LARGE GAPS BETWEEN ZEROS OF THE
ZETA-FUNCTION

J. B. CONREY, A. GHOSH anp S. M. GONEK

§1. Introduction. Let 0<y= ' denote the ordinates of consecutive non-
trivial zeros of {(s) and set

1
p=liminf (' - y) =,
¥ 27
. lo
A =limsup (y'—v) Ly
Y 27

Since the average size of y' — vy is 27r/log v, we see that u <1< A. One expects
that © =0 and A =00, but at present all we can say unconditionally is that
u<1<A (see A. Fujii [6] and A. Selberg [11]). However, these bounds may
be strengthened if one is willing to assume the Riemann hypothesis (RH).
For instance, on RH, H. Montgomery [8] has shown that u <0-68 and
J. Mueller [10] that A > 1-9.  Later Montgomery and Odlyzko [9] proved that
M <0-5179 and A > 1-9799, whereas the present authors have recently shown
that u <0-5172 and A >2-337.

In this paper we shall obtain a better lower bound for A subject to the
truth of the generalized Riemann hypothesis (GRH), that is, the hypothesis
that the zeros of each Dirichlet L-function have their real parts not exceeding
3. Our bound is a consequence of a mean value formula involving the zeta-
function. Let s= o +it denote a complex variable and for T large write

L=lo —T
h g27r'

The formula in question is given by
THEOREM 1. Assume GRH and let

Als)= X k7,

k=y

r=(ar)

for some 1 €(0,3). Then if e>0 and T is sufficiently large (depending on ¢),

where

[MATHEMATIKA, 33 (1986), 212-238]
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we have
6 T 2 (=1y"(aL)¥"
AGHi(y+ta))==—L L —
0<§s’r|{ (2 I(Y a))l 77227T jgo (2_]+5)'
=392+ (2j+5) 0> 2j+5 4 _
X( 37] (32] 5)7) _2_] 51’2]+5+n2]+7+n2(1_1’)2]+5)
j+3
+0,(TLY)+ 0, (TH"**)

uniformly for real a with |a|<100L7".

Assuming only the Riemann hypothesis, S. Gonek [7] has proved an
analogous formula with A(s) identically one. In fact Theorem 1 and its
consequence, Theorem 2 (below), are both valid on RH. The reason we have
assumed GRH here is that doing so aillows us to avoid a considerable number
of technical details, particularly in Lemma 6. The interested reader may refer
to Conrey, Ghosh, and Gonek [3] to see how GRH is avoided in a similar
situation. We should also point out that Theorem 1 is true for |a|< CL™,
where C is any positive constant; we have taken C = 100 as this suffices for
our purpose.

Our main result is

THEOREM 2. Assume GRH. Then A > 2-68.

We use Theorem 1 to prove Theorem 2 in much the same way that Mueller
used Gonek’s formula (mentioned above) to prove that A >1-9. Write

4y = [ lgaciofa )
my(a, T)=O<Z<T ILAG+i(y+a))f, (1.2)
and
¢/L
My(e, T)= j my(a, T)de. 1.3)
—¢/L

Then it is not difficult to see that if
My, 2T)—My(c, TY < M, 2T)— M(T) (1.4)

for all sufficiently large T, then ¢/ = is a lower bound for A. We shall show
that if 7 is near 3, (1.4) holds with ¢=2-681; Theorem 2 will then follow.
Now #,(T) can be estimated by using a result of Balasubramanian, Conrey
and Heath-Brown [1] (see Lemma 10 below). Thus our main task is to estimate
M>(c, T), or what amounts to the same thing, to prove Theorem 1.

§2. Beginning of the proof of Theorem 1. Throughout, T is large,

L=1og(T/27), and ¢ denotes an arbitrarily small positive number, though
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214 J. B. CONREY, A. GHOSH AND S. M. GONEK

not necessarily the same one at each occurrence. Furthermore, we shall always
assume that the real number « satisfies

|e|=<100L7".
Setting
a=1+L",

we let R be a positively oriented rectangular contour with vertices
a+ia+i(T+a),1—a+i(T+a),1—a+i the top edge of which has a small
semicircular indentation centered at 3+i(T+a) opening downward. By
Cauchy’s residue theorem, the reflection principle, and RH

my(a, T) =2_:r—i J. %(S —ia){(s){(1—5)A(s)A(1 - 5)ds,

R
where we have written
' , {'(s—ia)
= (s—ia) for ==
7 [(s—ia)
Now for s inside or on R we have
A(s) <, p'77"e (2.1)

and
{(s) <E T1/2(1—0)+E

(see Titchmarsh [12; pp. 81-82]). Thus, for such s

L(s)L(1-5)A(s)A(1—s) <, yTHe. (2.2)
Moreover, for each large T, there exists a number 7" with T—-2<T'<T-1
such that
g L ald 2
{(0’+1T)<L, 2.3)

uniformly for —1=< o <2 (see Davenport [4; p. 108]). Obviously we may also
take T' so that T'+ a is not the ordinate of any zero of {(s). Then by Cauchy’s
residue theorem, the contribution of the top edge of R to m,(«, T) equals

a+iT’ 1—a+iT’ 1—a+i(T+a)

L. J + I + J g(s—ia){(s){(l—s)A(s)A(l-—s)ds
27 4
a+i(T+a) a+iT’ 1—a+iT’
+ ¥ |[tAGHi(y+a))P
T—-a<y<sT

The sum over y contains <L terms, so by (2.2) and (2.3) the above is
<, yT,

uniformly for |a| <100L™". On the other hand, the bottom edge of the contour
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 215
contributes
<, yT*®

by (2.1), since here {(s) and {(s—ia) are bounded.
To treat the integral along the left edge of R we replace s by 1 -5 and use

’ ! !

gz(l—s—ia)=§(l—s~ia)——%(s+ia);

this follows from the functional equation

{(1=5)=x(1-5)(s), (2.4)
where
_ 1. LGs)
x(A=s)=ma Ta-1 (2.5)

(see Titchmarsh [12; p. 16]). We then see that

1—a+i

1 J & s ia)2(s)2(1 - 5)A(s) A(1 — 5)ds
27 {
1-a+i(T+a)
=L. J (g(s+ia)—£(1—s—ia)){(s){,‘(l—-s)A(s)A(l—s)ds
2mi 4 X
a—i(T+a)
where
a+i(T+a)
L=-— f £ (= ia)l()(1-5)A)A(-s)ds  (26)
2mi _ I4
and
a+i(T+a)
[2=L. '[ &(1—s+ia){(s){(l—s)A(s)A(l—s)ds. (2.7)
2 _ X

Now I, is also the contribution of the right-hand side of R to m,(a, T). Thus,
combining the above results, we obtain

my(a, T)=2Re I, — L+ O, (yT*). (2.8)

The next section contains the necessary lemmas for estimating I, I,, and
M (T).

27rix

§3. Lemmas. We write e(x) for e
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216 J. B. CONREY, A. GHOSH AND S. M. GONEK

LEmMMA 1. Let r be a positive real number and suppose that x(1—s) is given
by (2.5). Then for a=1+ L' and T large, we have

a+iT
1 — e(—n)+E(r,TYr % ifrsT/2m,
— x(1—=s)rds= A :
27i E(r, T)r ¢, ifr>T/2mw,
a+i
where
y T3/2
E(r, T) <€ TV + i
(nT) |T—27mr|+ T2

Except for minor modifications, this is Lemma 2 of Gonek [7].
The next lemma is a special case of Lemma 2 of Conrey, Ghosh, and
Gonek [3]. Alternatively, it can easily be derived from Lemma 1.

LemMA 2. Let a(n), B(n) be arithmetic functions such that a(n) <1 and
B(n)<dj(n)log’ n, where j and | are non-negative integers with j<4, and
d;(n) is the coefficient of n™* in {/(s). Let a=1+L"" and 0<8§<1. Then if
T® < x=< T, we have

a+iT

i | x0m9(z a0 (£ o)

alk) B(m)e(—m> + 05 (xTV2 L"),
k=<x k m=kT/2m k
LemmMA 3. Suppose that
A(s)= Zl a;(n)n™*

is absolutely convergent in o> 1, forj=1,2,...,J, and that

o J
A(s)= T a(mn =1 &(s).
n= i=1
Then for any positive integer d,
o0 J o
Y a(nd)n™*= Z I Y a;(nd;)n"* (o>1).
n=1 dy..dy=d j=1 n=(;) .
(",Hi<j i)

This is Lemma 3 of Conrey, Ghosh, and Gonek [3].
Our next lemma is a well-known result of Estermann [5].

LEmMA 4. Let H and K be coprime integers with K >0 and define
H * nH
D — | = d “Se|l — >1 N
(s’ K) LA e( K ) (=D
where d(n) is the number of divisors of n. Then D(s, H/ K) is regular in the
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 217
entire complex plane except for a double pole at s =1. At this point it has the

same principal part as K' % {*(s).

LEMMA 5. Let H and K be integers with (H, K) =1 and K =IIp* > 0. For
a real and o> 1 define

Q(s, a,}—1> =— E d(m)A(n) e(—mnH>’

K 1 msns—ia K

where A(n) is von Mangoldt’s function. Then Q(s, a, H/ K ) has a meromorphic
continuation to the entire complex plane. If a« #0, Q(s, «, H/ K) has
(i) at most a double pole at s =1 with the same principal part as

K'—zsf(s)(%(s—ia)— Gs, a, K)),

where
A—1 (s—14ia) p/\(s—1+ia) 1
G S, ayK = 10 ( alemimie + “stix . s—ia )’ 3'1
( ) ,,%( gp ‘Elp 1=y e (3.1)
(ii) a simple pole at s =1+ ia with residue
1 2
————— (1 +ia)Dx(1+i
K!a‘P(K).Z;( la) K( la),

where

Dg(s)= IlT (1=p7'+A(1-p7)A-p°). (3:2)
r|IK

Moreover, on GRH, Q(s, a, H/K) is regular in o >} except for these two poles.

Proof. For o>1 we have

Q(s, a,ﬁ> = § D(s,%[)L(s—ia, a, K)

K =1
K/sg -bH
= * Dls, )Ls—i,b,K, 33
g%(,,=l(z</g‘“g) (33)
where D(s, +) is the function defined in Lemma 4,
L(s,a, k)=— ¥ Amn™  (o>1),
n=a(mod k)

and Y * denotes a sum over b coprime to K/g. It is well-known that L(s, a, k)
has a meromorphic continuation throughout the plane and is regular on the
line o =1 except for a simple pole at s =1, if, and only if, (a, k) =1. Also,
by Lemma 4, D(s, —bHg/ K is regular everywhere except for a double pole
at s=1. Thus (3.3) provides a meromorphic continuation of Q(s, a, H/K)
to the whole plane and we see that if @ #0, Q has at most a double pole at
s=1 and a simple pole at s =1+ ia.

By Lemma 4 and (3.3) we see that the principal part of Q(s, o, H/K) at
s =1 is identical to that of

1-2s K/g

(s) ¥ (5) Y* L(s—io, bg, K). (3.9)
glk \ 8§ b=1
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218 J. B. CONREY, A. GHOSH AND S. M. GONEK

Now for o>1,

K/g o .
Y* L(s—ia,bg, K)=— ¥  A(ng)(ng)™"™
b=1 n=
(n, K/xl)=1
! 1
fé(s—ia)+ ¥ —s?,fp , ifg=1,
14 plK P -1
—logp

4 F;‘;;;, if g =p® with p|K and a <A,

—log p
P(s—ia)/\(l _p—s+ia)a

\ 0, otherwise.

if g =p* with p|K,

Thus (3.4) equals

" i ;’ A—1 (s—14ia) pA(:—1+ia) 1
(S)K - S(_ (S"‘ ia) — lo < Tt —stie  _s—ia ))’
{ [ ) p%( gp{l P I—p " pe 1

This proves (i).
To compute the residue at s =1+ ia observe that in (3.3), L(s —ia, bg, K)
is regular at 1+ ia unless g =1, in which case its principal part is

1
T o(K)(s—1—ia)’

Hence the residue of Q(s, a, H/K) is the same as that of

I S —bH
T (K)o —1—ia) & D(S’ K )

For o> 1 the sum over b equals

5 d(n)n—sbf* e(_’;;’H)= S d(n)ex(n)n™, (3.5)
n=1 =1 n=1

where
an

K
extm= £+ o(F)
is Ramanujan’s function. (Note that cx(—Hn)= cx(n) when (H,K)=1.)
However, by Titchmarsh [12; p. 11], (3.5) equals
(K ,ﬂ( (1=p7'+A(1=-p™)(1-p"").

Thus (ii) follows.
Finally, on GRH the only pole of L(s—ia, bg, K) in o>} occurs when
g=1at s =1+ ic. The last assertion of the lemma follows from this and (3.3).

LEMMA 6. Assume GRH. Let y=(T/2w)" where n€(0,1/2), let k be an
integer with 1< k=< y, and let a be real. Set

0*s,a k)= T by e(-1) (>,
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 219

where

b(j)== ¥ A(m)n™d(m).

hmn=j
h<y

Then Q*(s, a, k) has an analytic continuation to o> 3 except for possible poles
at s=1 and 1+ ia. Furthermore,

Q*(S’ a, k) <€ yl/zTE

foro=3+L7" |t|<T, and |s—1|, |s—1~ia|>}
Proof. If x is a character (mod k), the Gauss sum 7(y) is given by
k h
(x)= 2% x(h)e(—),
K1 k
and one easily shows that
J 1 _ ( J')
el —=)=Y —— —-=.
( k) Ej (k) x(mo%k/d) 00X d
dlk ¢

d

Inserting this into the definition of Q*, we obtain

QG ak=L = T fOX-dBsd) (=D, (6
B i
where
B(s.d)= % b~ (0>,
Now set

F(s, r,x)=fll (1-x(p)p™). (3.7)

Then, by Lemma 3,
B(s,d)= ¥ (s, f)o(s, o, [)o(s, [, (1 1) Hs(s, fu, 112 3), - (3.8)

Sifa=d
where
(s, f)=x(f) ;/fx(n)n_‘,
s f)= T x(fan=x()Ls 0OF(s ),
(nr)=1
and

dsfin== T x(mA(n)(fw)n~

(n,r)=1
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= —fx(f) § X(MA(fn)n=s+
(nr)=1

L F
f(s—ia,)()-i-F(s—ia,r,x), lff=1,

—log p

. —_— if f=p' and =
=fuxx(f) I_X(p)p—-s+la’ 1ff P an (r’p) 1,

~log p, if f=p' and plr,

0, otherwise.

Clearly o, and &, are regular everywhere except when y = xo, in which case
o4, may have a pole at s=1. Furthermore, on GRH ; is regular in o>}
except perhaps for a pole at s =1+ia. Thus, with the possible exception of
poles at s =1 and 1+ia, B(s, d) is regular in o>3; (3.8) therefore provides
the required continuation of Q*(s, e, k).

To bound Q* we first bound B(s, d). Let ry denote the square-free part
of r. If o =3, then from (3.7) we obtain

F(s,r,x)<[l2"= Y 1=4d(r)) .15 <. 1%,
P]' o
and

1
F(s, rLx)=Y X—(E—Z—M<Z logp=logro<r”.

o PP =x(P) ol
Moreover, on GRH

’ k £
L(s,x),-LI:(s, X) <. (1+|tl)e<§> (3.9)

provided that o =3+ L' and |s—1|> 1. Thus, if x is a character (mod k/d),

As(s, f,r) <, (T%c)lz

and
k €
(s, fr) <, (TE> +ro+f°

when o=3+L7", |t|<T, and |s—1|, |s—1—ia|>}. Now, if f and r divide 4,
they also divide k which is <T"/2. Hence, for f and r dividing d,

(s, 1), (s, fr) <. T° (3.10)
in the region under consideration. To estimate &¢,, we distinguish two cases.

First, if y is principal (mod k/d) we use the trivial estimate

1+

dl(s’f) <s (;)2 E<syl/2TE (02%) (311)
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 221

If x is not principal, we apply Perron’s formula (¢f Titchmarsh [12; pp. 53-55])

and obtain
(5,550 J Lo 0 2D 4, +O((y/T{>_‘:"’)
a-2iT

for o=3+ L " and |t|< T (here a=1+L™"). We move the line of integration
to Rew=o+ L' and use (3.9). Then

dy(s,f) <. QTk/d)*(y/f)F 'L+ T (y/f)?

<, T",
for 0=1/2+L7", |t|< T. Combining this with (3.10) and (3.11) in (3.8) we
find that
1/2 e . . . .
y °T*, if x is principal,
B(s,d) <, .
(s, d) {TE, otherwise,

in the region o=+ L7, |t|< T and |[s — 1], |s — 1 —ia|>}. It follows now from
(3.6) that in the same s-region

1
S S A )
Qs @, k) ziz|:k¢(k/d)dl/2 y ol x#m(n%:dk/d)IT(X)l
Since
(x )<<{(k/d)1/2 if x # xo(mod k/d),
1 if x = xo(mod k/d),
this is
1/2 1/2
Tz ((:(/:/)d) o ) <. T*(y'*+k'?log log k)
k

<. y'"’T".

This completes the proof of the lemma.

Lemma 7. Let G(s, a, K) be given by (3.1). Then for any real a,
G(1,a,K)= %{ p*™ log p+O(Cy(K)),
P

and

G’(l, a, K) = Z pia IOg2P+ O(CZ(K))’
pIK
where the derivative is with respect to s and
' log’ .
k)= 3 9EL, T alog’p  (j=1.2)
pllk P >2

Moreover, for x=1

(h, k) k , -
h,kz<x hk <1+C<(h k)>)<1°g 2x  (j=12).
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Proof. We prove the formula for G’ but not for G as it is similar. Set
K =IIp*. By (3.1) we have

A—1 _ /\Pim p—]+ia(A+1) Pl—ia }
G, 1, o, K)= lo 2 { a a4 “14iay —1+ica + —ia
( ) plz;.( g P az::l p (l_p 1+ ) (l_p 1+ )2 (pl __1)2

A
=2 10g2p{ ) ap"““+0(i>}
plk a=1 p

=Y p“log’p+ O( Y a log2p> +O(
plk p°lK

az=2

log” p
R
p’lK P

as desired.
Next,

z (L_)(C<(hkk))“>s P L e

hk<x hk dln
dik

old) o G+
d=x d° wi=xa h'k’'

< log® 2x+log 2x —
& & dgx d k<zx/d k'

Since C;(dk’) < C;(d)+ C;(k'), the last term is

G(d
<log’2x ¥ G(d) )
d=<x d
But
Ci(d 1 log’ ;
p G 5 Ly DEP 5 fiogp)
d=x d  4=xd\}7Ta p e
a=2
log’ p 1 alog’p 1
= Z a+1l Z —+ z a -
pi=x P r<x/p® T p"szx p r=x/p® T
<log 2x.

The last assertion of the lemma now follows.

LEmMMA 8. Let |B|<100L7' and 1<x=<T/2m. Then forj,1=0,1,...,

]+l

log’k log
k=x k jt1
Q) 3 (log(T/27rk))’4=L"“—(log(T/Zvrx))j+l
k=x k ]+1

1

Gii) ¥ i Y pPlogp=log’ x J x®%(1-6)do+ O(L);
x K plk

k=

() £ o(G+DD);

+0(jL),

0
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 223
1
1 .
(iv) Z _g Y p*Plogp =35 log® x '[ x#%(1-0%de+ O(L?);
K=x Plk

0
1

Y p®log’ p=1log’ x '[ x™®%9(1-0)do+ O(L?);
plk

0

© Iz

1

o\
vi) Y M(logf)1<z> =-6—210gj+1 x J x®B%¢de+ O((j+1)L);

k=x k2 k k a
0
<p(k)< g)f( ﬂ)f
(vii) kéx e logk 10g21rx
logx/L
6

== f ¢(1-0)'do+O((j+1+1)L'™).
m
0

Proof. Parts (i) and (ii) follow easily from Stieltjes’ integration. The
proofs of (iii), (iv) and (v) are similar so we only prove (iii). We observe that

; log p 1 log p log x/
L Lrfleep=3 EE L = ¥ PP Oflog ).

k<x K plk p=xP P aszpn s

By the prime number theorem

def
6(u) = Y logp=u+E(u),

p=u

where

E <
i) log® 2u

Thus the last sum above is equal to

J'log(x/u)de( )= J'log(x/u)du+Jlog(x/u)dE( )
ut

iB
1 1 1

The second integral on the right equals

1 * (E
E,(u) 28 0/4) +J ;(‘,.‘,,)(1+(1—i;3)1og5)du
u ' u u
1
<] +1 xJ'x—u——<l
og x+log | ulog? og x.

In the first integral, we substitute x° for u and obtain

1

log® x J x*®(1-9)de.

0
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Combining these results, we obtain (iii).
We now prove (vi). Set

Su)= Y. qo_l((ic_)

By an elementary argument one sees that
6
S(u)=—log u+ E,(u) (u=1),
7-r

where E,(u)<1. Thus

x x

£ 30 (02 [ () )t

1 1-

We substitute x'~° for u in the first integra! on the right and obtain

1
—log’™ x J x*°¢’de.
m

0

x

The second integral equals
x i j—1 d
+ J Ez(u)(z) (log E) (j+ iB log E)—E
- u u u/ u

J iB
(1o ()

<1+(j+|B|log x)log’ x < (j+1)I,

since | 8| log x < 1. This gives (vi).
To prove (vii) let S(u) be as above. Then

x

o(k) x\’ Tk \' Tu '
2. e (‘°gz) (“’gm) = J (‘085;) as(u)

1—

6 x\’/ Tu \' x x j( Tu)’
=—— log—) {log—)dllog—}+ | {log—] |log— .
e o) o) o
1 1
The first integral on the last line is

x

_;6_2 i J' (log (IiC/u)>"<1_10g (z/u)>’d(log (z/u))

1

logx/L
6 . .
— L+ J ¢ (1-6)'de.

ko
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The second integral equals

x\’ Tu\'
Ez(u)<log ;) (log Zr;)

x\/! Tu\"! Tu x\ du
+ = — jlog——1Ilog=]—
I Ez(u)(log u) (log 27-rx) (] log S e llog u) »

1

<DUY+(j+)U < (j+1+1)D

x

1—

This completes the proof of (vii).
LEMMA 9. Assume RH. Suppose that a is real with |a|<100L™" and
n<xsT If Dx(s) is given by (3.2), then for T sufficiently large

(D,,k(l +ia) (1-ialog nk)
k=x ¢(nk) nk

Proof To facilitate the proof, we allow a to be a complex variable
restricted by |a|<100L™". Let n=[[ p* and for simplicity set

f(k) = D (1+ia)/ ¢(k).
By (3.2) f is multiplicative and

f(p™)=(1+mA,)p™", (3.12)
where
io l—p—lhia
A,=(1-p )(—ITPT]—) (3.13)
Also, observe that
1+ mC, p'®t" m+1

f(pm)S - <c, m(1—5)=c2d(pm)p_m“_€)
p p

for some positive constants ¢, and ¢,. Thus, since [],x ¢; and d(k) are <, k°,
~e obtain the estimate

flk)y < k71 (3.14)

he generating function for the sum Y, _ _ f(nk) is given by

1o =3 s =T1( 5 o p)

-11( £ sme ) 1 (S st e ) 5 some)

pln \m=0

et G,(s, a) denote the product over p dividing n. By (3.12) and (3.13), the
ther product is

® 1+mA 1 A
Z m(s p) =H( —s— + s £ —s— )
(,..=o Pt S\ =p T p AT
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226 J. B. CONREY, A. GHOSH AND S. M. GONEK

(s +)) (1+ (1-p*)A-p™) )

CL(sH1—ia) p \pT(p—D(A—p )
_ L(s+1)
“l+i—ia) 59
say. Hence
__L(s+1)
H"(s’a)_g'(s+l—ia) F(s, a)G, (s, a). (3.15)

The product for F(s,a) is absolutely and uniformly convergent for
o=—3, |a|<100L7", say. It therefore represents a bounded analytic function
of s and a in 0= -3, |@|<100L"'. Next consider G,(s, «). By (3.12)

G,,(s,a)=ln<1+m”+ A, )( L A, )‘

n pln 1_p—s—l ps+1(1_pvsfl)2 l_p—s—l ps+1(1_p—s—1)2
1 AA
=— H 1+ —mmE——\ .
n pin Ap
1+ s+1
p -1

Using (3.13) and considering separately those primes dividing n which are
less than 100 and those greater than 100, and recalling that n=<T, it is not
hard to show thatin o = —1, |a| < 100L™, each factor of G, is less than ¢;(A +1)
for some positive constant ¢;. Thus G,(s, «) is analytic in s and « in this
region and
1 d
G, (s, a)<—T]] c3()\+1)=ﬁﬂ c;<.n", (3.16)
R pin n pn
We now apply Perron’s formula to H,(s,a) (e.g., see Davenport [4;
p. 105]); we obtain

1+iU
S f(nk)=—— j H,(s, &) = ds
k=x 27 S
1—ilU

+ O(x élf(nk)k_1 min (1, —U|log1(x/k)|))'

Splitting the sum on the right-hand side into the ranges [1,1x), [3x,3x), and
[3x, ), and using (3.14), we find that the O-term is

x
o(——UnH).
Next we pull the contour left to the line o =—}. On RH

;(s),ﬁsmm)e (0=1+e |s—1|>D),

so by (3.15) and (3.16),
H,(s,a) <, Un"""!
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 227
on the new path of integration. Thus, the top and bottom edges contribute

x
<7 ie
Un
and the left edge contributes
UE

KL —5T .
x1/4n1 £

Taking U = x* and combining these results leads to

Y f(nk)= res H,(s, a) x?s+ O.(n71%9). (3.17)

k=x

To compute the residue, we need the first several terms of the Taylor series
for F(s, a), G,(s, a), {*(s+1),and {"'(s+1—ia) around s =0. We have seen
that F(s, @) is analytic and uniformly bounded in o= —3, |a|<100L"", so by
Cauchy’s estimates

d J
(—) F(s,a)<1 (Ja|=100L7%;j=0,1,2).
ds/ o

By the analyticity in a, we also have
F(0, a)=F(0,0)+ O(|a|) =1+ O(|a|) (Ja]=100L7").

Similarly, by (3.16)

d\’
(_) Gn(s’ a) < ne_l (j = 09 1, 2),
ds s=0

and

1
G,(0, a) = G,(0,0)+ O(la|) =~';+ O(|al),
for ja|<100L™". Finally, since
1
((s) =——t y+...
s—1

for s near 1, we see that

1 2
P(s+1)=5+T+. .,
57 s
and for |a|<100L"’,

-2-(1 —ia)=—ia+ O(|al),

VN 2
(Z> (1-ia)=1+0(|al),

(%) ”(1 —ia)=0(1).
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Using these estimates and (3.15), we obtain

5

1
res H,(s, a)-)-c—=re% {—(1+slog x+... ) (F(0,a)+ F(0,a)s+...)
s= A §= s

X (G,(0, a)+ GL(0, a)s+... )<;13+2T‘y+' . )

x(%(l—ia)+(%)’(l—ia)s+...)}

log® x
2

= F(0, a)G,(0, a)[ (—ia+O(|a]?))+log x(1+ O(|a|2))]

+0,(n*")

—1, 2
_Tla log x+log X 0.(n*).
2n n

Combined with (3.17) this leads to

. 2
Y f(nk):—ﬂx—lzof—f+b—5f+ 0.(n* ™). (3.18)
k=x

We next observe that

an(l + la)
nk)=————
A o (k)

is entire in & and has the expansion

____1___, log nk
f(nk)-—nk ia ok

+ a’g(a; nk)

with g entire for all n and k. Thus

5 ( f(nk)—l%"g"k) — o?g*(a; n, %) (3.19)

k=x

say, with g* entire. Now

5 1—iolognk logx ia log® x, O(log n)
K=x nk n 2n n

for x< T, |a|<100L"'. Hence, by (3.18)

5 (f(nk)_l—ian;cog nk) <.n

k=<x

for |a|<100L™'. From this and (3.19) we see that

2 % e~1
; <.n
o83 - |8 (e my )] <o

or, by the maximum modulus principle,

* e-1r2
; <.n""L",
max  [g%(a; n,x)| <.
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LARGE GAPS BETWEEN ZEROS OF THE ZETA-FUNCTION 229
Thus, the right-hand side of (3.19) is
<, a’L’n*",
This proves the lemma.

Our last lemma is a special case of a formula of Balasubramanian, Conrey
and Heath-Brown [1].

LEmMMA 10. Let A(s)=%,., k™° as previously, where y=(T/27)" and
n€(0,3). Then for 1<t<T,

t

. (h, k) t(h, k)*e*” !
1 2 — td £
J [¢LAG+ iu)|*du th’kéy o log T

+0(T);

here vy is Euler’s constant.

§4. The estimation of I,. From this point on, we shall assume that GRH

is true. We recall that
T n
r=(52)

for some fixed 5 €(0, 1/2), and that
|| =<100L"".

We will also assume, until the end of this section, that o #0.
By (2.6) and the estimates in (2.2) and (2.3), we see that

a+iT

IFL. I £,(S—iOt)((S){(l—S)z‘\(S)A(l—S)ds+Os(mi”),
27i A 4

where a =1+ L™'. We nextreplace {(1—s) by ¢(s)x(1—s) (see (2.4)) and write

T b0 =S G- P AG) (o),

so that
b()== T A(m)n™d(m).

hmn=j

Then by Lemma 2,

Li=%

1
k=y K j<kT/2x

L b0)e( 1)+ 0,01, 4.1

Writing
Q*(s, k)= % b(j)jﬂe(—i)
Jj=1 k
as in Lemma 6, we find by Perron’s formula (see Titchmarsh [12; pp. 53-55])
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230 J. B. CONREY, A. GHOSH AND S. M. GONEK

that
a+iT
L be(-2) =5 j 0*(s,a, (5T ) L+ 0, (k7).
j<kT/2m k 2771 _

Now by Lemma 6, Q*(s, a, k) has at most two poles in o> 3 and these are at
s=1and s =1+ia (we are still assuming that a # 0). Hence, pulling the path
of integration to the left as far as o = a, =3+ L™, we find that the integral equals

a~iT  a,+iT  a+iT
1 d
R+ Ryt X J + J‘ + J Q*(S a, k)( ) s,
27i s
a—iT  ag—iT  ag+iT

here R,, R, ., are the residues of the integrand at s = 1 and 1+ ia, respectively.
By Lemma 6, the left edge of the contour contributes

T
dt
<, T*y"*(kT)% j T
ed Y (k ) 1+|t|
-T

<E yT(l/2)+s’
since k< y < T'2, The bottom and top edges contribute

kT)"

<£ Teyl/z( T <E Tsy3/2 <gyT(l/2)+E.

Thus
Z b(])e( ) R1+ R1+la+ O (yT(l/2)+€) (42)

j<kT/2%m
We now compute the residues R, and R,.,. Let Q(s, a, h/k) be as in
Lemma 5. Then clearly

Q*(s, o, k)= Y Q(s,a, h/k)h™" 4.3)

h<y

Thus, by Lemma 4(i)
s | £ (_Z_)(é Cia)— )]
R,= :gf [ . hzy K S HR [ (s—ia)-G(s,a,k)) |,

h >k
H=—r K=
i )
Since ¢{(s)=(s—1)"'+y+...near s =1 (where y is Euler’s constant), we find
that

where

T2'y—l ’
‘_Ehz (gZ;HK(—‘;—(l—ia)—G(l,a,K))
<y

+££:(1—ia)—G'(1,a,K)>. (4.4)

Downloaded from https://www.cambridge.org/core. Robert Crown Law Library, on 05 Mar 2021 at 19:23:15, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1112/50025579300011219


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0025579300011219
https://www.cambridge.org/core
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To compute R,,,,, we again appeal to (4.3) and find that
1 KT
Rivia= 1es [; ;.éy (2 H) Q(s, a, H/K)]
Thus, by Lemma 5(ii),
PQ+ia){ T\ _ KDx(1+ia)
Ruw=—""7—""\7— L Tl oy
1+ia \27 ey H 7@ (K)
Combining (4.1), (4.2), (4.4) and (4.5), we now obtain
T (h, k)( Te? !
L=-— 1
! 2 Thie \°®2,mK

27T hk=<y

(4.5)

(é‘ (1-ia)-G(, a, K))

+(%’)'(l_ia)_G,(l’a,K)_§2(1+ia)( T )"“KDK(Hia))

1+ia \27wH ¢(K)
+0,(yTH*).
Using Lemma 7 and 0<|a|<100L™', we may write this as

T h,
Li=5— X ( )((L log H—logK)(—— T p* logp)

277 hk<y hk

. 1 “ KDy (1+ i)
_ ml 2 + ( ) K )
G@r m? P G \2aH) T oK)
+O(TLY) + 0, (yTH).

We next apply the Mobius inversion formula

S k)=1 ¥ M(")f( )

ml|h njm
m]k

and obtain

T 1 m Tm® (1 o
1=7= 2 72 X pn)—flog—7 (——— rp logp)
n 2mkn?

plnk/m

( T )iaknl——ia
; 2wh D,/ (1 +ia)
+ - lal 2 + - nk/m
(ia)Z p|n§/mp Og p (ia)zml—la (nk)
el —
m

+O(TLY+ O, (yT).
Interchanging summations and replacing h by hm, k by km, we see that
T o 1 pn) 1

L=—
2 m=y Malm N hksy/m Bk

T ia la
><<—log2 thp logp— Zp log? p+O(Llogn))
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wu(n) 1
+_ PR
2 ,,,2;}, m ,.%n n h,kgzy/m hk

T _( T )"“ D, (1+ia)
27hkn? \2whn

1+ix log

y 2t @(nk)
(ia)
+O(TLY + 0, (yTH™),
or
L=J,+ L+ O(TLY + O,(yTH). (4.6)
The term O(L log n) in J;, may be omitted because it contributes
1 1 1 1
<TL? ¥ —y 2l_qry %% v —omis
m<y M pjm N nsy N Isy/m !

Thus, observing that anm p(n)/n=¢(m)/m and using Lemma 8 parts (i),
(iii), (iv) and (v), we find that

1

J, =
! y m 2

T
27

0
iaf
—Llog’ y/m J (%) (1- 0)d0) +O(TLY).
0
Applying Lemma 8(vi) to this, we obtain

5= l<1°g yJ‘ Jy"“"*"(l—e)(z—e)(p‘dgpdo

ar
0

—Llog*y J' J' yete(1— 0)(p3d(pd0) +O(TLY).

Since

o i log yY
laO(pek ldOd (la
”y T LG DGR
0

this may be expressed as

6 T<log y = (ia log yY s 2 (ialogyy ) .
J== = “Llo e 0BY) ) | o(TLY.
‘ 2 E sy ElE Y X iGee) O

w 2w
Finally, since log y = nL,

L8 T 5 G (2UN_ ) o
J1_7T2 271_L jgo (j+4)!( 5 7*(j+3) )+ O(TLY). 4.7)
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We now turn to J,. According to Lemma 9, replacing D, (1+ ia)/ ¢(nk)
by (1—ia log nk)/nk in J, introduces an error term of magnitude

<, TL* ¥ — Z - <, TL.
m<y M ajm

Making this substitution and expanding ( T/(27hn))™ in a power series around
a =0, we find that

u(n) 1 (
Jy=— 1 1 k
2= 2m.§ymn%n n e m e \1%83 h ogn
T & (ialog(T/(2whn))

27'rhn,-§o (]+2)'

Now it is not hard to see that if we replace log nk by log k, log (T/(2mhn))
by log (T/(27h)), and use |a|<100L™', the expression within the outermost
parentheses changes by at most O(L log n). Hence

LH=7— 12 (p(M) z L

27T mey M wi<ym hk

— (1 - ia log nk) log? )’) + O, (TLY.

T
1
(og2 hlogk

5 h
—(1-ia log k) log> — — ZO(wr log(](I/z()zlw )Y

Carrying out the sums over h and k by means of Lemma 8(i) and (ii), we obtain

"°("')( log? ( ~log? Tm)
271,,,<y m &3

y e,y , & (iaLy
—{log=———log"=|)[ L ——
(ogm og m)( -

)+ O.(TL?).

2 1=0(]+3)!
Tm 2 (ia log (Tm/(2my))) 4
log L ) ))”)G(T”

T ‘P(m)(l 2 .V< 2 2 Tm) 1 J’< 3 Im 3)
=— —log*—| L*~log*— ) +-log—{ log”——L
2 \4 % o8 2@y/) 6 %8 n\ 08 27y

© (ia)j“<logy/m< vq Tm ‘+4)
+ ¥ [ 2L | 1og it —— [
P (j+3)! j+4 \'°® 24
. Im
421 L' —log’*? ——)))+ TL*).
3 og’ ( —log 27y O.(TL?)

Using Lemma 8(vii) to perform the summation over m, we find that

(logy)/L

J. =__L5 (—_02+03__04)d0
T J 2 12
0
o (logy)/L
© (laL)] J 1 i 1 ) ) s
- —0)+-(0°— -6 de
=0 (j+3)! T2 (0= 0Y T =0)+5 (67=6°(1-6Y™)

¥

+ O, (TLY).
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Now log y =nL and

[ b1 (1=p)™'(1+n(+1)
JG(I—O)do—(l+l)(l+2) (1+1)(1+2) ’

i 2 _(Q-n)"e+2(+ 1)+ P (I+1)(1+2))
[ e-orao= st (+DU+2(+3)

[

Thus, carrying out the above integrations and simplifying the result, we find that

T __2 3+ 4_ 5 0 . L j+1
Jz=%_Ls< 1" +3n'-n’ 3 (ialy
T 2 12 j=o (j+4)!
2 1_ j+4 +4 3_3 2
x(n Q=)™ (+4n’—39 )>+OE(TL4)_
2 6
Combining this result with (4.6) and (4.7), we finally see that for sufficiently

large T

Il= +Z

24 o (j+4)!
=3n°+(j+4)n® 7/ j+4 s M .+4)>
+— el (1- .
X( 5 2 45 n > (1—-my (4.8)
+ O.(TL*)+ O, (T "**).

Until now we have assumed that a # 0. However, the main term in (4.8)
is continuous at a =0 and from (2.6) it is clear that I, is as well. Thus, (4.8)
holds for all |a|=<100L7".

_6_1L5(—4n3+3774 ® (iaLy*!
o’ 2

§5. The estimation of I, and of #,(T). From (2.7) we recall that

a+i(T+a)
L=—- j X (1-s+ia){(s)L(1~5)A(s) A1 - 5)ds.
2qri . X

Taking the logarithmic derivative of (2.5) and using the formula
I‘I
F(s) logs+0(| l) (|s|> oo, |arg s|< w8, 6>0)
(see Whittaker and Watson [13; Chaps. 12, 13]), we see that
Y Osrim=ogzoeoy) (=13 ")
L (1—-s+ =—log—+ O\ - t=zl,—-<o=2 = L.
X( s+ia) 08— <t 1,2 o<2,|a|=100

Thus, if we move the line of integration above to o =1 and use the estimate
(2.2), we obtain
T T

1 t dt \
12=——J |CAG+ it)]* log—dt+ O J |CAG+it)?— |+ 0. (yT+*).
27 2 t

1
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By (2.2) again the second integral on the right is

T
dt
<, (T j R
1

so we have
T
L= —i J |CAG+ it)]? log—t—dt+0 (yTH) (5.1)
2 o 3 oy e\ . .
1
Let us set
t
J(t)= J [CAG+ iu)|*du. (5.2)
Then by Lemma 10,
(h, k) t(h, k)?e* !
J(t)=t 1 + T
=t 2 S e 5 ToD

for 1=t=<T To estimate the sum we apply Moébius inversion as in the last
section. This leads to

(n)m.  te*'m?

1 +O(T).
alm N 8 27n’hk oT)

Changing the order of summation and replacing h by hm, k by km, we find that

2y-1
1 Y-

=13 Lyen Lt o(T).

m<syMalm N pk<y/m hk 27n h

We next replace the logarithm term by log (¢/(2whk)). This changes the sum
by an amount which is

log® 1
<t Z Og ()’/m) Z Og n< TL3,
ms<y m n|m n
SO
o(m) 1

J(T)=t ¥ = ¥ (logz—-—logh—logk)+0(TL3)

m<y M hk<y/m hk
for 1=t<T. By Lemma 8(i),
p(m)

J()y=t ¥

m=<y

2 Y 3y 3
——log’ =)+ O(TL?).
(log2 og'—-—log m) (TL)
Thus, summing over m by means of Lemma 8(vii), we have

6 t 1 1
J(t)=-—2t<l og — log'y _log y)+O(TL3) (5.3)
T 2@ 3 4
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Using (5.1)-(5.3), we now find that

T

1 t 1
L=—— J J'(t) log— dt+ O,(yT?*®)
21 2

1
T

L dt .
=-J(T);=+O0 Jlf(t)l— +0.(yT*)
27 t

1

3 l 4
6 TL(Llog y_ oi y

ey 3

) +O(TLY + O, (yTF*).

Therefore, upon substituting nL for log y, we obtain

6 T 3nt—4n®
12=__2_L5(_l’__n
T 12

)+O(TL4)+OE(T5+"”). (5.4)
2

Finally, we observe from the definition of #,(T) in (1.2) that
MA(T)Y=J(T).
Thus, by (5.3),

4n*—39*

6
./ﬂl(T)=;2' TL4( 2

)+ O(TL?). (5.5)

§6. Completion of the proofs of Theorems 1 and 2. By (1.2) and (2.8) we
have

mya, T)= % r |§A(%+ i(y+ a))]2=2 Rel,- L+ Oe(yﬁ“).

o<y=

Combining this with (4.8) and (5.4), we see that for 0< 5 <3}, |a|<100L7",
and T large,

6 T © _1 j+1 L 2j+2 _3 2+ 2+5 3
mz(a, T)=_2_L5 Z ( )] ‘(a ) ( n (] )77
7 27 j=0 (2_]+5)' 3

i + . . .
_% n2]+6+ n2,+7+ 712(1 _ n)2]+5) +0.(TLY
J
+ 0, (T#7**),

This completes the proof of Theorem 1.
To prove Theorem 2, we write

¢/L
My(c, T)= j my(a, T)da

—c¢/L

as in (1.3). If |c| <100 we may replace m,(a, T) by the expression above. We
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then obtain

ey =2 T a5 VT (—3n2+(2j+5)n3
26 2w S0 (2 +35)1(2j+3) 3
i+ . . . 1
-Z-J_Jr;772’+6+n2“7+172(1—17)2}+5)+Oe(TL3)+OE(ﬁ+"+E)-
j

Next we take 17 =3—¢ and find that

e _ j+1 ,2j+3 _(l_. 2 i+ 1_ 3
-/“2((', T)=1_22 lLl‘ Z ( l)] C. < 3(2 E) +(2] 5)(2 8)
727 o (2j+5)1(2i+3) 3

2j+5 ) . )
L2 G-V (- )+ (B )0+ e)zf“) +0,(TL?).
j+3
By the mean value theorem
IG£e)~ (%)kl sek(3+e)T<ek
for k=0 and 0< e <}, so if we replace the quantities (3+ £) above by 3, we
introduce an error term of size <£TL*. Thus, we have

3T & (=1)c¥ <1—2j j+2
T)=—5-—L"* :
'/“Z(C’ ) L Z 6 22]+4(j+3)

w27 S0 (2j+5)1(2j+3)
On the other hand, by (5.5) with n =3— ¢ we have

) + O(eTLY).

1 5
M (T) =? TL43—2+ O(eTL?).

Now as we have seen in section 1, any value of ¢ for which
Mo(c,2T) — My(c, T) < M (2T) — M:(T)
serves as a lower bound for 7A. Thus we wish to find as large a value of ¢ as
is practical for which
Ma(c,2T) = My(c, T) 24 = (—1Yc¥P (1—2j j+2
M 2Ty = M(T) 5750 (+5)12i+3)\ 3 2¥7(j+3)

)+O(£)

is less than 1. By a machine calculation we can show that the main term here
is less than 1 if ¢ =2-68#. Since £ may be taken arbitrarily small, it follows
that A > 2-68.
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