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1. Introduction
In THIS paper we prove an asymptotic formula for
T
I(P,, P, P, Py; T)5=J'A1A2(%+”)A3A4(%"i’) dr 1)
1
where
A =p(-7 e a=i<y @)
Lds

with polynomials P, and where we use
T
L =log—.
8 2n
What we prove is

THEOREM. We have

TL*
I(P, P, Py, Py T)~c(P, P, Py, P)ze

where ¢ = c(P,, P,, Ps, P) is equal to

[ B+ Py + O)P + )P+ )

R"
+PA(Q~a-B)P(1-y-08)P(1-a—-y)P(1-B-8)dadBdyds (3)
with R={(a, B, v, 6)€[0, 1)} |a+B+y+5=1).
Of course, Ingham [3] proved that
4

(4)

2%

[1ed+inpa~3
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22 J. B. CONREY

To this we add

CoroLLARY. We have

T
2
+inle SN12 3. 6 5
[1dioried vior i~ )
T
f|§'(1+u)|‘d:~ 61 TL? (6)
J 2 168072 "’
and if we let
T
Chm = lim T7LH72 [ | 4 i) a ™
T—»o0
1
for k=1, 2, then
2 1
T ot ®

as m—> .

These results should be compared with the second moment case which
follows easily from Ingham’s work [3]. With the above notation,

[ag+ina@ - a~cp, RTL ©
with
o(P,, P) = [ P(0)P(6) db. (10)

In particular, with P;(0) = P,(8) = (—1)™68™ we see that

1
Cl'm-—ZJn-{-l. (11)

In an effort to find an asymptotic formula for a first moment of a
Dirichlet series (no such non-trivial formula is known) we considered

1= [1ed+ine @ + i dr (12)
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FOURTH MOMENT OF DERIVATIVES 23

and we can show that

0.533 —(1+("2'5)2){s L <i/V3=0.577 13)
: T \4 4n TL? e (

as T— . Here we can obtain estimates for

1= [16G+iye@+inia (1)

For an upper bound we have

Js(f|ce+it)|‘dr)*(f|¢:'(%+a)|2dr)*~v(—€';)% (15)

by (4) and (5). On the other hand, since V(1 +x) =1+ 4x — x> for all
x =0, we have

J=I 163 +i0l* [Re & + i)
x (1 + (Imz'(% + it)/Ref'(g + i:))z)i dt
= +3L- 4, (16)

where, because of

Re%(% +ity=—} logﬁ + o(ﬁ) 17

for [t] >> 1, we have

Jl=lf|;(5+iz)|‘ Re%(%ﬂt) dt~:1T-,f—:: (18)
Jz=lf|C(%+it)l“ Im%(%*‘”) i Re%@“‘) K

2 ’

RCE(% +it)

-1

dt

= [1e6+ior |7 d+i0

- 126+

&
Ref(§+u)| dr

ATL® TL® TL®
15727 " 4n? eon? (15)
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24 J. B. CONREY

and
r CI 4 C, -3
J3=f|§‘(%+it)|“ Im3 Rex-(t+in)| dr
(] = R Ef -2 |re & frm &) [Re &
lfICI(C RCC ZRCC ImC)ReC dt
T
(e8] 4 Ire &I 5 |8
!'C'(c“‘e: 2': )
T ¢ ¢ ¢
— 14 2 _ 25112 > 4 >
(e Re| " —21crier [re ] it re ) o
(ﬂ_£+1>_T£_ TL’ 20
210 15 4/ a%  140x% (20)
Thus we find that
173 =4 1
Note that 173/672 = 0.25744047 . . . and 15~} = 0.25819889 . . . so that the

upper and lower constants differ by less than 0.0008.

As a further application we mention the following results involving

Z(t) = x(1 - 5)}L(s)

(22)

for s=4+it. As is well known Z is a real function of ¢, |Z(t)|=

|E(@4 + it)|, and Z changes sign when ¢ is the ordinate of a zero of {(s) of

odd multiplicity. It is not hard to show that
VA ¢ )
= (@) =Im=@3-i).
7 (0=Im>3-i)

Now from (5), (6), and (17) it is easy to deduce that

T T
4 g 2 _ ' 2 -~ TL6
[1e Img(% d = [ 202 @O di~ 5,
, 1L}
f GG+ i) fim G f 1z d~ s,

(23)

(24)

(25)
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FOURTH MOMENT OF DERIVATIVES 25

and
TLS\/ZI%TK%'F[)" 1 g 140 }d —f VA WA dt TL?
T A e
(26)

In (26) the upper bound is a consequence of the Cauchy-Schwarz
inequality, (4), and (24), while the lower bound follows from (24), (25),
and Holder’s inequality in the form

(f Lfgl)i

lfgl = mg (27)

with g = Z* and f = Z'/Z. We note that for any £ >0

[lzzena=1 3 126+ 0T

=4 X LG +it,)|*+ 0(T) (28)

0<y<T

where under the assumption of the Riemann Hypothesis ¢, is the unique
number between adjacent zeros y and y* of Z(¢r) at which Z'(¢,) = 0.
Equivalently, the ¢, are the numbers at which |{(3 +if)| has local
maxima. Thus, from (26) and (28) we deduce that, on RH,

TL*V21 N . TL®
+ i < . 29
%0 €0<§Y:<TlC(z it, )| N5 (29)

Thus we have determined the correct order of magnitude of the fourth
moment of the zeta function at its relative extrema on the critical line.
For comparison, we note the corresponding second moment of Conrey-
Ghosh [2], on RH,

. 2~ez—S 5
2 LG +in)l ~=—=TL (30)

O<y<{T

Finally we mention that for the proof of our theorem we use
Motohashi’s method [4] to derive approximate functional equations for
the A, and then we use Ingham’s method [3] for deriving (4) to complete
the proof.
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26 J. B. CONREY

2. Lemmas
We begin by proving an approximate functional equation for A(s).

Actually, we change notation slightly and let A,(s)= P,( - -—) 40))
t .
where [/ = log o This makes no difference in the asymptotic formulae as

is easily seen by an integration by parts.
Recall that the approximate functional equation for the Riemann zeta
function asserts that (see Titchmarsh [5])
E(s)= E nx(s) 2 T+ O [y (1)
n<y
uniformly for x, y > 1, xy =¢/2x, and 0 <o <1. We may use Cauchy’s
theorem to find that

e +in =3 CEEE (87(4) 5 wm)

nex nt+it st

+O0((x"H+ y H log™ |1)) (32)

for |t] >> 1. Now
= (s) = —log—+ 0( )
Is|

2mi
= —tog5—+0( )
%822t O\l (33)
for |t} > 1, |o| «< 1. Therefore,
lr—l
206 =21y +0(5r)) (ol (34)
forr=1,2,... where we use the notation
t
I=1(t) =log—.
(1) =log — (35)

Thus, since y(3 + it) < 1, it follows that

(=)™ +in) log n\™ _,_
" _,,Z:,< I ) n}

| _logny”
sal+i) S+ 0y ()

A<y

This leads to

t
LemMMA 1. Let P be a polynomial and I=logﬁ, [t|>> 1. Then for
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FOURTH MOMENT OF DERIVATIVES 27

s =3+ it we have

P(-75)E6)=

E,P(lo%n) =4 ys) S P(l—'°g") 1L Ex) (37)

< l
n<y
where xy =t[2m, x> 1, y>> 1 and E(x) <x~ 1 +y~4

In much the same way we can derive a “functional equation” for A,(s).
Thus, £(s) = x(s)Z(1 —s) implies that for s =4 + it,

e =5 (Thoo(s) ca-aer
=103 (Mo + o) s -a-vr

m

- x(s)(l - %) E(1—s)+ 0(|17|2) (38)

using the bound £(3 + it) << ¢}, say. Hence we have

LeMMA 2. For s =4 +1t, |t| > 1 we have
P(-15 )60 =x0P(1-1)sa-9+00H. @9

Next we apply Motohashi’s method [4] to derive an approximate
functional equation for A,(3 + it) A,(3 + it). We let

a=a(n, 0 =R(*E), b 0=p(1-2"), )
A@=P(-13)t®  BEO=B(1+13)te) @D

and we let U =t/2x, u= U}. Then by Lemma 1,
z a,(m)a,(n) — Z a,(m) z ax(n)

s 5

mneU mn meu M a<um N
+3 ax(n) Z a,(m) _ 2 a,(m) ax(n)
n<uy ns m<Um M mwu m’ ns

n<u

- 3 20D (410~ x) T 28+ Bm)

mey

+3 20 (462 3 ‘(’")+E( )

ney mesn

ay(m) ax(n)
—,,,2.‘ e (42)

nw<yu
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28 J. B. CONREY

Similarly, by Lemmas 1 and 2,

(s)z E l(m) bZ(n)

1-s 1-s

n

16?3 2 (8,0-9) - 51 -5) S 201 pm))

meu nerm

167 3 2 5,1~ )~ x1-5) 3 204 pm)

neSy men

(m) b,
~ x5, 0]

=10 3 2 a0+ 0uh - 3 s 4B m))

+ x(s) 2‘: byln :)( A(s)+ 0@ ¥ — E‘: alrim) +x(s)E(n)>

2 I(M) ba(n)
= x(s) ,,,z‘:,, m=t p'= (43)
Since a,(m), b,(m) << 1and x(s) <« 1 the contributions of the O-terms and
the E-terms in (42) and (43) are

« > miet+mY) «<ioge (44)
Adding together corresponding sides of equations (42) and (43) we
obtain for the right hand side the quantity

(A1(5) + O(H)Axs) + A1) (X (5)Bo(1 — 5) + O( ™)
— %(s )(2 b (’")az(") S bi(n)azx(n)

s
msu n n<u n

nw<yu

a;(m) by(n) ay(m)by(m)
+.§u m* n“’—mzu m )

n<u

-3 alman) o 5 bilmiby(n)

— m.rn: . m —snl—:
= A (s)A(s) + O(log 1). (45)

Thus, we have proven
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FOURTH MOMENT OF DERIVATIVES 29

Lemma 3. With the above notation we have

A= 3 2Dy yip 5 b0 L oegr) )

net/2x n<t2sx

for s =34 + it where » denotes Dirichlet convolution.

Next we state a form of the mean value theorem for Dirichlet
polynomials which allows for “‘polynomials” whose length varies with ¢.
This is

LemMa 4. Suppose that f,(t) satisfies

(O] < 6 d(n)
and

[\T/aTrlfn(t) <&éd(n)

and similarly for g,(t), 1<n=<N. Then

N T
f 5 ’%(% 5%(_'—,),dt > },ffn(r)gn(t)d:
+ O(8N log’ N). 47)

The proof is exactly as that of Lemma 5 of Conrey [1] except that we
use

d(m) d(n)
mnsN mint logm/n|
mwkn
which is Lemma B3 of Ingham [3].
Next we have a lemma about estimating a sum.

& Nlog N (48)

lo
LEmMMA S. Leta(n)=a;n, T) = P,( i )f07'1<l<4 where the P, are

T
polynomials and L = log = Then

§:= Z a, * ax(N)as * ay(N)

N<TRrn N

~§l;: j Pi(a + B)Py(y + 8)Ps(a + y)Ps(B + 6) da dB dy d6 (49)
Q

where R={(a, B, v, 8)€[0,1]: a+B+y+5=<1}.
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30 J. B. CONREY

Proof. The idea is to approximate a; *a,(N)ay*a,(N) =: f(N) by
2 aaBlayyd)az(ay)a (Bs) =:g(N). (50)

affyb=N
In fact, if N is squarefree then it can be verified easily that f(N) = g(N)
(for any arithmetical functions g;). It is an easy matter to relate the mean

~Z7)_ g(N)/N to the integral on the right of (49). Thus, since the
<727

proportion of squarefree numbers is 6/n%, the statement of the lemma is
not too surprising.
We let

a(n)y=n"" (51)

for 1 <i=<4 where ¢ is a complex number with |¢|=<3L. Then

1d

a,(n) = PI( - Zd_e,>a[(n)

&;=0

Thus we initially consider

E @, * ay(N)as * ay(N)

N<T2n N

Sl(elr 52) 53’ 64) = Sl = (52)

Clearly «; is a multiplicative function whence a;* ay(n)as* as(n)=:
f1(N) is multiplicative. Let

giN):= > ai(aB)ax(yd)as(ay)adB). (33)

afyb=N
Then g, is multiplicative, since if (M, N) =1, then afyd = MN implies
that o =a’a” where a'|M, and a”|N and similarly for the other
variables and we see easily that g,(MN) = g,(M)g,(N). Moreover,
fi(p) =8:(p) = as(p)as(p) + a\(p)as(p)
+ ay(p)as(p) + ax(p)ad(p)
=p—c|—e3 +p—e|—£4 +P—e;—zg+p—ez—z4. (54)

Now we calculate the generating function of fi(n). We have

Fi(s):= i film)/n® (6>1+L7"

— l—[ i fl(Pk)

ks
p k=0 P

-I(S )1+ 3 M) - some) 69
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FOURTH MOMENT OF DERIVATIVES 31

say, where the product for H,(s) is absolutely convergent for o >4 + L™
Of course, F;, G;, and H, depend on the g and we note that when
£, =€, = €3 = €4 = 0 we have F;(s) and G,(s) are equal to

o d(N)’_E()° ds(N) _ .\
2 e e E
respectively. In general,
G(s)=L8(s+e,+e)b(s+e,+€)C(s + e+ E3)0(s+ &5+ €5). (56)
Now by Perron’s formula,

c+iT

1
S, =5 f Gi(s + DH (s + 1)U’5s‘f+ 0.(T* (57)
c—IT

for any €¢>0 and where ¢ =2/L and U=T/2x. In 0> —}+ L™! the
integrand has poles at 0, —e, — €3, —€,—&,, —€,— &3, —€,— €, and
nowhere else. In particular, all poles are in |s| < (2L)™'. If we move the
path of integration to o = —34, then we easily see that

S, = f Gy(s + 1)Hy(s + 1)—ds +O(TH). (58)
l-v|=-L -t

Now for |s| < L~' we have
6
Hi(s +1)= H,(1) + O(L™") ==+ O(L™) (59)

uniformly. Also, by (56),
G(s+1)«<L* (60)

for |s| = L™" and trivially

£

U
" « L (61)

for |s| = L™'. Thus Hy(s + 1) may be replaced by H;(1) in (58) with the
introduction of an error term which is <L? Thus, we easily conclude
from another application of Perron’s formula that

s5=2 3 8™, ow 62)

ﬂNGU N

uniformly in ¢; with |¢;| < (4L)~". Now for each N, g,(N) is analytic in all
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32 J. B. CONREY

of the ¢;. Also

14d 1d 1d
s L L)1)
"\ Lde,/"?\ Lde,/ ’\ Lde,
1d
X P4( - Za_)sl(fl, £2, €3, £4)
so that by Cauchy’s integral formula for the nth derivative (used on the
contours |g]| = (ZL)7, for instance) we obtain
gN)
)

”N<U N

(63)

g mey=eyme,=0

222 4+ O(L?). (64)

The sum over N here is
a,(aB)ay(yd)as(ay)a.Bd)

= 65
apyd<slU afyd (65)
which is
log aﬂ) (log yé) (log ay) (log ﬁé) dadfdydé
~ P, P, P P, ——
L AL L L a By o
1<aBys<U
(66)
and after a change of variables, this gives (49).
3. Proof of theorem
By Lemma 3 we have
9
J=1

say, where, since x(s) x(1 —s) =1, we have

S = 2 a,* ay(m)as * a,(n) (ﬁ)”’
m

m,n&ti2r mln’l

5= S bltb(m)b3*b(n)< )
n

m,n<t/2n m*”*

S=a@-ip 3 Drambarbdn)

m,n<2n m ’1i ’
— Y az*a,(m)bs*b,(n) u
x(% a) m,n§<:r/2.n m n} (mn) ’
a,¥a
Ss=0( ;m_l_nf—zl‘ﬂ logt),
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FOURTH MOMENT OF DERIVATIVES 33

_ by *by(n) )
SG—O( "‘Zm——n%T log¢),
S7—O( z MZ lo t)
B n%tf2n n%—it &)
Sa=0( 2 b3—31%(,n—))logt),
net2zr N
and
So = O(log?1).

logn
l

) and b(n)= P,(l - lo#) where

Recall that a,(n)=a;(n,t)= P.~<

t
1=log2—ﬂ, so that the g, and b, depend on n and ¢t We let

T
b= s (68)
1

To estimate I, and I, we use Lemma 4 with N =[T/2x]. For I, we let
fa(t) = ay*ay(n)x(0,:2(n), Where .5 is the characteristic function of
the interval [, b], and we let g,(t) = a3 * a4(n)X(0..2+)(n). Since a,(n) <1,
it follows that

f:()), 8a(t) K d(n). (69)

Also, letting x(n) denote ¥ .2(n), we have
var f,(n)|# = var dE ay(d)ax(n/d)x(n)|%
|
< 2 (var ay(d)(7} laz(n/d)x(n)| +lay(d)] var ax(n/ )|} x(n)
|n

+|ai(d)llax(n/d)| var x(n)I7)
«d(n) (70)

since, for example,

Xy varay(n)f = |

d
IOIPIOL
T
< | |P; log'; log'; X(tn)dt
T - —_
lOan logzzn

1. (1)
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34 J. B. CONREY

Thus, Lemma 4 yields

n<t2n

L= 3 [ asamasaimum i+ O(TLY).

Note that for a fixed polynomial Q,

T T
IQ<lolg0tg/;n>x(n)dt =J Q(lol;tg/;n) dr

1 n

and by integration by parts the latter integral is

T
logn ) T f ,( logn ) logn
- t
tQ(logt/Zﬂ 2.1;n+2m 0 logt/2n 1032 t)2x
1
= 7Q(<E%) + 0(n) + O(T/L),
Thus,
L=r 3 4t Dayradn T)
n<TRn n
+0(Z d(n)*+TL™' 2 d(n)zn“)
n<T n<T
=T 2 a;*a,(n, T)as*ay(n, T) + O(TL?).
n&TR2x n
Similarly,
L=T 3 by *by(n, T)by*by(n, T)+O(TL3).
n<T2x n
Moreover,
T T
3 2 \4
Is << (I logztdt) (J > al*af.-(,n) dt)
i i n<t/2x n
< (TLHNTLY < TL?

and similarly for I, I;, and I;. Trivially I, < TL2.
Finally, to estimate I, and /,, we note that

xG-ip=(s2) a+ounm) >,

(72)

(73)

(74)

(75)

(76)

(77)

(78)
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FOURTH MOMENT OF DERIVATIVES 35

Thus,
L= I (ﬁ)u(l + 0(%)) 3 i "2(':1)41:}”‘(") (mn)~ds. (79)

The O(1/t)-term can be taken care of by the Cauchy—Schwarz inequality,
the above estimates, and integration by parts. Its contribution to L is

T ay*ax(m) 2 dn\d/ [ byxby(n) | dr\}
<(f 5 ara _) (f 2*b, _)
< 7 | m<inzn mi*r 11 1 | n<ii2n fl;-Ht t
<L (80)

Thus,

T

t pais

L= D mint f ay*ay(m)bs» b4(n)<—) dr+ O(L%) (81)
mna<T/2x 7 GE

where T' =2a max {m, n} and & = 2xV(mn). By integration by parts of

Lemma B4 of Ingham, for T = T, = & > 27,

T
£\ 1
— ] (logt/2w)™* dt << mi ( ——) -k,
f[ (e&) (logt/2m) min { VT, og T/ (log Ty) (82)
Now £<T' and §<T' unless m=n. Also, log T'/E = |} log (m/n}|,
a,*ay(m, Tp) < d(m), and b; *by(n, Ty) << d(n). Thus by (48),

L Y i”;l)i—jgn—)ﬂogm/nl“«TL?

m,n<T/2n

A similar results holds for I, so that we have shown

T
f AAG+inAAG-iyd=T 3 U2 Davadn T)
1

ne<TRr n
+T z bl * bz(’l, T)b:;* b4(n, T)
n<Tn n
+O(TL?). (83)

Now the theorem is a consequence of (83) and Lemma 5.
To prove (8) we must show that

[ @B+ oty + oy

+(l-a-)"Q-y-0)"Q-a-y)"(1-8—-8)"dadfdydd
1
" 16m®

(84)

1202 YoJe 90 uo 1senb Aq £66.091/12/1/6€/I01E/Urewlb/woo dno-owepeoe)/:sdiy woly papeojumoq



36 J. B. CONREY

as m— =, where R is as in the theorem. Since o+ B+ y+ 8 =1, the
maximum in & of (a + B)(y + 8)(a + y)(B + 8) is . Thus, the first term
in the integral is <<16™™. For the second term of the integral, note that if
x >5(log m)/m, then

Ql-x"= (1—51(:5’") <m™3,

Thus the integral in (84) is

= [ w-e-pa-v-s0-a-v
{0, 5log m/m}*

X(1-B~-8)"dadBdydd + O(m™>)

e [ (0280229

[0,510g m}*
X (1 - 1 - dadBdyddé+O(m™)

1
16m*’

’-\,,n_4

e”AetB+r+9 da dB dy db = (85)

01‘8
°§.8

/]
as claimed.

The author would like to thank the referee for his helpful suggestions.
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