
Uty ujEA Hi:l HaeA—{uT.}(uT —a)

But if any of uy, ..., u; coincide, A(uy, ..., u;)* = 0. Otherwise

A, ...y uj)? B 1
ij;:l HaeA—{uT}(uT’ —a) Au; A —u)

and the claim is proved.

Now note that the left hand side in the theorem is analytic in the interior of I' for each
variable «;. Thus any singularity appearing in the sum of the right hand side must be
removable, and the right hand side can be interpreted by continuity and will remain bounded.

OJ

Corollary 1. For A = {ay,...,ax} a collection of complex numbers, E an open connected
set in C containing A, and I' a union of closed curves in E which encircles each «; exactly
once, suppose F(z;w) = F(z1, .., 25wy, ..., wx_;) is analytic in each variable in the region E,
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as in Proposition[2. Then

o i [ R

UL yeens UGV 5eees V—j €A
distinct

The right hand side is well-defined if all elements of A are distinct, and if it is interpreted
by continuity in oo, ..., ap if some elements of A coincide, it will remain bounded.

Note that if F'(u;v) is a symmetric function in the ¢ variables of u and is likewise a
symmetric function in the & — j variables of v, then the right hand side of (32) will be

(U, A-T)
=gtk =J) ZAUA U)
\U\Z

Proof. As before we suppose the elements of A are distinct to begin. Apply Proposition
to both the z and w integerals. We have the right hand side of ([B2]) is

= ¥ 3 F(u;v)A(u; v)
,,,,, uj€EA wi,...,vp_jEA A(u A— )A(U; A— U)
dlstlnct distinct

The term A(w;v) will vanish if u and v share any common elements, so we may suppose that
w and v have no elements in common. In this case A(u;v)/A(u; A—u)A(v; A—v) = 1/A(u; v)
as claimed.

As in the previous proof, if elements of A are not distinct, because the left hand side
is analytic in the interior of I', we may interpret the right hand side by continuity and all
singularities will be removable. U
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