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1. Introduction

Let {g(s) be the Dedekind zeta function of a quadratic extension K of the
rationals. It is known that all the non-real zeros of {y are in the strip 0 <Re.
s<1 and that the number of zeros of {; in the rectangle #Z={s=0+it:
O<o<1, 0<t<T} is asymptotically z~*T log T. It is generally believed that
all the zeros of (; are simple zeros, but it is not known whether (y has
infinitely many non-real simple zeros. In fact, prior to 1970 it was not even known
that the Riemann zeta function {(s) has infinitely many complex simple zeros.
The only related theorem was Selberg’s result of 1942 that a positive pro-
portion of the zeros of {(s) are of odd order and lie on the critical line. In
1972, Montgomery showed that if the Riemann Hypothesis is true then at
least 2/3 of the zeros of {(s) are simple and in 1974 Levinson proved that at
least 1/3 of the zeros lie on the critical line. It was observed (independently) by
Heath-Brown and Selberg that Levinson’s work actually implied that 1/3 of the
zeros are simple and on the critical line.

Thus, Levinson’s method is the only method to date which gives uncon-
ditional results on simple zeros of Dirichlet series. It is rather unlikely that his
method could be successfully applied to {(s). Here we develop a new method
and prove

Theorem. The number of simple zeros of (y(s) in R exceeds TTT if T is
sufficiently large.

The zeros we find are also simple zeros of {(s) and we prove slightly more,
namely that the number of simple zeros exceeds T°~¢ for any ¢>0 and

T > T, () where N
0 — max 1 (1+16c+16c%)*—1—-4c
- 1+6¢’ 4c

1)
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and c is any number for which
(G+in< et

holds for all ¢>0 and ¢>1. By the recent work of Bombieri and Iwaniec we
may take ¢=9/56 which leads to #=0.54959.... If ¢=0 (the Lindelof hy-
pothesis) then our theorem yields T'~* simple zeros of {; in Z.

In another paper (to appear in the Proceedings of the Stillwater Number
Theory Conference) we prove that the Riemann Hypothesis implies that a
positive proportion (at least 1/54) of the zeros of {g(s) are simple. This result
appears to be unattainable by Montgomery’s pair-correlation method.

2. Notation, conventions, and standard results

The occurence of ¢ in an estimate should be interpreted to mean that the
estimate is true for all ¢>0 and that the implicit constant depends on e.

Sums with omitted limits are sums over all positive integers (subject to
other stated conditions).

Throughout the paper i is a fixed real primitive character to the modulus
q and y denotes a character with modulus less than or equal to g. Gauss’ sum
is

W)= . Y@ela/a

where e(x)=exp(2nix). Since ¥ is real and primitive

> W(@)elabla)= (o)) 2

(see Davenport [2], Chap.9).
The Riemann zeta-function is given by ((s)=,n~* for ¢>1, and

Ls, )= x(mn~* (o>1)

is a Dirichlet L-function. Zeros of {(s), {(s), and L(s, {) are denoted by py, p,
and p,, respectively, and p=pg+iy. Our results are not uniform in K and
constants implied by the O- and <-notation depend in general on K and gq.
(For example, t(y)<1.)

The functional equations for { and L are

{(1-5)=X(1-9){() ()

where
X(1—5)=2(2n)~°I'(s) cos”2—s 4)

and

L =s,¢)=X(1-s,¥)L(5,¥) ©)
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where
X(1=s,4)= TEL(s)(e™ P+ (—1)e ™2, (6)
(l//)
Some standard estimates we use, which can be found in Titchmarsh [6], are
¥ 0= a5, +0 ()

— (9)=—lo 7.0 t|>1); 7

e (s) og H (lel>1) (
X(1=s, 0, X(1-s)<t”"*  (t>1, o] <2); (8)
{a+it), ((o+if) 29T (1>1,029), 9)

where ¢ is as in the introduction; a similar estimate holds for L(s, {);

¢ ,
E(S), {(s), {'(s) Lis, ¥) <(log T)* (10)
for some 4>0 where a>1—(logT)™ !, |t|<T, and |[s—1|=(logT)™!; and for
every T > 1 there is a T’ such that

IT-T'=1,
and

’

%(o+iT’)<log2T (—1<0<2). (11

As usual,
N(o, T)=#{p: y|<T, Bz}

We use the following density results due to Ingham:

(1 o)+e

N(o. T)<, T (o

1\
ol

) (12)

and
N(O’, T)< T2(1+Zc)(1—(r)+£ (O'

v

2, (13)

where ¢ 1s as in (9) (see Titchmarsh [67], Chap.9).
We use d,(n) to denote the k-fold divisor function.

3. Lemmas

We quote the following two lemmas which we will use repeatedly.

a

Lemma 1. Suppose that A(s)= Y, a(n)n™° for 0> 1 where

n=1
a(n)<d,(n)(logn)

for some non-negative integers k and l. Then

a+ilU
R:=Y a(m)- 21 | A(s)—ds< X(1+xU™Y

n=sx a—iy
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where a=1+(logx)~!. If U<x! "%, then
R<xU~(logx)*t

This lemma is easy to prove by standard methods. Also, it can be found in
Conrey, Ghosh, and Gonek [1], Lemma 4.

Lemma 2. Let A(s) be as above and a=1+(logT)~'. If r is a (fixed) positive
integer, then

a+iT
T [ X(1—s)yr'dA(s)ds— Y, a(n)e(—n/r)<T*(log T**.
a4+i n<L—
T2z

We will use this lemma with r=1 and with r=gq. It is proved implicitly in
Gonek [4], Lemma 5, and also appears in Conrey, Ghosh, and Gonek [1],
Lemma 2. For convenience, we also state

Lemma 3. Suppose that

o o0

Ais)= Y amm= and A(s)= ) a(mm = H Ay for o>1.

j=1 m=1

Then for any d >0 and any completely multiplicative function f we have

Y J ©
3 atmd)fmm== ¥ ] X afmd)fmm>,
= 1--.65=a J= (m,mﬁldi>=1

1<

for o> 1.
This is essentially Lemma 3 of Conrey, Ghosh, and Gonek [1].

4. Beginning of the proof.

Our proof relies heavily on the factorization of {; as

{k(s)=L(s) Ls, ¥), (14)

where  is a real primitive character to the modulus g which is the absolute
value of the discriminant of K. In particular, a zero p of { is also a zero of (g,
so that in looking for simple zeros of {; we will restrict our attention to zeros
of {. A zero p of { is a simple zero of { if and only if {(p)=+0. By (14)

{e(0)=C(p)L(p, ¥). (15)

The non-trivial zeros of L(s,y) are symmetric about the line o=1% by the
functional equation for L, so that L(p, ¥)=0 if and only if L(1 —p, ¥)=0. Thus,
p is a simple zero of {y if and only if

{'(p) L(1—p, ¥)+0. (16)
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To count how often (16) holds in # we use Cauchy’s inequality and find
that

IZQC/(p)L(l—p,l//)Izé( Z@ 1) Y (L1 —p )% (17)
pe pE peR
{k(p)*+0

We will show that

Y C(p)L(1—p,¥)=L(L, l//)~~10g T+0O(TlogT) (18)
pER
and
dew(P)L(l-p, Y1 <, T2 0% (19)

where 0 is defined in (1). The estimates (17), (18), and (19) imply the theorem,
since L(1,y)#*0.

5. The mean square

To estimate the second sum on the right hand side of (17) we first reduce it to
a sum over zeros in the right half of the critical strip. Thus,

=Y I (PLd—p, ¥ Z IC'(p) L —p, ¥)I*+ 3 1 (1= p)L(p, Y1)

PER p peﬂ
B B>%

Y m
wlu

since L and (' are real on the real line and the zeros are symmetric about ¢=1.

Now by (5) and (8), for p in %,

IL(1—p, Y)I KT ~*|L(p, ).

Also by differentiating (3) we obtain

X'
C’(l—S)=X(1—S)( )+ (s)c(s)) 20)
so that
U(1=p)= - X(1-p)(p) @1)
Thus,
S<S'= Y T1|0(p)Lip, ). (22)
peR
Bz%

To estimate S’ we split the sum into two parts: the terms for which $<f<¢,
and those for which o, <f<1. Here o, will turn out to be slightly less than
2 because of the density estimates. Thus, $'=S, 4+ S, where

Se= Y THNI@LEWP<T T T KO LI < T
155, 55 (23)
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since we shall bound the rightmost sum here by T'*% To do this, it suffices by
Cauchy’s inequality to give the same bound for

2 U(I* and Y IL(p. ¥

p
B

ivm
o
°
M
8

B3
Now by Cauchy’s theorem,
1241
Clo)==) 5= sy
4 J 27TI]S—£I=6(S—[))2

where 4=(log T)™'. Hence if < <1, then using Cauchy’s inequality twice we
have
1424 y+1

K< | | 1Lo+in*dida(log T)®.

1-24y-1

Since the number of p in a square of side length 1 is <log T, we have

1+24T+1
SN [ § Io+inl*dtdd(log T < T(log T)*?
peR 4—-24 1
Bz%

(see Montgomery [5], Thm. 10.1 for the integral mean value). The mean fourth
power of L(p, §) can be handled similarly, and this justifies (23).
Next we have

Sy= T TP (L YIS, Y, T2t

PER pPeER
B>a, B>ay

by (9). Using Stieltjes’ integration, the sum here is
1
— T1+£ j‘ T—2(1—a‘)(1—4c)dN(o., T)<£T1+e max T—Z(l—a)(1—4c)N(o.’ T)
o1 612021

By (12) and (13) and since c<%, this is a decreasing function of ¢ for ¢ in
[4, 1]. Therefore,

SZ < T1+s~2(1—51)(1—4c)+min(3/(2~rr1),2(1+2c)}(1—:71) (24)
. .

If we balance the contributions of S, and S, by equating the exponents on T
in (23) and (24) we find that

1 126+1—(1+16C+1662)_¢L} (25)

"1:‘“““{1_12c+2’ 8¢

Sl +S2<£T261+6.

Hence

Note that 8 in (1) is equal to 2—20,, so that this estimate establishes (19).
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6. Initial treatment of the mean first power

We now consider the sum on the left side of (17). To simplify matters we note
that

2 U@L —p)= Y U(1-p) Lip.¥)

pPER peR

==Y X(1—p)l(p) Lip.¥); (26)

peR

the first equality follows from the fact that {' and L are real on the real line
and as p runs through zeros of { with y>0, 1—p runs through their con-
jugates; the second equality follows from (21).

Now by Cauchy’s theorem

C!
S =) X(1-p){(p)L(p. l//)— f (1=5) = (s){'(s)L(s, )ds @7
pPER lg C
where ¢ is the positively oriented rectangle with vertices 14+ 4+i, 1+4+iT,
—A4+iT, — A+i, with
A=(ogT)™". (28)

We may assume that T is a number for which (11) holds since the addition
or deletion of O(logT) summands of (26) changes our sum by an amount
which is : R

&, T3¢

by (8) and (9). Then, by (8), (9), and (11) the contribution to the integral in (27)
of the horizontal sides of the contour is

<ST%+5'
Thus,
S =I+1+0,(T*"9, (29)
where
] 1+4+iT C/
Py I X(=s) () (s)L(s, ) ds (30)
T 14 A+i 4
and
_1—A+1T /
I'= =3 j X(l—s)A()’(s)L(s,lp)ds. (31)
Tl _ A+

7. Evaluation of I

By Lemma 2,
Y, A()logmy(n)+ 0, (T,

lmnsl
“2m

Then by Lemma 1 with U=exp ((log 7)?),

1 14+ 4+iU dS

[ Sororen(y) Sro(gioT) (32)

27'5 1+4—iU
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for some A. The integrand has a pole of order three at s=1 with residue
1 T 2
7L(1,z//)§;log T+0(TlogT) (33)

and no other poles with ¢>1—b and |¢t|<U where
b=(logU) " '=(log T) %. (34)
Thus by Cauchy’s theorem, (32), and (33),
T 1 ’ T\sd
I=L(1,¢)—(log? T)+-— | C—(S)C’(S)L(s, ¥) (*) =+ 0(TlogT)
4z 27i g 2n/ s (35)

where R is the path consisting of the three line segments {c+iU:1+4=2021
—b}, {1—b+it: —UZt<U},and {o—iU: 1 —=b=06<1+4}. On the horizontal
segments the integrand is

T
<ff (log T)*

for some A >0, by (10), and the integral along the vertical segment is

v dt
Aml-—b 1-b A+1
<(logTYT _jvwl—b+|t|<T (log T)
again by (10). Hence
T
I=L(1,¢)Hlog2T+0(T10g T). (36)
8. The main term of I’
By (3)
c/ CI _X/
E(S)+E(1‘S)—Y(S),
so that by (31)
Ir=1,-1,, 37
where
1 ~A+iT yr 38
= eee— —_ — 1— 4
I, i _Li C(l $) X (1=s){'(s) L(s, y)ds (38)
and
1 —A4+iT v , 19
Iﬁﬁ; _A§+i Y(S)X(I—S)C (s)L(s, ¥)ds. (39)

In this section we evaluate I,.
The integrand in I, is regular for >0 whence by Cauchy’s theorem we can
replace the path {—A+it: 1<t<T} by the path consisting of three line
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segments: {o+i: —A=e=Z1+4}, {1+4+it: 1t<T}, and {o+iT: 1
+A=02= —A}. The integral on the lower horizontal segment is O(1) while the
integral along the upper horizontal segment contributes O,(T**%) by (7), (8),
and (9). Thus

1 1+4+iT X/
= 1—85)— () Tt+e). 40
2 =5 1+£+i X(1-s) X ()0 (5)L(s, ¥)ds+O,( ) (40)
By (7) we have
_ 1 1444iT ¢
I=—— [ log=—X(1—s){'(s)L(s,¥)ds+0,(T**%)
270y A 2n
T
= — [ log = dJ (v) + 0,(T**9) (41)
1 2n
where
1 1+ A44+iv
J=5— | XU=9C()Liswds,
Tl a+i
By Lemma 2
J)=— Y logmym)+0,(T**9 for v<T.
mng—;—

We apply Lemma 1 to this and obtain
J(©)= —L(1,¥) 5~ logo+O(T) for v<T.
A

(The argument is similar to that of Sect.7 so we omit the details.) We insert
this estimate into (41) and integrate by parts to obtain

T
12=L(1,l//)ﬂlog2T+0(Tlog T). (42)

9. Reduction of I,

We will eventually show that
I,<TlogT

which is of smaller order than I,; this is the most difficult part of the
argument. In this section we relate I, to a sum with oscillating coefficients.
We let s—1—s in (38) and use (5) and (20). This leads to

) 1,=J, (43)
where
1 14+ 4+iT

C o X
Bimsg | X(U=s )3 O=CO+5 OLOLE D s

1+4+i
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By (4) and (6)

—Da*
X(1—s, m:%‘l—xu—snoaﬂa%e—m
for t>1 and |o|<2. By this and (7),
__—l//(—l)1+A+iT R C/ , t
W= L aX0=9 50 (C6)+og - 10) Lisw)ds
+0(T**Y)
—d(—1 T N
=D (1T - o5 (0, 0) 0,7+ (@4
where
1 1+ 44iT Cr )
Jo(T, l/f)=§——. [ X(1=9)g° () () L(s, Y)ds (45)
Tl 4 A+i {
and
1 1+4+iv
Ja(v, l//):T [ X(A=s5)g°l'(s)Lis, ¥)ds. (46)
Tl 4 A+i
By Lemma 2,
L= Y A(l)logmw(n)e(_lmn)+05(7‘*“> for v<T  (47)
and lm"é%
Jio )= Y logmllf(n)e(_mn>+05(T%“) for v<T. (48)

mns =~
2n

The next step is to use Lemmal to evaluate these sums. We first require
some information about the generating functions.

10. The poles at s=1

Let
A . A1 -1
4G, w)=z‘“(} ¥) e(—J/q)=lZ ()lfrfsr:://(n)e( qmn) “9)
and ’ "
.’ |
A6, =2 B0 g 3 RETED (1), (50)

In this section we prove that 4, has at most a double pole at s=1 and A4; has
at most a simple pole at s=1. First of all, it is easy to sec that

Y mTt—q7{(s) (51)

m=amod

is entire, that !
Te (%)m‘ (52)
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is entire unless gla in which case it is equal to {(s), and that

Y Amn* (53)

n=0modg

is regular for ¢>0 unless g=1, in which case it is equal to —{'/{(s). (See
Estermann [3] for these facts.) Now

u 1
0= Y b T amToEe (M)
a=1 n=amodgqg m
d d
:_agl w(a)(nzazmodqn~s—q_SC(S I;e( ) B
+4q (a)e(—malq).

a=1

The first term here is regular at s=1, by (51) and (52), since Y(a)30 1mmplies
that (g, a)=1. The second term here is, by (2),

1
=g L~ e 3 LIL0E

=—q *Y(=D 1)) L (s, ¥).

Thus, A4(s, y) has at most a simple pole at s=1.
Next, by (49),

q 1 b
Arls¥)= 3 W) T AT Y n—sz_‘?és”le(_’"“)

1 I=amodg n=bmodg m m q
a/g

>y A(l)l—Siw

glga=11l=agmodgq

(X n”—q-%(s»iZe(_m“b)m‘s

n=bmodg m q/g

—q (s ZZ ) /1(1)1'

g|qa 1 i=agmodg

‘ s _mabg
%m b§1 W(b)e( q ) (54)

where 2’ indicates that the sum is for integers a which are coprime to g/g and
the congruence conditions denote congruence modulo g. We write the first
term on the right of (54) as

- Z B(S’ ) lp)

gla

If 1 <g<gq, then by (51)-(53), B(s, g, ¥) is regular at s=1; B(s, 1,¥) has at most
a simple pole at s=1, and

B(s, q, )= lq)ZlP(b)( Y nT =a ()

(l )s n=bmodg
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has at most a double pole at s=1. Hence the first term on the right hand side
of (54) has at most a double pole at s=1. The second term on the right hand
side of (54) is, by (2),

=—q~* (W) (-1) Z ¥(2) 21 Y@ Y ADITLs W)

a l=agmodg

which has at most a double at s=1. Thus, 4,(s,¥) has at most a double pole
ats=1.

11. Bounds for the generating functions

We require different expressions for 4, and A, to bound them in the critical
strip. We obtain these via the formula

; (—{1—) - >,: ;ng pRCIEL (55)
q d d

(This formula follows easily from the orthogonality relationships for charac-
ters; see also Conrey, Ghosh, and Gonek [1], Sect.5.) Using this in (49) and
(50) yields

d
A, H = N X -1 i d; s ¥s .=2a 3
(s, ¥) ,%q&(q/d) xm;q/d (Dx(-DAM, s, 9,0 @ ) (56)

-8

where

Ai(d’ s, ‘p9 X)=Z ai(jda lP)X(I)J—s for o>1.

By (50) and Lemma 3

Asldos 0= % (=L )+ Lis ) logd W) L, o) T] (1 X‘”"’))

d=dyd; pld,
<(L(s, I+ 1L, ODILGs, ¥l (57
Similarly, using (49) we find that
_ x()logd,j x(NY(d,) x()A(d,)
A5 ¥, X)—d=421;12d3 (; 7 ) ((j d%: v F ) (u d%) O )

Writing I(1)=1 and I{(d)=0 if d>1, we find that the last factor in the sum on
the right here is

L x(p)logp x(p)
- (s ) — d,
I(d3)( 7 (52 ,,142,:42 ps_x(p))+A(d3)(1+I((d3, d))p% _X(p))

and this is I
<1+ 'Z(s, x)‘.
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Combining this with (57) we obtain

A;(s, ) < max (l +

xmodk
k<gq

L
T (s, x)l) (1L (s, 01+ L(s, DI L(s, x )l (58)
for i=2 and 3 and |g| £2.

12. Bounds for J, and J,

We can now evaluate J, and J, using Lemma 1 with U=exp(log v)?). This
gives, by (47)-(50),

1 1+4+iv s
I ==— | Ai(s,w)(i‘i) 45+05(3(logv>A+T%+f) (59)
2wi i 2n) s U

for v<T, A=(logv)~' and some constant 4. We move the path of integration
to the path consisting of the three line segments {s—iU: 1+4=0=1-b}, {1
—b+it: —U<Zt<U}, and {6+iU: 1—=b<0=<1+4} where b=(logU)~'. The
integral on the new path is, by (58) and (10),

< (—fj+ p! "b) (log o) (60)

for some A>0 (just as in Sect. 7). In moving the path of integration we cross a
pole of A,(s, ) at s=1 which is of order at most 2 in the case of 4, and of
order at most 1 in the case of A,. The residues are bounded by v logv and v
respectively. Thus (59), (60), and the results of Sect. 10 imply that

Jy(v, ) <vlogv;  Ji(v ¥) <o, (61)
We combine the estimates (44) and (61) to conclude that

J, €T logT
whence, by (43),

I,<TlogT.
Thus, by (37) and (42),

T
I'=—L(1,Y¥) I log? T+ O(T log T).
Combining this with (36) and (29), we have
T 2
& =-L(1, l//)ZEIOg T+0(TlogT).

The formula in (18) now follows from (26), (27), and the above. Since we have
already proven (19) in Sect. 5, the theorem now follows.
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