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An Artin Conjecture for Two Tonn Rocurrenc» S w p i m c w 

R. Robson 
Piweivtcd by P. R-ibenbo-un, F.R.S.C. 

UI (0,1.12^]," ) M aflrad»/a hn-urn Intagr raurereo ralotlon eM M dp) to 
Uio tint mttlvo n with (n"0 md p. in Uito nota M u» IM reonnlng Mitnd vtln's 
conjictura on prtntttva roots m oonlteturo II» arslty of primai p fir «til* (( p) Is m Krgs 
spoattla thlsccn|Kturamwt«llioutfiIolBsaroclpRdtyla»liivoMngtlieiodmtIla3ond 
Unoratlles atcurtng In no Vttn anjKtura 

$1. Rpnirrence SBBIBDEB MfiSiulS fi 

U t D be a squar«-Iree integer and l«t K-Ot/IT). U t OK b« th« 
ring of algebraic integers in K, let a be a non-rational algebraic 
integer in Ojç, and let a be the non-trivial automorphism ot K/0. 
U t T-«»<jto) U the trace of a and N-ao(o) be the norm ol a. We 
define a sequence of integers 

m < . « -o(« ) 
(W 'n o-a(a) 

U m m a 1.1 Sltppose T« 0. Then the xgumcttir, ) satisfies the mUmr 
recurrence rv/ation fn»2"Tfn*l"N,n' ' o - 0 ' 'l"1- Furthermore, my 
such two-term intexer recurrence relation is given by (1) for 
appnpriateV andaashngast^-Aii is not a square. 

Proof: The first part follows from the definition of fn and the fact 
that both a and olo) «ore roots of X2-TX»N-0. For the second part, 
let D be the square-free part of T2-4N and let a be a root of 
X2-TX«N lying in W / m . D 

U t u>a/a(a) . The sequence fn is periodically rero if «nd only if 
u is a root of unity. We will want to exclude these cases, sowe will 
assume that u is not a root of unity. This is not very restrictive 
since u <Q and u lies in a quadratic extension of 0. Thus u is either 
a third, fourth, or sixth root of unity and D--1 or D--3, see [51. 

U t pcZ be a prime. We are interested in the first time that p 
divides an element of our sequence. We therefore define 

Definition 1.2 Kp) is the least positive integer n such that plf„, 

If pt(a-o(o)) in 0|{, then plfn if and only if o n - a ( a n ) " 0 mod 
pOg. U t V be the norm of a-a(a). Suppose ptVN. Then a is a 
unit mod pOu and p»(a-o<a)). Thus p)fn if and only if u n « l mod 

U t A denote the discriminant of K and X(p)-H be the Legendre 

symbol 



R. Robson 

Proposition 1.3 Assume ptVNA. La* Np:(0K/pOK), ,- .f/» the 
locaip norm map defined by Npte*pOK)-pa(p)«pZ. Ut of b» the 
kernel of Np. Then Gp is cyclic of order P-X(D) and u defines an 
élément in Gp whose order is É(p). 

Proof: Since ptA, D is a unit modulo p. Thus {n2-Dm2|m,mZ) 
represents every residue class modulo p. Hence Np is surjective, and 

lG[i'^T7l<0K/p0K)xi « X(p)-1. then pOK is prime and |(0K/peK)»). 

p2-!. Thus JG -̂p*! and, being a subgroup of the group of units of a 
finite field, Gp is cyclic. If X(p)-1. then pOK-PiP2 for two prime 
ideals Pj and P2 of OK with o(P1)-P2. Thus (OK/POK)'«(OK/PI)"« 
(0K/P2)"i»rp"«rp«. If ptGp, then p-ofo)-!, so Gp lies in rp«.r" as the 
set of elements of the form (x^"1). which is 0 cyclic subgroup of 
order p-1. Since u has (global) norm 1, u*peKtGp as long as ptN. 
and the proposition foUows from the preceding discussion. D 

Suppose plA but p»VN. Then p.2, which ramifies, Imftyl-ff 
and |GjJ-4. But u-a2/N represents an element in 6^, which is cyclic 
of order 2. We are not particularly concerned with this case, but it 
completes the proof of the foUowing corollary due to Lucas (51.161 

Corollary 1.4 J(p)l(p-X(p)) jl ptVN.D 

Since l(p)lp-x(p) for all but possibly finitely many p, we can ask 
for the afeMrt)' of primes with «(p).p-x(p). Ut n(N) denote the 
number of primes less than or equal to N. We are then Interested in 
computing tne mypouieticai; umit pla) dennea oy 

p(o)-lim ——Ifprimes psN with l(p)-p-x(p)^ . 

We see that, if p(a) exists, it may be interpreted as the density 
of primes for which u represents a generator of Gp. It seems 
reasonable to assume that, for any fixed a, the residue class of u in 
Gp is 'random' as long as a is not a square and u is not a root of 
unity. This is reminiscent of the Artin Conjecture, see fllJ2li3|,and 
[41. The reasoning which foUows is strongly based on (41. 

From now on we wiU assume that u is neither a square nor a 
root of unity in K. Since uaa2/N, N is not a square. We let u denote 
the class of u in Gp. 

Suppose û does not generate Gp. Then û haa a q"1 root in Gp 
and hence in OK/POK for some prime factor q of p-X(p)- Thus if l l 
is the splitting field of the polynomial Xq-u over K, then pOg splits 
completely in Lq. 

Conversely, if POK splits completely in Lq, then û is a qt*1 power 
modulo POK and hence not a generator of Gp. 

Thus ((p)»p-x(p) precisely if POK 'P1"5 completely in some field 
Lq-KftiT, Cq) where q is a prime satisfying 
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p • X(p) mod q 

û • 1 m o d P O K 

We now refer to the analyses in 111121, and [41 which show how 
to account for the fact that the various Lq need not be linearly 
independent. For k a positive square-free integer with prime 
factorization k - q ^ — q j we let L^ be the compbsitum l ^ L q ^ " ! ^ . 
The analyses lead us to conjecture that pi a) exists and 

H 

(3) p(a) • Zw(U/n(k) 
k-1 

where l/n(k) is the proportion of primes p satisfying (2) which spUt 
completely in L .̂ n(l)-1, and u is the Mobius u-function. 

The numbers n(k) may be computed foUowing |4|. Ut h be the 
largest integer such that u is an h t h power. (The existence of h 
foUows from the finiteness of the class number.) We let ki-k/(h.k) 
and define Hk-K( VSTtJ. Then n(kHHkJ<l. see [41. 

Now H]( is a Kummer extension of the cyclotomic extension 
ZfKfc. ). Furthermore, IZ^JO-ijtk) unless KCC(ck). This happens if 
and only if Aik. see [71. Since k is square-free and A-4D if D41 mod 
4, this happens if and only il Dik and Dal mod 4. In this case 
[Z^KI-ipOO/^ 

Next, (H^Z^I-ki unless u has a qth root in Zk for some prime q 
dividing ki, see [41. Since Zk is abelian over K, q must be 2. Thus 
IH^Z^l-ki unless /ncZk and k̂  (and hence k) is even, in which case 
lHk:Zkl.k,/2. 

Umma 2.1 frt No be the sçuarr-fne part of NDAD.N)2. Jh*n 
yûcZj, ifandonfyif No «1 (mod 41 and Nolk-

Proof: Since u-a2/N is No times a square, the lemma foUows as 
above if 2k-C(Ck). tf not, we have a diagram of field extensions 

O(^) 
A 

/ 
o 

Since /D70(:k). IZk:0]-2if(k). Hence ^Kl-fUO. and as both are 
cyclotomic extensions we have Gal(Zk/K]aGal(G(Cj/Q). Therefore 
both fields have the same number of distinct quadratic subfields. It 
foUows that for any square-free integer M with (M,OM, /M cZk if 
«nd only if TM £0(c. ). Thus the lemma also holds if 2k-S(c. ) • 

We conclude that n(k)-ki<p(U/c(k)t(U where 
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l 1 01 

. ( -
I 1 ol 

f Hk and Dol mod 4 
e(k) • ; 

otherwise 
(4) 

F 2Nolk and No « l mod 4 «kl • ' 
otherwise. 

This completes the conjectured formula 13) for p(ot). Our next 
step is to write down a product formula for p(o). 

t 
If k-qJq2...ql, then k<p(k)- nqi(qi-l). If qfit, then qiKhJl), so 

provided £(k)-6(k)-l for all k. We therefore define 

p( h ) .n(i--i-)n(i-
0-1'}* ' ««q-D' 

and ask for a correction factor if 0 or NQ are congruent to 1 mod A. 
In general we have 

Dlk.2N0lkW Wk^*' 1 '" DktnJIrV BikflyfWW 

viKkxhjo. vu(ki(h.k), yu(k)(hjc) , ymsm 

which can be best written as a product after defining a factor 
Cfhjn) for any meZ by 

C(hjnl 

• - " " ^ - ^ J S i - ^ r i T T ) — 1 mod 4 

if m 41 mod 4 

As can be verified by the patient reader, we then end up with 

Conjecture 3.1 p(a) - P(h)(l • C(hJ5) «Qh.ZNo) • C(h.ton(D,2No)l. 

in particular. p(a) is a rational multiple of \\\1 - ^ -• J. 
q prlnte 

These arguments are hueristic in nature but can likely be made 
precise using the Riemann hypothesis for number fields as in Ml 
Recently Heath-Brown has proved the Artin conjecture for all but 
possibly two primes [31, but hi* methods do not yield density results. 
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Suppose that McZ is a non-square with square-free part Mo an<* 
that h is the largest positive integer such that M is an h"1 power. 
We define p(M) to be the density of primes p for which M is a 
primitive root - i.e. for which M represents a generator of Z/pZ. 
Hooley's result in [4] (assuming the Riemann hypothesis for number 
fields) is 

Proposition 4.1 p(M) - P(h)(l * tthMo)). O 

Returning to our situation, suppose our conjecture 3.1 is true 
and that D>3 mod 4. Then 2IN and hence No^i mod 4, so 

(5) p(a) • P(h)(l • Ohm • pd)*1) 

with pID11) defined as above. This is a sort of reciprocity law 
equating the the density of primes with i(p)-p-X(p) for an exact h"1 

power acK-CK/O^) with the density of primes far which D*1 is a 
primitive root when D"3 mod 4. (Note: both ore zero d h is even). 
This law is only valid as a density statement - the sets of primes 
involved are different. For example, if D«3 and c f l * / T , then 

l(WM-19-X(19) but 3 « a primitive root mod 19. 
Another case where (5) is valid is when D>0, D"l mod 4, «nd 

a-S' for « fundamental unit ptOfr Then h-t «nd No-N—I is not 
congruent to 1 mod 4. The Fibonacci numbers faU under this case 
with d-5, t-1. and f-'Ml*/S). 

The correct formulation of a reciprocity law for all D and a and 
perhaps lor arbitrary abelian extensions is «n open problem. 

Hobby Robson, Department of Mathematics, Oregon State University, 
Cbrvallis, Oregon, 97331-4605. USA 
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P r o p e r D i f f e r e n c e s o f N o n - S q u a r e P o w e r f u l Numbers 

R .A . M o l l i n and P .G . Walsh 

p/ieiented by P. R-ibenbtum, F.R.S.C. 

A powerful number is a positive integer n satisfying the 

property that p divides n whenever the prime p divides n. 

An integer m is said to be a proper difference of powerful numbers 

whenever m = P - Q where P and 0 are powerful numbers and 

g.c.d. (P.Q) = 1- Although attempts have been made in the 

literature to prove that every non-zero integer is a proper 

difference of two pon-square powerful numbers, the answers are 

incomplete. The purpose of this note is to settle the issue. 

Introduction 

In [7], Mollin and Walsh settled the question for odd integers 

and provided an effective algorithm for finding the proper 

differences. In [5] (see also [4] for a summary) McDaniel showed 

that all non-zero integers are a difference of non-square powerful 

numbers, but hia differences are not proper in general. In 

particular, in his consideration of the case n a 0(nod 4), the 

differences are never proper. It is worthy of note that if proper 

differences are not required then, for the case n s Odnod 4), the 

result is immediate from the Mollin-Walah result [6]. 

In [6] Mollin and Walsh attempted to settle the remaining case; 

i.e., they wanted to show that every even integer is a proper 

difference of non-square powerful numbera. Unfortunately, there ia 

a gap in their proof. The problem is as follows. If n is the 

given even integer then we choose an odd integer m > n, relatively 

prime to n, such that B = n(m - n) is not a perfect square. 
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m s 5(Dod 8) if n s 2 (mod 4), and m a 3(mod 8) if n o 0(ood 4). 

Let (x,y) = (T,U) be the minimal positive integer solution of 
2 2 x - By =1. Now, they require that for some such B, g.c.d. 

(U,B) = 1. They incorrectly invoke (9, Theorem, p. 57] to achieve 

this end. 

Therefore, to show once and for all that every non-zero integer 

is a proper difference of two non-square powerful numbers in 

infinitely many ways we provide a general and complete solution 

(including a repair of the aforementioned gap in [6]). We alao give 

an effective algorithm for finding these differences and examples to 

illustrate it. Observe that it suffices to prove the result for 

either one of n or -n. 

Proper Non-Square Differences 

The key to the general solution of the "proper difference" 

problem is the following result which is of interest in its own 

right. 

Theoren I. 

Let n be a non-zero integer and let r and s be non-square 

positive integers. Suppose that the following three conditions are 

satisfied: 
2 2 

(1) The diophantine equation rx - sy = ± n has a positive 
solution in integers (x.y) = (A,B) with g.c.d. (Ar, Bs) = 1. 

2 2 
(2) The diophantine equation x - rsy = t 1 has a positive 
solution in integers (x,y) = (T,U) with g.c.d. (U,ra) = 1. 
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(3) For positive integers k, let: 

(A/F • B/s) (T + U/7s)k = Ak/r + Bk/S", with k s - TA(UBs) "^mod r) 

and k a - TB(UAr) (mod s). Then the following two conditions are 

satiafled: 

(4) A. B 0 (mod r) and B), E 0 (nod s ) with g.c.d. (rAk,sBk) = 1, 

for any positive integer k. 

(5) (A./r)2r3 - (Bk/s)2s3 = ± n for all positive integers k. 

In other words (4) and (5) say that n is a proper difference 

of two non-square powerful numbers in infinitely many ways. 

Proof. Let (t+Vjra)^ = Tk + Okyrs. It is easy to see that 

Ak = ATk + B8Uk and 

Bk = B T k + A r U k " B y I7, lemaa• p-341 Ak = A Tk + B s U k E 

ATk + B8kTk"1U a Tk"1[AT + BskU] (mod r ) . By (3), k a -TA(UsB)"1 

(mod r); whence Ak a 0(mod r ) . Similarly, Bk s 0(mod s ) . 

Now suppose that a prime p divides g.c.d. (rAk,sB k). Then 

(6) ArTk + BrsUk = pc for some integer c, 

(7) BsT. + ArsU. = pd for some integer d. 

Multiplying (6) by Tk, (7) by rUk and subtracting yields: 

p[cTk - drlljl = Ar[Tk
2 - raV^] = t Ar. Secondly, if we multiply 

(7) by T. , (6) by sll. and subtract then we get: 

pEdT. - csU. ) = Bs[T.2 - rsU.2] = ± Bs. We have shown that p k K K X 
divides g.c.d. (Ar.Bs) contradicting (1). Hence, g.c.d. 

(rAk,sBk) = 1 thereby securing (4). Now we turn to a proof of (5); 

(Ak/r)2r3 - (Bk/s)2s 3 = rAk
2 - sB,,2 = 

(ATk + 8BBk)2r - (BTk + ArUk)2s = 

(A2r - B2s) (T k
2 - rsOk

2) = (n) (± 1) = ± n. 

Q.E.D. 
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By Theorem 1, it suffices to find, for each n, an element 

A/r + B/s with g.c.d. (Ar.Bs) = 1 where r and s are positive 
2 2 r— 

non-square integers with A r - B s = ± n; and a solution T + U/rs 

to x2 - rsy2 = ± 1 with g.c.d. (U,rs) = 1. The following table 

gives such elements for all non-zero n > 0, (hence for all 

non-zero n). In the table we write n as a function of t > 0. 

The values n « {1,2,4} are not listed since they represent the 

special cases ( A, B,r,s,T,U) fi {(4,5,11,7,351,40), (1,1,5,3,4,1), 

(1,1,11,7,351,40)) respectively. Note that in the following table, 

for each of the cases n = 4t + 2, 4t several choices are given. 

These choices ensure that r and s are both non-square relatively 

prime since it is not possible for r and s to be non-square and 

not relatively prime in all cases simultaneously. Note that the 

first two lines of the table are the solution to the odd case given 

by Mollin and Walsh in [7], and the next three lines are the 

solution to the n a 2 (mod 4) case given by McDaniel [4]. 

Table 1. 

n 
2t+l;ti2(mod 
2t+l;ts2(mod 

4t+2 
4t+2;t8l(mod 
4t->2;tsl(mod 
4t;t odd 
4t;t even 
4t;t even 
4t;t even 

5) 
5) 

3) 
3) 

A 
1 
t+1 
1 
1 
1 
1 
1 
1 
1 

B. r 
t2+2t+2 
2 

2t2+4t+l 
2t2+4t+3 
6t2+8t+3 
t2+2t+2 
2t2+2t+l 
2t2+3t+l 
2t2+t+l 

s 
t2+l 

2t2+2t+l 
2t2-l 
2t2+l 
6t2+4t+l 
t2-2t+2 

2t2-2t+l 
2t2-t+l 
2t2-3t+l 

T 
t2+t+l 
2t+l 
(2t2+2t-l)2-l 
(2t2+2t+l)2+l 

(18t2+18t+5)2+l 
(t6+3t2)/2 
2t2 

4t3+2t2+l 
4t3-2t2-l 

u 
1 
1 

2t2+2t-l 
2t2+2t+l 
3{18t2+18t+5 
(t4+l)/2 

1 
2t 
2t 



R.A. Mollin and P.G. Walsh 75 

In all cases the conditions (1) - (3) of Theorem 1 are 

satisfied, and so we have proved: 

Theorem 2. Every non-zero integer is the proper difference of two 

non-square powerful numbers in infinitely many ways. 

Observe that via Table 1 and Theorem 1 we have an effective 

algorithm for finding these differences, as the following examples 

illustrate. 

Example 1. n = 3. We use Table 1, lino 1 witb r = 5, s = 2, T = 3, 

and U = A = B = 1 to get (/5 + V2) (3 + /TO)k with k a 1 (mod 10). 
7 3 For k = 1 we get h^Sr + Bk/a = S/F + 8/7 and ao 3 = 2 - 5 . 

Example 2. o = 8. We use Table 1, line 7 with t = 2. In this case 
i. 

we form tho product (/T7 + /F) (8 + SZB) with k a 14(mod 65). 

For k = 14 we get: 

A / F + Bk/8 = (4741115028961333.13)/T7 + (19876527516465469.5)/F 

so that: 

8 = (4741115028961333)2.133 - {198765275Ï6465469)2.53. 

Remark 1. The choices for r and s in the even cases yield B = 

rs = m(m - n) where r = m and s = m - n. With reference to the 

discussion given in the introduction this closes the gap in (6, 

Theorem 2.1, p. 805]. 
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Remark 2. The choices of r and s were made so that rs is of 
2 

Richaud-Degert type; i.e., of the form ra = l + t where t 

divides It and -t < t i I. This allows us to write down 

explicitly the well known fundamental unit of 0(/rs). Thus we can 

guarantee the required G.C.D. conditions. 
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Straight Edgo Coostmctioos oa Planar Cubic Carveg 

N. S. MCHDELSOUN, II. PADMANABHAN AND DARRY WOLK 
F.R.S.C. 

1. Introduction. 
In elementary EucUdean geometry coastructiena using atraigbl edge 

and compasses play a prominent rote. For other second degree curves 
(conies) there are a few straight edge coostructtons based on the Pascal-
Brianchoo theorem which exist in the Uterature. For higher plane curves 
tbe Uterature appears to be non-ejùstent. Nevertbeless, there does exist 
an interesting class of straight edge cooitructions lo which Ihis paper 
addresses itself. 

3. TIio Aigobra of Cubic Straight Edgo Incidence. 
We start with some known results. If P and Q ace two distinct points 

on a cubic curve, the Une jotolng P, Q will. In general, meet tbe curve in 
a third point It If the Une joining PQ ia tangent to tbe cubic at P then 
tbe point A i* token to bo P. We introduce a binary operator o and put 
PaQ = R. It is clear that the following identilies hold. 

(1) PoQ = QoP 
(2) PoiPùQ)mQ 
A system satisfying identities (1) and (2) has been named in the Uter-

ature as an extended triple system and sometimes os a non-idempoteot 
Steioer triple system. An important special case of on extended triple 
system b one which satisfies the medial identity 

(3) (PoQ)t>(RoS) = iPoR)oiQoS) 
Systems sotislying tbe identities (1), (2), (3) also satisfy 

(4) ((/> o Q) o A) o 5 = ((P o 5) o A) o Q 
It b «IM true that systems satisfying (1), (2). (4) also satbfy (3). A 
trivial consequeoce of (1) and (2) b P o Q = A iff P o A = Q. Thb 
impUes lhat if o U deftnedonevery ordered pair of aset S, then the pair 
(5,0) b a quastgroup. We denote thb quasigroup by Q(Sta). 

If C b a non*degenerate cubic curve defined over a field, and has ao 
singular pointa (C b an elUptic curve), then il b obvious that o b defined 
on all ordered pairs of points of C and,therefore, the points of C form 
a quasigroup. In the case of a cubic curve witb a singular point, then 
excluding thb point tbe remaining points also form a quasigroup. A 
generalisation to cubic curves of the Pappus-Pascal-Btianchon theoiem 

BS 

t t t K 
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78 N.S. Mendelsohn, R. Padmanabhan and B. Wolk 

implieo llut the qiuiigtoup. in the« c u a wtafy the mediiU law (Hgure 
1). A proof of thia ia found in [2). If the cubic curve ia coordinated by . 
•ublleld of the Kali, we have the notion of aatraight edge construction. It 
P «nd 0 are distinct point, on a cubic curve and « = PoQ we say lhat H 
is obtained by a straight edge construction. A consequence of the medial 
law is the implication ,4 o fl a Co fl impUes 1̂ o (tf o C) = (fl o J/) „ o 
for all tf. A derivation of this impUcation from the Pappus-Pascal-
Oriancbon theorem for conies is given in p). Uowever. the implication 
can be verified directly and this vérification is vaUd for medial extended 
triple systems which cannot be associated with a cubic curve. If we 
put (/ = fl and transfer O lo the other side of Ihe equation we obtain 
,4ofl = C O implies Bo f l = OoMo(floC)) . l f now we are given a 
cubic curve and a point fl on it, it is easy to find A, C, O in many ways 
so that A o fl = C o fl. In fact, let P be a point on the cubic such that 
P ^ f l . LetA = Pofl. (if A = Por A=flclioo3e another point for P). 
Ut C tx any other point on the cubic and let D= PoC (again if fl = C 
or D = P choose another point for C). Tlien P = Aofl = Cofl. Inthe 
equation flofl = flo(Ao(flaO) by avoiding a littite number of choices 
of P and C we have fl ^ C, A / fl oC and D jt A o (D oC). Ilence the 
right side of the equation leads lo a point obtainable by a straight edge 
construction. Hence the tangent at a point fl is obtainable by a straight 
edge construction. Rom this it foUows that if A,, Aj yl, are points 
on a cubic curve and P = H'(A1M,,.. .Ar) where the right side is a 
word in the extended triple system algebra, then P is obtainable by a 
straight edge construction from Ai,A7 A,. 

We next look al the connection between medial extended systems and 
AbeUan groups. Ut QlS.o) be a medial extended triple system and 
let e be an arbitrary fixed element of S. Define a system C(S,+) by 
o + 6= (ao4)oc for a,J6 S. Obviously e + c = e, onda + 6 = 6 + o 
Now n+(6+c) = (ao((ioc)oe))oe = (((ioc)oe)oa)oe and (a+4)+c = 
(((.oi)ce)oc)oe = (((eoi)oe)oa)oe. Ilence, ( .+6)+c = o+(i+c). Ah» 
put ao(eoe) = - a . Then a + ( - 0 ) = (ao(oo(eot)))oe = (coe)oe = c. 
Hence C(S,+) a an abelian group with identity element e. 

Conversely if C(S,+) is ao abelian group, define the system Q(S.o) 
by o o 6 = -a - 1 for aU o,6 E 5. Then identities (1), (2), and (3) 
are immediately verified and hence <5(S,o) is a medial extended triple 
system. Note lhat in out definition of o o 4 if e is the identity element 
of the group then in Q(5, o), e o e = e. If wc wish to map C(S, +) into 
a system Q(S, o) iu which the identity element e of the group is not 
idempotent in the cottcsponding quasigroup, we let e be a tree element 
ofthe quasigroup and define n o t = - a - 6 + ( e o e ) . 

Note that if we look at the situation where the quasigroup is defined on 
a cubic curve C, it is convenient if possible to take a point of inflection as 
the point e which is used to define addition in an associated group. If we 
take a set of points on the cubic and and consider the sub-quosigroup 
generated by straight edge constructions, it does not follow that the 
point e is generated in the algebra. Hence in the quasigtoup Q[C,o) a 
subset of C may generate a subalgebra which docs not correspond to a 
subgroup of C(C, +(. Of course if the point e is generated by straight 
edge constructions ftom a subset S of C. then the subalgebra generated 
by S corresponds to a subgroup of C(C. +). The situation is tbe same 
even in the case of medial extended system quasigroups which do not 
arise ftom cubic curves. Tbe following examples illustrate some of the 
possibiUties. 

Examplo I. Ut Csn be the cycUc group of order 3n. (This group 
exists on every Don-singular cubic curve over the reals). If we represent 
the elements of this group by the integers mod 3n and put 

tf = tbe subgroup of C», consisting of the integers s 0 mod 3. 
Bi = the «set consisting of the integets = I mod 3. 
Ht - the coset consisting of the integers = 2 mod 3. 

Then each of fl, Hi.ffy 'a closed under the operation s o y = - r - y . 
Examplo 2. U t G be a Crée abeUan group on a set of generators S. 

U t r be a subset of independent elements of 5. Letao6= -a-b. Then 
the elements of the quasigroup generated by T under the operation o do 
not form a subgroup of G[S, +)• EQ fact an easy induction shows that 
the set of generated dements consists of all finite sums £ o.i, where (, 
is in T and the Oj ore integers such that £ oj s 1 mod 3. 
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3. Symmotric Words. 
Lei Q(5,o) be an extended triple system quasigroup. A word. 

W{ai,ai,. ..,a„) b symmetric if it unchanged in value by any permu-
tation of 01,03,... .a». The motivation for studying symmetric words 
coma from geometric conûderatîona. For instance, if a^oj.as.o^ot 
are five points on a cubic there b » eonic passing through thâe points. 
Obviouily, thb cane b indepeadeat of the order in which the points are 
token. 
Thoorom 1. let auaif-tOn bo » fi*0 efement» in a 6ee extended 
tripto gi tem qttZstxroup iJ{S,o)- Then if n a 1 mod 3 or n a 2 mod 3 
there b exacUr one eoajvatence cioss ofajromptric wonfi in the eiements 
o,. o, p, m which each of'tJie ai. oa On ippearsonce to any word 
ofthecquivafeBceclaa. IfnaOmodO then there is no such synunetric 
word. 
Paoor: Consider the set of words defined inductively as follows; 
IV, » ai, ÏV2 = (a, o aj), W4 = (ai o a,) o (a, o a4)( 
W% 3 ((at o 03) o (a» 0 a,)) o a t , . . . where W,+, 3 Wi a aj + l if i 3 I 
mod 3 and Wi+i = wta (ai+1 o 0̂ 4.3) if i a 2 mod 3. We prove that fbr 
i ^ 0 mod 3 each Wt b symmetric in its elements and any symmetric 
word in 01,03,. .. .oj of length i b equivalent to Wj. Also if i 3 0 mod 
3 there b 00 symmetric word. 

tb the quasigroup 0(5,0) adjoin an tdempoient element e (i. e. take 
the free product of tbe one element quasigroup Q(e,o) wUhQ(5>o)). In 
thb enlarged quasigroup define a-f 6 = (aa6)oe and hence ao&= —a—fr. 
Within thb group (as io example 2) any word in generators of Q(S, o) 
has the form ^n^aj where ^ n j a I mod 3. tn terms of independent 
elements oj <= 5 the only symmetric words which are generated in which 
each element appears exactly once arc ai +aJ+ - • + an if n = 1 mod 3 
and-ai—os—••--anifn 5 2 m o d 3 . Ruthermore no word b generated 
if n a 0 mod 3. An cosy induction shows that W,, a a, + a, + - • - + a* 
if n a 1 mod 3 and W, = - a i - aj - a « i f n a 3 mod 3. In fact. 
these are the precise group expressions one would obtain for Wm if one 
were dealing with the one dimensional complex torus group which b the 
underlying group of a complex cubic. 

There are alternative bracketings which yield tho same valued word 
as WH. Some may be obtained simply by the application of the commu-
tative law. But some have a greater interest. For instance, if n = m ^ 0 
mod 3, then il b easily deduced that 
W V a i . a j un)oVV,n(an+i,ar i + I an+m)=Wn+m(ai,ait.. .**+*)• 

H 

iA*eHc«o 

/ 

Figure 2 
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4. Soma Gaomotrical Intorprotatioas. 
Consider a real cubic curve C drawn in the plane but in which the 

inflection points are not marked. We examine three examples of straight 
edge constructions. 

Examplo 3. Let 01,03,03,04,01 be five dbtinct points oa the cubic 
C. Through 01,03,03,04,01 there exbts a unique conic section which 
meets the cubic in a sixth point x. In (act x = Ws(ai.03,03,04.01). 
Note thb requires the drawing of only four straight lines as illustrated 
ia figure 3. A proof b based on a consequence of tbe Pascal-Brianchoa 
tbeorem and appears in (3). Note lhat if three of 01,03,03,04,01 are 
cotliaear the conic degenerates into two straight tines and the construc-
tioa requires the drawing of 00e Une only. 

Examplo 4. Let 01,03,....ag be eight dbtiact paints on a cubic 
curve. Through these points pass an infinite number of cubic curves all 
of which pass through a fixed point x. In fact, « = 1^(01,03 aa). 
Thb construction requires the drawing of only seven lines (see figure 3). 

Examplo 5. We look at two geometric interpretations of the word 
Wiofai.aj,... ,010) where the points a, are on a cubic curve. Consider 
the two idcDtities 

(5) Wioiot.O},. ...Oto) = Ws{ai,a-J....,aa)a (Vsfoo.Oio) 
(6) IVto(at.03 «io) = Wl{alta2,...,ai)oWt{a^a7 010) 

Equation (5) b interpreted AS follows.The tea points are arbitrarily por-
tilioaed into dbjoial subsets of eight and two points, respectively. Tbe 
line joining the latter two points meets the cubic ia the point * (soy). 
The remaining eight points are the vertices of a pencil of cubics all ot 
which pass through a ninth point ». The point Ww b the point where 
tbe line through c and y meets the cubic. 

Tbe inter pretotion of equation (6) b geometrically very different. Here 
the ten points are partitioned into two dbjoint sets of five points. Each 
of these sets define conies which meet the cubic again in pointa r and y. 
Again tbe point VVl0 b the intersection of the line through 2 and y and 
tbe cubic. 

The following theorem of Cayley-Dacharaeb (see (7]) b particularly 
germane to the concept of straight edge construction. We state thb 
theorem in its most general form. 

\ 
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Figure 3 
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Cayloy-Docborach Thoorom. Let F utd G be plvte curves of degree 
m and n, respecCivê y such that (hey intersect ia mn dbtiact points. 
Tben vty curve ll of degree m + n - 3 passiog through all but oae point 
ofV{F) n V(G) abo passes through the renuiaiag point. 

Thb theorem leads to the following interpretation of Ws,,^^ which we 
state as tbeorem 2 without proof. 

Thoorem 3. £et C he a pfone cubic curve and fet C be a curve of 
degree n such that "̂ " d u meet ia 3n poMtBQi.o» q^. T W ogy 
curve of degreo n which poswa through ai.at asn-i, a£so passe» 
Ihrongh oaw and in fact o*. = IVafi-ifai.Oi oan-i). 

Examples 3 and 4 are special cases of theorem 2. They were included 
because they are needed tot the interpretation of example S. 

5. Aa Algobraic Cbamctorisatton of lho Goomotric Pro* 
cesses. 

In thb section we give two types of results characterbing, respectively, 
the binary and the qutnlic geometric processes dbcussed above by means 
of formal algebraic coaditioas. It b easily seen that the (3a-t)-ary case 
can be handled in the same manner. 

Thoorom 3. Let * he a ratroaai hinary opération defjped oa a noa-
singuiar cubic curve in the complex projective plane. Then r*y == roy. 
the hinary law of composition obtained hy the procoM of the chord-
tangeni censtructtoo iif the binary a/gebra (F;*) b an extended triple 
system and e • e = c for some ingection pomt e of the curve F . 

Proof: Aa mentioned before o does define an extended triple system 
on F and the tangent at every inflection point e has triple contact witb 
the curve and hence by the very definition of the operatton o, we bave 
e o e = e for aU inflection pointa e of the cubic. 

Conversely, let » be a binary rational function defining an extended 
triple system on F and let e * e = e for some infleclioa point e of the 
curve F. Form tbe 4-ary composite rational function 
/(*, y, x, 0 = ((* # y) * r) o (t o ((i o y) o :)). Now 
/(x,fr, fr,0 = ((x * fr) *4) o (t«)((xofr)ofr)) = t o ( ( or) = ( »nd hence/ 
docs not depend upon the value of z for the special choice of y = r = fr 
and hence by the "local => global" principle (Cf Lemma 1 of [3| or $2 
of [2]). tbe function / does not depend on x for all values of y,xtt . 
In other words, we have the global identity /(x,y,*,l) a /(v,y,J,l). 
Substituting u = r we get lhat /(x.y.z.f) = i and hence 
((x * y) * r) o (( o ((* o y) o <)) = ( = {{z oy)oz) o (( o ((x o y) o x)). 
Now cancelling the common term (t e ((x a y) o z)) we get the basic link 
between * and o, namely, 

(7) (x*y)*r = (xoy)or 
Substituting e s y s e and x = uov we gel e*(uov) = eo(tioo), and 
hence, by (7) again. e*(uot>) = e*(a*e) for all u.v in F. 

Cancelling the common element e oa both aides of the above equality, 
we gel the desired conclusion that the binary function u * o b indeed 
equal lo nop, the chord-tangent operation. Thb completes the proof of 
the theorem. 

Using similar reasoning oae can prove an analogous result for the 5-
ory conic process as given in example 3. Wc state thb result without 
proof as foUows. 
Thoorem 4. Let F be a non-sincufar comptox cubic curve, and /et e he 
a fixed point of ioJgctr'oa oa F. A ^-ary ratioaaf fimcttoo O defined on 
F b Che same as ohtained hy the 5-ary conic process iff ft b qymroetric 
in xtf its five arguments and satbffc» tneToBmrmg two identitiej; 

(1) *(*(«.». eieie),x,e,e,e)) = y 
(2) «(e t e ,e ,e .e )3e 
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(IM CanJE îraltonj, to appear in Note di Mathematica. 
(2) N. 5. Mendelsohn, IL Padmanabhan sod B. Wolk. 0esi,n> Em-

UiiaUt in a f/onor CsJic Cunt, to appear in Note di Mslbe-
mattca. 

(3) N. S. Mendelsohn, It Padmanabhan and B. Wolk./l KeJcr Con-
ilrnciton OR Caitc» «a Equationat Lope, submitted to Algebra 
Universslis. 

(4) N. 5. Mendelsohn, ft Padmanabhan and B. Wolk, Repn,tniaiton 
o/ DtttTjtt, end Pspf u lite Con/ijsralioiu, submitted lo Finite 
Geometries and Combinatorial Designs. 

(5) E. Mendelsohn, N. S. Mendelsohn, R. Padmanabhan and B. Wolk, 
Occompenlion of Prime ChaUn mt Complex C»*ic Csn», Con-
gcessus Nnmeisntiiun 57 (ISS7) 55-61. 

(6) N. S. Mendelsohn, ft Psdmuabhsn and B. Wolk, Some Acmsrfa 
au u-CIiufer» on CB6K Csrvci, to appear. 

(7) Makato Namba, Geometry e/Pnjtclix Aljeimic Curvet, Marcel 
Decker, New York 1086, page 74 Theoiem 1.4.111 

The nsearch ol all thne authon was supported br Ihe NSERC of Canada 

OepartoMiit of UaUmnstk. n d /Mnaoay 
UMvavtjr ef Mwslob* 
Winnipes, CSOMU. RJT IN J. 

Received November 18, 1987 



C.B. Math. Rep. Acad. S e l . Canada - Vol. X, No. 2 , April 1988 a v r i l 83 

SAMPLE PATH PROPERTIES OF THK SUPPORT PROCESS OF 
SUPBR-BROWNI AN-MOTION 

D.A. Dawson F.R.S.C. , I . Iscoe and E.A. Perkins 

ABSTRACT 

Properties of the support process of super-Brownian motion 
are studied. In particular results on the exact Hausdorff measure 
of the range, the probability of hitting sets and the 
non-existence of multiple points in high dimensions are obtained. 

1. INTRODUCTION. 

Let Mp(R ) denote the space of finite measures on 

(R ,S(R )) furnished with the topology of weak convergence. 

Let tSt:t 2 0) denote the semigroup of operators on C(Rd) 

associated with d-dimensional Brownian motion. For w £ C(R ) + , 

let u(t,x) denote the unique solution of 

x) = ««(x) . (l.l) u(t,x) = St«>(x) - (1/2)J St_8[u(s,.) Jds, u(0, 

The super-Brownian-motion is a continuous Mp(R )-valued Markov 
process Xt which is uniquely determined by the conditional 
Laplace functional 

E exp(-J»(x)dXt(x))|xa=m = exp(-Ju(t-3,x)dQ(x)) 

for t > s (cf. Watanabe [8]). The law of X on û = C([0,a>),MF) 
with X(0) = m is denoted by Qm. 

For u E fl, the closed support of Xt(u) is denoted by 

S(Xt(u)). For I C [0,0), the range of the support process 

R<I):= U S(X4.|. Let R ( I ) denote the closure of R(I) and 
tel l 

(1),(2),(3) Research supported by NSERC. 
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^ • ( ( r . B j ) := U K ( ( u , s J ) , 
u>r 

2. HOLDER RIGHT CONTINUITY 

If A C Rd and r > 0, let A = (x:d(x,A) S r) where 

d(x,A) := inf |x-y|. 
yÊA 

THEOREM 2.1. Let m e MF(Rd). Then for Qm-a.e. o and each 

c > 2 there la a a(u,c) such that if s,t 2 0 satisfy 

0 < t-s < a(u,c), then 

c.h(t-s) 
S(Xt(u)) S S(Xa(u)) 

1/2 
1 

where h(t) := t((log - )vl) 
t 

If Kj and K2 are compact subsets of R , 

Then 

ol{Kl,K2) := sup d(x,K2) 

elKl,K2) := max[t)1(K1,K2) . « J C K J ^ J ) ] 

is the Hausdorff metric on K(R ), the collection of compact 

subsets of R . The continuity of X and compactness of the 

support of Xt for t>0 (the latter follows easily from Theorem 

2.1) imply that 

Qm[lim P1(S(Xt),S(Xa)) = 0 for all t>oj = 1. 

The above theorem yields the following. 

COROLLARY 2.2. The K(Rd)-valued process S(Xt) is right 

continuous in the Hausdorff metric. Qln-a.s. 

REMARK. Theorem 2.1 follows from a sample path Holder continuity 

property for a non-standard model of the measure-valued process 
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Xt which ia established in [IJ. The latter result is shown to be 

false for c<2. 

3. THE RANGE OF THE SUPPORT PROCESS AND THE OCCUPATION-TIME 

PROCESS. 
For r < s the weighted occupation time is defined as 

Y (A) := T X (A)du . 
r,s Jr 

Note that R((r,s)) is the closed support for the measure Y 
r,a 

Let *(x) = x4log+log+- where log*(u) = (log u)vO, ^(x) = 
x 

x4log+- and *4(x) = *0(x)log+log*- . Hausdorff ^-measure is 
x * 

denoted by ifr-m . 

THEOREM 3.1. (a) Let d > 4. There are constants C3>1(d) and 

03 2id) such that for all m S MF(Rd) and for Qm-a.e. u, 

(3.1) C3>1(d)*-m(ff((r,a))nA) S YriB(A) S 03 ̂  (cl)*-n(R( ( r ,s) )nA) 

(3.2) 03 1(d)\('-m(R+((0,s))nA) SY 0 i S(A) S C3 2(d)*-m(ff( (0,s) )nA) 

for all A S fl(Bd) and all 0 < r S s i <=. 

(b) Let d = 4. There is a constant C3 gC1' such that for all 

m e MF(Ed) and Qm-a.e. u, 

Yr a(A) i C3#2(4)*4-m(R((r,s))nA) for all A B B{Hd), 
0 & T A 8 £ 1 

«0-m(R((r,»))) < « for all r > 0 . 

4. ASYMPTOTICS FOR THE PROBABILITY OF HITTING SMALL BALLS 

Let B(x0;e) denote the ball of radius t and center x0. 

The next result gives the asymptotics as €tO for the probability 
that the ball has positive mass at a fixed time. 

THEOREM 4.1. Let d 2 3 , t 0 > 0 , x 0 > 0 be fixed. There is a 

conatant Cj auch that as ' ""• 0 , 
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Qa{X (B(xn;6)) > 0) - Co.4 
d-2 

LdP< t0 , x- x0 > d m < x ) 

The following estimates for the probability of hitting a 

ball of radius £ are based on Iscoe [4]. 

THEOREM 4.2. 

(a) Aaaume d > 4. There ia a constant o. , and a positive 

sequence (6^) converging to zero (and depending only on d) such 

, 2-d 4-d 
that if d(x,supp(m)) > k« and k||y-x| dm(y) < « , then 

d-4. 2-d 
(l-€k)c41e Jly-x| dm(y) ^ Qm(Xt(B(x;t) > 0 for some t a 0) 

d-4. 2-d 
S (l+ék)c4-1e J|y-x| dm(y) .. 

(b) Aaaume d = 4, d(x,supp(m)) > (ktjvt1'"1 and 

r -2 1 
kj|y-x| dm(y) < log - , then 

(l-€u)2 log -
t 

-2 2/k 
J |y-x| dm(y) - i mCR'1) 

S Qm(Xt(B(x;t) > 0 for some t S 0) 

- i - l 

S (l+€l,)2 log — 
I 

r -z 

J|y-x| dm(y) . 

Theorem 4.1 yields the following. 

d-2 
COROLLARY 4.1, Let d i 3. If X -m(A) = 0, then 

QI11(AnS(Xt) = *) = 1 for all t > 0. 

The process X is said to hit A S Rd if AnR+((0,»)) * *. 

In dimensions d £ 3 it follows from the existence of local times 

(Iscoe (3], Sugitani [(7)) that X hits points. Moreover 
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ePCX. h i t s (x)) = 1 - exp 
- 2 -2(4-d)J|y-xr din(y) 

In higher dimensions Theorem 4.2 yields the following. 

d-4 
COROLLARY 4.2. Let d > 4 and x -m(A) = 0. Then X does not 

od. hit A Qm-a.s. for any m 6 MF(Ra>. 

COROLLARY 4.3. Let d = 4 and log — 
x 

-1 

-m(A) = 0. Then X does 

not hit A Qm-a.s. for any m £ Mlr(Rd). 

The aet of k-multiple points is defined by 

R := (x: x € n Rd; ) , for some I,,..., I,, disjoint 
k 1=1 1 I K 

compact intervals in (0,CD)) 

COROLLARY 4.4. Let d ^ 5 and k 2 . Then R = * a. 
d-4 k 

REMARKS. (1) In particular thia implies that X does not have 

self-intersections in dimensions d ^ 8. 

(2) Perkins [6] has shown the existence of intersections of 

d 
order k if k < and determined the Hausdorff dimensions of 

d-4 
the sets IV. Also Dynkin [2] has established the existence of 

d 
self-intersection local times of order k for k < . 

d-4 

(3) The proofs of Theorems 2.1, 3.1, 4.1 and 4.2 are given in 

Dawson, Iscoe and Perkins [1). 
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A MODEL FOR COQUAND'S THEORY 

OF CONSTRUCTIONS 
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Presented by J. lembek, F.R.S,C 

In [6] we introduced the concept of semigranular category with 

the goal of extending Girard's model of the second order X calculus [4] 

to higher types. In this announcement we use the same raw 

material to produce a model of Coquand's theory of constructions [1]. 

Due to space limitations we cannot cover the syntactical aspect of 

the theory. A detailed account of everything is being written up. 

When examining the theory of constructions, one discerns the 

following features: there are "type-like" constructions of two sizes: 

small sets (called propositions) and classes (e.g. the type Prop of all 

sets). There are "term-like" constructions corresponding to mappings 

between sets or classes. There is the capability of defining dependent 

types à la Martin-Lof, corresponding to indexed families (Yx)x{x 

where Y, ,X may be either sets or classes, and finally there is the 

TT operator allowing us to take the product (TTxex)Yx of a family; 

the power of the system comes from the fact that the product of a 

family of sets is always a set, regardless of whether the indexing 

type is a set or a class. 

Let C be a category which has multicoproducts [2] and all of 

whose morphisms arc mono. Wc say a discrete cocone (xi:Xi-»Y)l£i 

in C is a sum candidate if it belongs to a multicoproduct family, i.c. 
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if (x^! is initial in its component of Cocone(Xi)i . Similarly a single 

object W is empty if it is initial in its component of C . An object 

X of C is finitelypresentab/e (f.p.) [8] if the representable functor 

Hom(Xr) preserves filtered colimits. X is said to be prime if it is 

not empty, and given any sum candidate (xi:Xi-»X)i{] with vertex 

X there is i€l such that X] is an isomorphism. X is atomic if it 

has exactly two subobjects. Atoms are prime. 

Definition: A category C is called an aggregate (resp. a 

semigranular category) if 

- edl morphisms are mono. 

- it has multicoproducts and filtered colimits. 

- it has a strong generating set made of f.p. prime objects with 

finite subobject lattices (resp. f.p. atomic objects) 

- if (Xi:Xi-»X)iei is a sum candidate in C with f:A-»X where A 

is prime then there is i€l and g:A-»Xi with x1g=f. 

An aggregate is always a locally MQ-multipresentable category 

[3] , and therefore it is multicocomplete and has connected limits. Wc 

say a functor F:C-»D between aggregates is entire if it preserves 

filtered colimits and pullbacks. Let AeD . We say an object (X.x) of 

A/F (i.e. x:A-»FX) is a generic arrow (cf. [5]) if given any diagram 

of the form 

(X,x)—>(Y,y)«—(Z,2) 

in A/F there exists a (necessarily unique) (X1x)-»(Z,z) making the 

triangle commute. 
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for any prime AcID , any y.A-»FY there exists a generic x:A-»FX 

where X is f.p. and a morphism (Xlx)-»(Y,y) in A/F. 

Given a family (Cj)|(] of aggregates (semigranular categories) 

their product TTjCj is an aggregate (semigranular) and is the 

categorical product for entire functors as morphisms. In particular 

the one object category 11 is semigranular and terminal for entire 

functors. 

In our model (non variable) classes will be interpreted as 

semigranular categories. A small set will be interpreted as a (possibly 

empty) semigranular poset whose multicoproduct families are all 

singletons or empty, that is, as an atomic Scott domain [7], or 

equivalently as a qualitative domain (4) where the empty 

semilattice of subsets is allowed. We will use the term qualitative 

domain to cover those three equivalent entities. Terms between 

classes will be interpreted as entire functors. We arc left to interpret 

variable terms. It is a standard practice of category theory to 

consider a "family (Yx)x€x of objects of a category indexed by object 

X ' as a morphism Y-»X in the category where Y corresponds to 

the disjoint sum llxYx . Such a morphism will be interpreted in our 

case as a special kind of fibration E-»C . For every S€C the fiber E s 

will be a semigranular category, and so E will be a lot like "a 

disjoint union of semigranular categories". Even if C is 

semigranular, E will not be semigranular, but only an aggregate. 

Since the syntax of the theory forces us to have towers 

En->En.i-»... -•C of fibrations it is natural to develop the theory 

when the base category C is an aggregate. 
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Definition: Let C be an aggregate. A semigranular fibration is 
a category E:E—tC above C such that 

- E is both a fibration and an opfibration (i.e. for every s:S-»T 

in t , any splitting s":ET-»Es for s has a left adjoint 3 3 ). 

- Every fiber is a semigranular category. 

- Every cocartesian arrow is also cartesian (3 S is always full 

and faithful). 

- If A€E° is atomic in its fiber and a:A-»B a cocartesian 

arrow then B is atomic in its fiber (3 S sends atoms to atoms). 

Wc will call an object of E which is atomic in its fiber a 

semiatom. Since E is an opfibration it can be thought of as a 

covariant functor from C to the category of all semigranular 

categories (with morphisms embeddings sending atoms to atoms and 

that have a coreflector). Wc need an additional condition making this 

functor entire. 

Definitions: an object X of E is said to be F.-generic if given 

any diagram X—•Y^—Z of cocartesian arrows there exist a 

(necessarily unique and also, it turns out, cocartesian) morphism 

X-»Z making the triangle commute. E is an entire fibration if for 

every semiatom A of E there exists an E-gencric X and a 

cocartesian arrow X-»A . 

Theorem: If E:E-»C is an entire fibration above aggregate IC 

then E is an aggregate and E is entire. 

We denote by Flb(C) the category whose objects are entire 
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fibrations above C and where a morphism from E:E-»C to F:F-*C 

is an entire functor H:E-»F with FH = E. We write Fib(C)(E,F) for 

the category whose objects are the functors H as above and where 

a morphism (p:H->H' is a cartesian natural transformation tf such 

that Fipolg ( (p is cartesian \i tor any f:X-»Y in E the 

commutative square defining naturality for f is a pullback). 

Theorem: Flb(C)(E,F) is a semigranular category. 

If A is a semigranular category the constant fibration CxA-*C 

is in Fib(C] . We write Flbs(C) for the full subcategory of ¥\b(C) 

whose objects are small-fibercd entire fibrations, i.e. where every 

fiber is a qualitative domain. If ID is another aggregate and K:D-»C 

an entire functor then the (standard on-the-nose) pullback of any 

entire fibration above C is an entire fibration above ID , and this 

defines a functor D*:Flb(C)-»Fib(D) which as usual corresponds to 

substitution in syntax. One shows thus Fib(IC) has finite products. 

Theorem: D* has a right adjoint TTp which sends small-fibered 

fibrations to small-fibered ones. 

A consequence of this is that Fib(C) and Fibs(C) are always 

cartesian closed, and in particular Flbd) , the category of 

semigranular categories and entire functors. One takes FE to be 

TTp(F*E). Let G:G-»D be in Flb(D) . TTDCG) is calculated "pointwise" 

in the sense that for ScC the fiber above S will be the 

semigranular category Flb(Ds)(lDS1I,G), where I:IDS-»D is the 

inclusion of the fiber; in other words, it is the class of all splittings 

W:Ds->6 , GW=1|)S , just as for sets. 



94 F. Lamarche 

We are left to describe the class IP of all sets and its associated 

entire fibration H;[H->P which classifies all such small fibrations. If 

qD is Girard's category of qualitative domains and morphisms 

thereof [4], P is the disjoint union qD+l , where one isolated object 

is added to take care of the empty qualitative domain. It is easy to 

see that a morphism of qualitative domains is the same as an 

embedding of the posets which sends atoms to atoms and has a right 

adjoint, and therefore there is a natural small entire fibration 

H: 1H-»P which is such that for any E:E-»C in Fibs(C) there exists 

K:C-»P with HaK*H . This is the semantical counterpart of the fact 

that a (variable or not) set is a term of type Prop. 
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t t * 
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Let 

US, : f lifi 
nsl 

where r denotes Ramanujan's tau-function. The series is 

absolutely convergent for f > 13/2 and defines an entire 

function L(s) . It is known that L(s) has real zeros at 

s = 0, -1, -2,... and that all other zeros are non-real. The 

non-real zeros are syrametric about the real axis and about the 

line » = 6 . It is conjectured that they all lie on the line 

u = 6 , i.e., that L(s) satisfies a Riemann Hypothesis. It is 

known that they all lie in the strip 11/2 < » < 13/2 and the 

number of them with ordinales in (0,T) is 

- log -Ï- + O(loa T) 
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Little else is known about the vertical distribution of the zeros. 

In particular, all that is known about multiplicities of zeros is 

that the multiplicity of a zero in 0 < t < T cannot be larger 

than a constant times log T, 

We remark that there are other Dirichlet series which are 

known to have infinitely many simple zeros. In fact, a positive 

proportion of the zeros of the Riemann zeta-function are known to 

be simple via Levinson's method (see Heath-Brown 14)), and the 

same result holds for Dirichlet L-functions. Also, the authors 

and S. Gonek [1] have used a different method to show that the 

Dedekind zeta function of a quadratic extension of the rationals 

6/11 
has at least T simple zeros in the rectangle 0 < » < 1 , 

0 < t < T if T is sufficiently large. 

We are able to show that infinitely many of the non-real 

zeros of L(s) are simple zeros. In fact, we have a stronger 

result : 

The area. For any f > 0 and any T- > 0 there is a T > T. 

suoh that L(s) has at least x1'6"' simple zeros in the 

rectangle 11/2 < <r < 13/2 , 0 < t < T . 

Our theorem here uses a different method than those mentioned 

above. The idea of the proof is as follows. Let p = 0 * iy 

denote a zero of L(s) . We prove a formula which, roughly 

speaking, has the shape 
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I») J a(p)L'(/')r(,))e"'1/'/2 « £ L'lp)alp)r{,i)T'' , 
0<T<T 0<l<logT 

where nip) is an innocuous factor. The proof of (*) depends 

on the functional equation satisfied by Lis) , on the fact that 

r(s) and exp(x) are Mellin transforms, and on the periodicity of 

the exponential function. The proof proceeds somewhat like the 

proof of an "explicit formula" from classical prime number theory. 

If no zeros are simple then both sides of (») are 

identically 0 . We prove that L(s) does have at least one 

simple zero. This requires a special calculation and, to a 

certain extent, limits the generality of our method. Now let $ 

be the supremum of the real parts of simple zeros of L(s) . We 

prove that for any f > 0 and any T. > 0 there are values of 

T > T0 auch that the right aide of (») is > T / 2 . To do this 

we use Cauchy's theorem to relate the right hand side to an 

arithmetic sum involving-the coefficients r(n) (again, like an 

explicit formula). Then we use Landau's theorem on the existence 

of a singularity on the real axis at the abscissa of convergence 

of a Dirichlet series (or integral) with non-negative coefficients 

to show that the arithmetic sum cannot always be small. Next by 

the use of Good's upper estimate for L(s) (see [3|) and standard 
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bounds for the gamma function, it follows that the individual 

terms of the left side of ( * I are bounded from above by 

TilZ*$)/3 - l/6+£/2 

for any f > 0 . Thus, the left hand side of («) must have at 

least 

T(2«-12)/3 + 1/6-f 

non-zero terms for appropriate T . By the symmetry of the zeros, 

0 > 6 from which the result follows. 

More generally, suppose that F(a) is represented by a 

Dirichlet series and an Euler product in some half-plane and that 

F(s) satisfies a functional equation, say H(s)F(s) is real on 

some vertical line » = k where 

N 
His) = CAB 11 Hi» a+/( ) 

n=l n n 

for some positive numbers A and a and some complex numbers C 

N 
and 6 . Our method should give the result that if S a < 1 11 , n — 

n=l 
and if F(s) has at least one non-real simple zero in » > k , 
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then F(s) haa infinitely many simple zeros in r > k . 

The details of the proof of the theorem stated above are in 

121. 
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Linear Systems wilh Degenerate Quadratic Costs 
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Pteiei i ted by i3.A. BlUoU, F.R.S.C. 

(0) Introduction. We assume that our basic setting consists of a given linear autonomous 

system (T) — = Ax + Bu with state space X, control space U, both finite dimensional 
dt 

vector spaces, and a cost function c : X x U -» R, c(x, u) = —<Pu, u> + <Qx, u> 

+ —<Rx, x>. Here P : Y -» U', Q : X -» U', R : X -» X' are linear mappings, V, X' 

Ihc dual spaces of U and X respectively. P and R are assumed to be symmetric. 

We shall study the following optimal control problem: given any two points x0, x' in 

X and a positive number T find a trajectory (if, TI) : 10, T] - • X x U of ( 2 ) such thai 

Jf(0) = xo, X(T) = xl and 

(x, u) : |0, T) -» X x U is a 
trajectory of ( 2 ) and x(0) = x0. x(T) = x1 (Opt) f c(x(t), Tr(t))dt = inf j j c(x(t), u(t))dt 

We will use Pb(x0, x1, T) to denote such a problem and wc let v(x0, x', T) stand for 

the second member of the equality (Opt). In general v(x0, xl, T) has its values in |-»>, =»). 

Our study is based on the following two natural assumptions: 

(E) For any x0, x1 in X and any T > 0, v(x0, x'. T) > — 

(E) implies that v(0, 0, T) â 0. Hence the zero trajectory is optimal for Pb<0, 0, T). 

Our second assumption is 

(U) For any T > 0 the zero trajectory is the only trajcctoiy optimal for Pb(0, 0, T). 

In contrast to the free end point problem which has been extensively studied in the con-

trol theory literature (for instance, [AC], (BJ), |HS], [KJ, (O'Ml-Jl, [Wj, [Y] and more recently 

[KSW]), the fixed end points problem over a finite time Interval has not received much alien-

tion (see [KOI], (K02J). 

. Our methods are based on linear symplectic geometry, and the results bring Into focus 

several related developments from the theory of singular pcrtuibations [KTI], and the existence 

of self-adjoint solutions of the associated Ricatti equation. The results also extend very 
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naturally to the infinite time interval ([Y]) and to the study of the algebraic Ricatti equation 

(IGLR)). 

(I) Statement of Ihe Results 

Our first result concerns a standard form of the cost function as described by the follow-

ing proposition 

Proposition 0. Assume that the assumption (E) is satisfied and the system ( £ ) is controll-

able. Then there exist two symmetric mappings H : X -» X', W : X - • X' and a feedback 

mapping K : X -» U such that: 

(i) P and W are positive semi-definite. 

(ii) for any trajectory (x, u) : [a, b] -» X x U of ( £ ) 

b l-b b r -, 

/ c(x(t), u(t))dt = <Hx(t), x(t)> I + M [<Pv(t), v(t)> + <Wx(t), x(t)>Jdt 

where v = u - Kx. 

The problem Pb(x0, x', T) admits a regular synthesis if and only if the quadratic form 

u -» c(u, 0) is positive definite, or stated equivalently, if the mapping P Is positive definite. 

What we mean by regular synthesis Is described by the following theorem: 

Theorem 0. Assume that the assumptions (E). (U) hold and that ( J ) is controllable. Then 

Pb(x0, x1, T) to a unique optimal trajectory for each x". x' and T > 0 if and only if 

P » 0. The optimal trajectory is the projection on X of a trajectory x : [0, T] -> X x X' 

of the Hamiltonian field É of H defined by: by 

H(x. P) = - J < R « . *> + <Ax, p> - ^ B ' p - Qx, p-'œ'p - Qx)> 

lor each (x, p) e X x X' . Moreover, z is the unique trajectory qf 3 which depends con-

tinuously on x0, x' and T such that (2(0), z(T)) projects onto (x0, x1). 

In the case that P has a non zero kernel, there exists a natural extension of the regular 

synthesis which we term "generalized turnpike phenomenon". It is characterized by the 
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existence of a certain subspace d of X x X' which carries the liftings of the optimal trajec-

lorics and the complementary notion of Ihc "constant cost directions". The essential propenles 

of Cl are given by our next proposition. 

Proposition 1. Under assumptions (E) and (U) 

(i) there exist a symplectic vector subspace Cl of Xx X', a quadratic form H : O -» R 

and a linear mapping F : O -» U wilh the following property: 

for any T > 0 the mapping ?. -» (proj, z, Fz) induces a linear isomorphism between 

Ihe space of Ihe trajectories of the Hamiltonian field U of H defined on [0, T| and 

the space of alt trajectories (x, u) : [0. T) -» X x U rf (JD such that (x, u) « 

optimal for Pb(x(0), x(T). T), 

(ii) the triple (Ci, H, F) is uniquely determined by the pair (J}, c) . 

In general it can happen lhat Cl is reduced to zero in which case the only optimal irajec-

tory is the zero trajectory and It can also happen that the projection of Cl onto X is a proper 

subspace of X. 

To compute Cl. H and F we have invented an algorithm which leads to the result in 

at most ra steps, m being the dimension of the control space U. This algorithm bears some 

resemblance to the methods leading to the Bnmovski normal form for linear systems. The 

space of constant cost directions Y can be defined inductively as follows: 

Y = <J Ya, where YQ = B (ker P) and 
n-l 

Yn = A(B(ker P) o Yn.,) for n S I . 

Our main result is the following: 

Theorem 1. Ut Tr(H) denote the space of all trajectories of the Hamiltonian field U 

given by Proposition I. There exists a unique continuous mapping F : X x X x R* -> Ti(H) 

such lhat: 

(i) IXx0, x' .T) is defined on (0, T]. Io projection y(x0.x',T) with the control 

F(r(x0, x", T)) is the unique optimal trajectory initialing at x0 = Xx0, x1, T)10) and 

terminating at x' = ^ x1, T)[T] in time T. 
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(ii) xk - H1" e Y for k = 0 or I. 

(iii) The cost of (Kx0. x1, T), F(r(x0, x', T))) to v(x0, x\ T). 

(iv) For any x e X _and y e Y , .the function T e R^ -» v{x, x+y, T) is bounded. 

To explain the significance of the constant cost directions it is instructive to consider the 

"regularized" problem and apply singular perturbation methods to it. To elaborate, let 

P) : U -> U' be any symmetric positive semi-definite mapping such that Its kernel is comple-

mentary to the kernel of P . Denote by Pb(x0, x1, T, e) the problem Pb(x0, x1, T) where 

ihe cost c has been replaced by c, : X x U - • R, (^(x, u) = c(x, u) + ^- <Piu, u>. By 

Theorem 0, there is a unique continuous mapping X: X x X x R ^ x R ^ - » C0(X) (space of 

all analytic paths x : [0, TJ - • X, T, depending on x) such that for any x0. x1, T, e, 

\(x0, x1, T. e) is the unique optimal trajectory for Pb(x0, x1, T, e). 

As explained in (KTI], [KT21. [KT3], (see also [O'M-J]) when e goes to 0, the 

optimal trajectory X(x0, x1, T, e) consists of an "outer* part (essentiaUy, the "middle' part) 

and two boundary layers at the extremities 0 and T of [0, T]. The "outer* part tends, uni-

formly in time, to the trajectory ^(x0, x', T) of Theorem 1. The boundary layers give rise to 

the two instant Jumps x0 —> x0 and X1 —> x' along constant cost directions (called fast direc-

tions In [KTI], (KT21. (KT31). 

A precise statement is given In the next proposition where we will use the notations of 

Theorem 1. 

Proposition 2. For any n > 0 and any compact subset K fn X x X, the trajectory 

Mx0. x1, T, e) of the t-system, restricted to the Interval In. T-TI] , converges untfomdy for 

(x0, x1) in K to the restriction of the trajectory ^x0 , x1. T) cf the singular system to the 

same interval. 

(ii) 77ie trajectory X(x0, x1, T, e has asymptotic expansions In e near each cf the boun-

dary points 0, T of the interval |0, T), rf the form 

îz;ajl(x0.x1,T,e)e,v 

r l k-i 

ai|1(x0, xl, T, e) is an analytic function in e. Ojk = otjkCx0, x', T, e) has an expansion rf 

the farm 
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= 4+ Ugh order terms 

The jump tf-l? is the sum £ £ a,^»0, x1, T, 0) and £ a^x0, x', T, 0) belongs 
i-l k-1 k-I 

W Y j - Y j . , . 

The methods used in die preceding proposition can also be applied to the free end point 

problem, to obtain results simUar to results obtained by different techniques In |HS| and 

|HSW). 

Conclusion. The generalized optimal synthesis of this paper consists of the foUowing: each 

generaUzed optimal trajectory is a concatenation of a "cheap" control trajeciory with a regular 

optimal trajectory, foUowed by another "cheap" control trajectory. This synthesis is of the 

"turnpike type" where the cheap control trajectories may be viewed as access routes lo the 

lumpike (given by the regular trajectory). 

Such phenomena, even though observed using unbounded controls, may serve as a good 

model for Ihc bounded case as weU. The main difference between Ihe bounded and unbounded 

case will be that the "cheap control" trajectories will be replaced by the bang-bang trajcciories 

arising from the bounds or the space of controls. The detailed analysis wUl however be more 

difficult because of the chattering problems, such as the Fuller type phenomena caused by the 

matching of the singular extremals with the bang-bang extremals. 
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On the signature of a graph 

Kunlo Murasugi, F.R.S.C. 

Abstract. It is proved that the signature of a weighted graph is invariant under 2-

isomorphism. 

Let T be a (finite) weighted graph, i.e. F is a graph in which +1 or -1 is 

assigned to each edge in F . Let a(F) denote the signature of F defined in [Ij. 

In this paper, we will prove ihe following 

Theorem 1. / / two weighted graplis Vi and F2 are 2-isomorphic, then 

oCF,) = a(F2). 

Two graphs F| and F2 are said to be 2-isomorphic if one is obtained from ihe 

other by applying finitely many times the following two operations fi, and 122. Let 

F be a one-point union of two subgraphs G and H which meet at a vertex v. 

Then ili(F) is another one-point union of G and H which meet at a different ver-

tex v'. To define ^ ( H , suppose that F is obtained from two disjoint graphs G 

and H by identifying vertices u, and u2 of G with v, and vj of H, respec-

tively. Q2(n is a new graph obtained from G and H by modifying the 

idemificalicn so that u, = Vj and U2 = V|. 

Now since Proposition 7.4 (2) in [1] shows that a(F) = o(ft|(F)). it suffices to 

prove 
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Proposition 2. £ F2 = f ^ t ) . i**" «(Ti) = o(F2). 

Proof. Let (u,. U2, W], ..., wn) and [v,, V2, Xi xm) be the set of vertices of O 

and H. Then the matrices Br| of the graphs F^i = 1 , 2 ) are integer 

(n + m + 2) x (n + m + 2) matrices of the form [1]: 

Ai B; Q 

Br. = BQ 

0 
0 (i = 1, 2) 

where 

(1) M1 denotes the transpose of M, 

(2) B, and B2 are identical 2 x n matrices [|bjj||lsiS2i 1Sjsn . 

(3) Q are 2 x m matrices and Cj is obtained from C| by interchanging the 

021 ••• cim 
rows, i.e. C, = llcjjll^ia. ,SJim and C2 

Cll 

(4) Ai are 2 x 2 matrices such that A, = ||ajj[| and 

A, = A , + where Z C u - S C î i . 
i = l > = l 

(5) Bo is an n x n matrix obtained from the matrix of the graph G by deleting 

two rows and columns corresponding to vertices U| and uj. Similarly, CQ is 

an m x m matrix obtained from the matrix of H. 

Note lhat A;, B0 and C0 are all symmetric and the rank of Br| is at most 

m + n + 1. 

Now there exist uni-modular matrices P1 and Qi over the rational number field 

Q which diagonalize Bo and Q, respectively, i.e. 
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Pt Bo P,' 

bi 0 

0 
.0 0 J 

where ^ * 0 for i = l, 2 k(S n) and 

Cl 

Qi Qj Q} = c, = Cn 

where Cj s* 0 for j = 1, 2 /(£ m). Let 

l j O 
R = P, 

0 Q, 

where I, denotes the identity matrix of rank r. Then for i = I, 2, 

RBr.R' 

Aj B'i ^ 

BV Bo 0 
Ci1 0 Co 

= B r, 

where B', = B'2 = Hd^Jî fi. isjsn «nd C , = 1̂ 1] and C j 
e21 - e2ra 

Cll ... Cin, 

For any square matrix M, M (i) denotes the matrix obtained from M by strik-

ing out the ilk row and i* column. 

Case I. k = n and / = m. 

Then det Bf^l) = del Bri(l), since each value gives the number of weighted 

spanning trees of F| (and F2). Therefore 
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«(F,) = £ sign(bi) + 2 sign(Cj) + stgn(det Bri ft ^ ft ci) 
*=' j=l 1=1 j=.| 

= 2 sign(b,) + f; sign^y) + sign(det Br i ft bi ft cj) = « ( ^ . 

where sign(a) = -r—r if a * 0 . Ial 

Case 2. k j n and dj, * 0 for some i = I or 2 and some t, k < t £ n (or I ft 

and Cj, ^ 0 for some i = 1 or 2 and some s, / < s 2 m). 

Then for i = 1, 2, Bri(l) (or Br((2)) is congruent to 

0 0 di 
bi 

0 '•. 0 • 
0 bk 

0 / 
da • - - '"0 

» 0 

0 

and hence o(F|) = o(r2). Note that rank Bri(l) = k + / + 2. 

Case 3. 0 S k j n and 0 S / j m, and d,, = d2, = 0, for t = k+l n and 

eif = e2» = 0 for s = / + I,... tn. 

Then we can eliminate all entries of B',, C| and h'} C'{ by applying elemen-

tary row and column operations. To be more precise, there exists a uni-modular 

matrix S over Q such lhat 
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SB^S' = 
A'i 0 

Bo 
0 c0 

= Br 1.2 

To determine A'i, denote, for p S q, CL,, = £ k d ^ and fi^i^ 
H ci 

A , -
«11 +Pu ai2 + Pi2 
«12 + Pl2 «22 + P22 and 

Since a(r{) = a(Br.(l)) = o(Bri(2)), 

Then we see that A'i = Ai 

otii + Pa a,2 + Pi2 
A'2 - A j " ^ a i 2 + P i 2 B 2 2 + p i i 

i = 1, 2, either the diagonal entries of A'i are 0 or the sign of these entries must be 

identical, i.e. 

(6) s i g n ( a 1 1 - a , I - p 1 , ) = sign(a22-a22-P22) a n d 

sign(a11 + X - a,, - P22) = sign(a22 - X - 022 - Pn) -

Note that Bré(l) and Bri(2) are diagonal. From (6), we see easily lhat 

sign (a,, + X - a,, - P22) = sign (a,, + X - a,, - P22 + a22 - X - 022 - Pn) 

= sign (an - a,, - p,, + ajj - ^ - P22) = sign (an - a,, - p,,) 

and hence t^F,) = a(r2). 

It complètes the proof of Proposition 2 and of Theorem 1. 
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A LAW OF THE ITERATED LOGARITHM FOR INFINITE 

DIMENSIONAL ORNSTEIN-UHLENBECK PROCESSES 

Miklos Csorgo and Zhengyan Lin 

Presented by D.A.Dawson, F.R.S.C. 

Abstract: We prove a large deviation theorem and a law of iterated logarithm for infinite 

dimensional Omstein-Uhlenbeck processes. 

A real valued stationary Gaussian process {X(t), - oo < I < oo) will be called an Ornstcin-

Uhlenbeck process with coefficients 7 and A (7,A > 0) if EX{T) = 0 and EX{s)X(t) = 

(7/A)exp(-A|t - s\). Let y ( 0 = (X, (0 , . . . .Jrj (0 . - ) . «here {XM, - 00 < t < 00} are inde-

pendent Omstein-Uhlenbeck processes with coefficients 7,- and Aj (:" = 1,2,...). The process )'(•) 

was first studied by Dawson (1972) as the stationary solution of the infinite array of stochastic 

differential equations 

(1) dXi(t) = ->nXi(t)dt + (2-yi),"dWi{t) (1=1,2,. . .), 

where {Wi((), - 00 < t < 00} are independent Wiener processes (cf. also Dawson (1975), Walsh 

(1981) and Antoniadis and Carmona (1987)). If we assume J ^ , 7,/Aj < 00, then l'(J) Is almost 

surely (a.s.) an '̂-valued Ornstein-Uhlenbeck process (B||y(0lfê> = ESiTiAO. »•><• Dawson 

(1972) shows that under this condition Y{.) is weakly continuous. If for large i wc have also 

di1*' > A,-> ci,+'for some c > 0, d > 0 and (5 > 0, then Dawson (1972) shows that K(-) in f2 is a.s. 

continuous. Iscoe and McDonald (1986, 1987) establish the a.s. continuity of !'(•) in fi under the 

weaker additional condition SÎSi7?/^i < 00, by studying and solving the equivalent problem of a.s. 

continuity of the process 53,=i ' ' ( 0 via proving powerful large deviation theorems for the latter 
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stochastic process. Iscoe, Marcus, McDonald and Zimi(1987) deal with the strong continuity of y(.) 

in I- by using Fornique-type techniques concerning a.s. continuity of stationary Gaussian processes. 

Schmuland (1986,1987) uses Dirichlet forms to study a class of Infinite dimensional processes which 

arc modelled on the process y(.). His general results can be also used to recover state space and 

continuity results of the so far mentioned papers. Csorgo and Lin (1987) study y(.) in terms of the 

path behavlourof the two-time parameter stochastic process {X{t,n), - oo < t < oo,n = 1,2,...}, 

where .V(f,n) = Eï=i-^(O. X(t,0) = 0 for all » e R and estabUsh P. Levy type moduli of 

continuity and large increments rates results for the latter process along the Unes of Sections 1.12-

1.15 and the Supplementary remarks of Chapter 1 in Csorgo and Révész (1981), where almost sure 

behaviour of some path increments of the Wiener sheet and the Kiefer process is established. These 

hinted at increments results do not imply any law of the iterated logarithm for X(t,n). However, 

Schmuland (1987), using Dirichlet form- techniques, proved that if the Xi of (1) are of variance 

•!,/A, = 1 and ^"=1 7i/(2n log log n) - . 0 (n — oo) then 

(2) p|limsupX(t,n)/(2nloglogn)t= 1 for aU f€R | = l. 

The aim of this exposition Is to prove a large deviation result for X(t,n) which can be used to 

prove also laws of iterated logarithm for the latter Gaussian process whose covariance function is 
mAn 

(3) EX(,,m)X(t,n)=Y)(-1kl\k)*x?(-Xk\t-3\), m A n = l ,2 , . . . . 

First we state our version of a law of the iterated logarithm. We wiU use the notation Aĵ  = 

max^y^/vAj. 

THEOREM. Assume that 

(i) logAjv/loglog^-O (yV-oo) 

and tlial the non-decreasing sequence {Tn] satisfies 

(5) logïWloglog JV-.0 (JV-oo). 
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Suppose also that for any e > 0 ttere exist 1 < 9i < 9, such that 

(6) Umsup f JT 7,/A^ J / f £ 7 i / A j ) < 1 + « 

and 

(7) limsup ( ETi /A; j / f fc IJIXA < c. 

Then, with fa = (2E^i(7i/AJ)loglogw)1 ', we fiave 

lim8upIJf(TN,Af)|//3Af = limsup max sup |A'(t,n)|//îw = 1 a.s. 
N-tn W—oo ' i n S ^ l i U T K 

We note that if 7,7Ai - 1 as in (2), then conditions (6) and (7) disappear, and our J.v = 

(2ArloglogJV),/2 is like the normalizing sequence of (2). 

The proof of Theorem is based on a large deviation result, which we now state. 

LEMMA. For any smaif enough c > 0 there exists C = C(c) such thai we have 

W P { I ^ N - P . W ' " ' ! / ( | > ' / A ' ) ^ " M CX^le-fh 

for any v > 2(Iog(A^£-6))'/J. 

PROOF OF LEMMA. For each fixed t,a and y wc have X(l,N) = M (OS2) as well as 

X(t + s,N) - X{t,N) i ^(0,AJ(5)), where F2 = Z^V/^J ^ d A2(s) = i^hil^) » 

(1 - exp(-A>s)). Let p = [A^f-6]. Then p < exp(o2/4). For Integer * we put pt = exp (2*log;)). 

xk = 2*/2, ut = tin and define Xtft.n) = X{ilpk,n), i/pk < I < ( i+ l)/pt. Since A'((,n) is a 

sum with independent increments in n, wc have 

'U^o l l ? , lXl(''n)ls Uor} = P{.§î^.g5l5. I x ( , 7 p " n ) l â "'^ 
<plp{tn*xJX(0,n)\>uoT} 

- rpte-ÎV/uo, 
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where c > 0 is an absolute constant. Similarly, 

F{isî.sVollÇ, lJf*(' 'n)- **+'(''n)l S «»A ( j j ; ) } < cpt+ie-"?/2M. 
Consequently, we have 

(9) p{i?„¥/v0
s
<

,jPI{lA''(''n)l + Êlx'(''n)-Ji''+'(''n)l} s^r+JutA^)} 

S c ^ p t + . e - ' î ^ / t t t . 

Also, we have 

ê "*A (é:) ^ « Ê (2+^) («» - «*-« )A (p-iJ/2) 
fc=l \ r* / t=l 

< 4 « / A(p-» , /2 )< '> 

( AT \ I / , 

Ë(7iMi)(l-exp(-Aip-«!,/2))J dy 

( JV \ ' ^ 00 

and, on recalling that p < exp(v2/4)l as weU as 

| > + i e - î / 2 / « t = f;2-*/v'+,e-",2*/2/« 
1=0 t=o 

< ( p 2 e - , ' ' / J / I , ) ^ e - ( * r . , 3 ) / 3 
katt 

< c p 2 e - ' , / , / t . . 
Inserting now the latter two estimates into (9), we obtain 

p\,m't&xl,'n)^v{ï+*) (IH'l 
< 2 ( T + l ) p | m « sup | | X , ( t , n ) | + f ; | ^ t ( / , n ) - X t + I ( t . n ) | l > < i o r + y ' u » A ( 

< CX'2
NTe-'''*/v. 
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If we now replace t)(l + £2) by v, then (8) follows at once if t > 0 is small enough. 

PROOF OF THEOREM. Using Lemma and conditions (4) and (5), we obtain 

P J , ^ »upJ.Y(<.n)|>(l + e) h Ç b i / A ^ l o g l o g t f j 

< 

for all large N. Hence for any 9 > 1 we have 

(10) Umsup max sup |X(<,n)|/ 2> (7,/A.)loglog9» < l + < a.s 
t - o o lSn<9 ' | , | S T # 1 ^ 

|X(l,»)|/(2X;(7;/AJ•)loglog9,') 

ndition (6) results In 

W , " ) ! / ( 2 £ ( 7 , A,) log log* ) 

(12) lim sup p a n , , AT)!/ ( 2 ^ ( 7 ^ ) log log AT | 
W-oo ^ J=1 J 

1/7 

and combining the latter with condition (6) results in 
1/2 

(11) limsup max sup |;(((,n)|/I 2y"(7,Ai)loglogAM < 1 + f a.s.. 
W-oo I S i S ^ |1|<TW 

Next we prove 

> 1 — c a.s.. 

Let nt = fl*, 8 > 1. It Is easily seen that Jf (rn,+1,nk+i) —X(Tn,+ l ,nt), k = 1,2,..., arc indepen-

dent normal random variables with mean 0 and variance £(.Y(T„14l,nt+i)— A'(7'„,^l,nt))' = 

HILVt+i til^-i- ^y condition (7) we can choose B large enough so that 

> 1 - ( 

e 

| |A-(Tn.+ 1 ,nt+i) - Jf ( T n à + „ n t ) | > (1 - 2e) f 2 f ) (7 i /Ai)loglognt+i j I 

for all large *. Hence we have 

P 

> Cexp(-(1 - f)loglognt+1} = ©(fc-*1-'»). 

The latter in turn implies 

/ \ 'Z2 

(13) l imsup | J f (T n i + , ,n t + i ) - J f ( r„ . + 1 ,n t ) | / l2^ ; (7 i /A > ) log log n t + i > 1 - 2< a.s. 
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1/3 
= 0 a.s. 

It follows from the proof of (10) that we can replace r5. in it by Tp*,, since condition (5) implU 

that we have Ts.+i/ (logfl*)' — 0 (t - oo) for any e > 0 and fl > 1. Hence, noting condition (7), 

(14) limsup|X(TnÉt l ,nt)|/ (2 £'(li/A^loglogn*.,., | 

Now (12) follows from combining (14) with (13), and (12) and (11) together imply the conclusion 

of Theorem. 
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REGULARITY OF l2-VALUED ORNSTEIH-UHLENBECK PROCESSES 

B. Schmuland 

Presented by D.A. Dawson, F.R.S.C. 

ABSTRACT 

We consider a s t a t i o n a r y , I n f i n i t e dimensional Ornstein-Uhlenbeck 
process with Independent coordinates which, at f i x e d t imes , are almost 
s u r e l y square summable. Using the theory of D i r i c h l e t forms we f ind 
cond i t ions for 1 sample path c o n t i n u i t y . As w e l l , we consider the 
behaviour along sample paths of the sequence o f coord inates . 

1. INTRODUCTION 

We are In teres ted In the sample path r e g u l a r i t y o f the s ta t ionary 

vector valued process 

(1.1) X(-) - ( X 1 { 0 . X2(.) XjO), . . . ) 

whose coordinates satisfy 

(1.2) dXl(t) - -ai Xjttjdt • ai dW^t), 1>1, 

where a1>0, o1>0 and [WjC-); l>l) are Independent Wiener processes. The 

solution X1(') of (1.2) Is the Ornstein-Uhlenbeck process with drift 

coefficient a. and diffusion ooefriclent o. , which has an invariant measure 
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m - Nto, Oj/20^. We can also Identify x ^ - ) as the Hunt proooaa 

associated with the Dirichlet form E on L2 - L2(Rj m.), given by the 

formula 

E j ^ g ) - 1/2 / o2 f ^ x ) g^x) m^dx) 
(1.3) 

DtE.) • |r e L : f Is absolutely continuous and f e L ) . 

See [2] for the general theory of Dirichlet forms and [1] for tho 

connection with stochastic differential equations. The form associated 
2 

with the process (1.1) Is given by the closure In L (Xjo) of 

(1.1) 

E(r,B) - 1/2 / î of (9/3x f ) ( x ) 0 / 3 x . g ) ( x ) m(dx) 
1 

D(E) - U C* (Rk). 
k>l 0 

Here U c"tR ) refers to cylinder functions which are smooth and have 
k>.l 0 

compact support In a f in i te number of variables, X - n R, and m • n œ.. 
1-1 *• 1-1 l 

2 . REGULARITY RESULTS 

- 2 j 2 
Let us suppose that I 0 , /2a ,O so that m(l ) - 1, where 1 la the 

l - l 

subset of points x - ( x . , x . x , , . . . ) in X with square summable 

coordinates. For the stationary process, X(t) has distribution m for a l l 

tiO and so 
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(1.5) P( l X?(t) < -) - m(lZ> - 1, ï t>0 . 
1-1 

In order to pass from a fixed time result suoh as (1.5) to 1 sample path 

continuity we require some control on the fluctuations of X(') around the 

steady s tate m. Such Information can be provided by the Dirichlet form In 

(1 .1) . Intuit ively, (1.1) and (1.2) t e l l us that a process with larger 

diffusion coefficients o, will exhibit more Irregular behaviour. So It Is 
2 

not surprising that our condition Is on the s ize of o,. 

THEOREM 1; If I of/2a. O and I of(of/2a, X», then 
_ j i i i 1 ' 

P(t-»X(t) Is l2-contlnuou3 Vt>0) - 1. 

The strategy used to get this result Is as follows. Define the function 

H 2 : X - R(- RU|-|) by [-J2 - I xf <-. If E(||-||2. Ml2) i s d n l t e then one 

uses Theorem 1.3.2. of [2] to conclude that 

P(t-»|]X(t)||2 Is R-oontlnuous) - 1. 

One can the show that the value • Is not attained along sample paths, and 

by simple Hilbert space theory and the fact that the coordinate processes 

are oontinuous we arrive at the conclusion of the theorem. To determine 

when E(|l-||2, [|.||2) i s f in i te , observe that the 1 t h partial of | | ' | |2 i s 2XJ 

and so E(|]'|]2, ||.(|2) i s equal to 

1/2 / 1 ï of xf m(dx) - 2 I of(of /2o1) . 
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This Is the source of the second summation condition In the theorem. 

Finally we turn to a different regularity property of X ( 0 , that of 

convergence to zero of the coordinates. Note that by Borel-Cantelll and 
m 2 2 

the asymptotic result / x oxp(-y /2)dy - 1/x exp(-x /2) as x*", we find 

m(x *0) • 1 If and only If 

(1.6) I exp(-x2 a./of)<», Vx>0. 
1-1 l 

Here we drop the assumption that I o./2o <-, and assume only that (1.6) 
1 * 

holds, so that 

P(X1(t)-0 as 1»») - m(x1-»0) - 1, ï t>0. 

Using the relationship which exis ts between the capacity (Cap ) associated 

with E (1.3) , and the hitt ing times of X (•) we can establish the second 

theorem. Define the number x by 

- lnr|x>0:of exp(-x2 aj/of)-^) as 1*-) 

which turns out to be the same as let t ing 

xo - lnf|x>0 : Cap,({x)}*0 aa 1*»). 
2 

A l i t t l e algebra will convince you that, since o /a, * 0, 
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—~ * 2 2 
X - lim log <o,) o./Oj, 

where log (x) - log(x V 1). 

Theorem 2: Under (1.6) we have the following 

(1) ^ o < ï a x i < t ) i x o * E 1 - 0 - ) - 0 

and 

p l o < t a ' ' i ^ ' 1 - ( x o + E) 1-0-) • 0 

for a l l T>0 and OO. 

(11) P O t £[0,T]!iX1(t)|'_1 clusters at each point In [-x^x^) - 1 

for all T>0. 

Comment: We find that if (1.6) holds, then 

P(X1(t)*0 as 1*- Vt) - 1 

If and only If log+(of) of^Oj^O. By way of comparison. It Is known [3) 

that If (log o1)r o f^dj i s bounded for some r>l, and If I of/2o.<», then 

2 
X(>) Is 1 -continuous. This Is stronger than our Theorem 1. 
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NOIFS (IN CERTAIN SUBCLASS QF CI QSF-TQ-CONVEX FUNCTIONS 

SHIGEYOSHI OWA. SEIICHI FUKUI AND OSMAN ALTINTAS 

Pieaeiited by P.G. Rooney, F.R.S.C. 

ÛBSIMCL 
The object of the present paper is to derive some properties of 

certain subclass of close-to-convex functions in the unit disk. 

I. INTRODUCTION. 
Let A be the class of functions of the form 

OD 

(1.1) f(z) = z + l a z" 
n=2 n 

which are analytic in the unit disk U = (z: lzl < H -

A function f(z) in A is said to be a member of the class R(o) 

if and only if it satisfies 

(1.2) Re{f,(2)) > a 

for some a (0 <, a < 1) and for all z e U- It is well-known that R(a) 

is the subclass of close-to-convex functions in the unit disk (J. 

Further, recently, Fukui, Owa, Ogawa and Nunokawa [1] have given a 

starlike boundary of functions belonging to the class R(o). 
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2. PROPFRTIFSOFTHECIASS P(a). 

We begin with the statement of the following lemma due to 

Miller [2] (or Miller and Mocanu [3]). 

LEWMA I, Let <ti(u,v) be a complex function. 

• : D —*• C. D C C X C (C is the complex plane) 

and let u = u^ + i ^ , v •» v^ + iV2. Suppose that ij>(u,v) satisfies 

the conditions: 

(1) •(u,v) is continuous in ]), 

(ii) (1,0) e D and Re{»(1.0)) > 0, 

(iii) Re{(Kiu2,v1)} < 0 for all (i^^j^) e D and auch that 

Vĵ  < -(1 + u|)/2. 
2 

Let p(z) = 1 + p.z + p-z + ••• be regular in U. such that 

(p(2).zp,(2)) E D for all 2 e U. If Re{1(.(p(z) ̂ p'(z)) ) > 0 (2 e U). 

then Re{p(z)) > 0 (z E U)• 

Now, we derive 

THEOREM I. If the function f(2) defined by (1.1) is in the 

class R(a), then 

/ f(z) 1 + / m r 
/ " 
W 2 4 

(2.1) Re / > ^— (2 E (J). 
W 2 4 

PROOF. For f(z) E R(a), we define the function p(z) by 
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/ 
, f(z) 

(2.2) / = (5 + (1 - 6)p(z), 

where 

1 + J l + Ba 
(2.3) 

2 
Then p(z) = 1 + pjZ + p2z + ... is regular in U- Taking the 

differentiations of both sides in (2.2), we see that 

(2.4) f'(z) = (6 + (1 - B)p(z))2 + 2(1 - B)(B + (1 - B)p(z)) zp-(z) 

(2.5) Re{f,(z) - o) 

= Re{(B + (1 - B)p(2))2 + 2(1 - B)(B + (1 - B ^ ^ ^ p ' ( z ) - a) 

> 0. 

Letting p(2) °  u °  Uĵ  + i ^ and 2p'(z) = v = Vĵ  + ivj, we define 

the function 4i(u,v) by 

(2.6) *(u,v) = (B + (1 - B)u)2 + 2(1 - B)(B + (1 - B)u)v - a. 

Then, it>(u,v) satisfies 

(I) <(i(u,v) is continuous in D = C X C. 

(II) (1,0) E D and Re{*(l,0)) - 1 - o > 0, 

(iii) for all (iUj.Vj^) e D such that Vĵ  < -(1 + Uj)/^, 

Re(<>(iu2,v1)) = B2 - (1 - B)2u2 + 2B(1 - B)v1 - a 

< (2B2 - B - a) - (1 - B)u| 

< 0 
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for 6 given by (2.3). 

Noting that <Ku,v) satisfies the conditions in Lemma 1, we have that 

Re(p(z)} > 0 (z e U)> which completes the proof of Theorem 1. 

Making a •• 0 in Theorem 1, we have 

COROLLARY I. If the function f(2) defined by (1.1) Is in the 

class R(0), then 

• / 
, f(2) 1 

(2.6) Re ( > (z E U). 
z 2 

Letting zf'(z) instead of f(z) in Theorem 1, we have 

COROLLARY 2. If the function f(z) defined by (1.1) satisfies 

(2.7) Re{f'(z) + zf"(z)) > a (0 < a < 1; z E U). 

then 

, 1 + J 1 + 8a 
(2.8) R e J f ^ z ) > (z e U). 

4 

In order to give our next result, we have to recall here the 

following lemma due to Obradovié and Owa [4]. 

LEMMA 2. Let a > -1 and a > (a + l)/(a + 2). Let the function 

f(z) defined by (1.1) satisfy the condition 
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Then 

f a + 1 rz , i 2(a + l)a2 + 1 
(2.10) Re ] 53^- t^fC^dt > (z E U) • 1 z a + i Jo > 2a + 3 

With the aid of Theorem 1 and Lemma 2, we have 

I H E Q M 2. Let a > -1, 0 < a < 1, and 

1 + J I + Ba a+1 
4 ~ a + 2 

If the function f(z) defined by (1.1) is in the class R(a), then 

f a + 1 fz , ^ 2(a + 1)B2 + 1 
(2.11) Re ] ^rr- ta-1-Ht)dt > (z E U). 

I z a + i Jo > 2a-(-3 

Letting a °  0, Theorem 2 gives 

COROLLARY 3. Let -1 < a < 0 and f(z) E R(0). Then 

f a + l r z , 1 a + 3 
(2.12) Re] s+T- ta-if(t)dt[ > (z E U) 

I z a + 1 '0 J 2(2a + 3) 

Further, taking a = 0 in Theorem 2, we have 

COROLLARY 4, If the function f(z) defined by (1.1) is in the 

class R(a), then 
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1 iz f (t) -. 2B2 + 1 

{ - l o — dt} (2.13) KB \ I dt > (zej). 

where 

1 + y/ 1 + 8a 
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