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An Artin Conjecture for Two Term Recurrence Sequences

R. Robson
Presented by P. Ribenboim, F.R.S.C.

uu(o.n.t,.r,.-~-)umwemwmmpmnmmuu!(nm
the first posttive n with (0 mad p. In this ncls we use the ressoning behtnd Artin's
conjecture on primitive roots to conjecture the denstty of primes p for which 1(p) fs as lerge
a3 possidla. Thts conjocture may be thought of as a rectproctty low tavolving thess dansities ond
the dansities aocuring In the Artin conjacture.

§1. Recurrence Sequences Modulo p

Let D be a square-free integer and let K=Q(/D). Let Ok be the
ring of algebraic integers in K, let o be a non-rational algebraic
integer in Ok, and let o be the non-trivial automorphism of K/Q.
Let T=a+ala) be the trace of a and N=ao(a) be the norm of . We
define a sequence of integers

- an-u(an)_
M ‘n a-a(a)
L 1.1 Suppase T=0. Then the sequencelly) satisfies the integer

recurrence relation fn4o=Ttns1-Nip, g0, {y=1. Furthermere, any
such_two-term _integer recurrence relation_is_given by (1) for
appropriateD and « as long as T°-4N s not a square.

Proof: The first part follows from the definition of f, and the fact
that both & and o{c) are roots of X2-TX+N=0. For the second part,
let D be the square-free part of T2-4N and let « be a root of
X2-TX+N lying in Q(/D). D

Let usat/o{a). The sequence fy, is periodically zero if and only if
u is a root of unity. We will want to exclude these cases, sowe will
assume that u is not a root of unity. This is not very restrictive
since u £Q and u lies in a quadratic extension of Q. Thus u is either
a third, fourth, or sixth root of unity and Da-1 or D=-3, see [S].

Let peZ be a prime. We are interested in the first time that p
divides an el of our We therefore define

Definition 1.2 Mp) is the least positive integer n such that pify,.

If pt{a-ola)) in O, then plfy, if and only if a"-o(a™=0 mod
pOk. Let V be the norm of a-ola). Suppose ptVN. Then o 1s a
unit mod pOk and pt(a-cla)). Thus pify if and only if uP=l mod
pOK.

D
Let A denote the discriminant of K and x(p)-[p—] be the Legendre

symbol.
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Propesiti 13 4 ptVNA. Let Np:(OK/peK)"ﬂf" be the
docalp_norm map defined by Np(p+pOg)=po(p)pZ. Let Gp e the
kernel a/Np. Then Gp Is cyclic of arder p-¥(p) and u defines an
element in G, whase arder is Wp).

Proof: Since ptA, D is a unit modulo p. Thus {n2-Dm2|m.ne2)
represents every residue class modulo p. Hence Np is surjective, and

H-ﬁkﬂxlpﬂx)‘l. If X(p)=-1, then pOy is prime and KOg/pOk) ™=

p2-1. Thus [=p*1 and, being a subgroup of the group of units of a
finite field, G, is cyclic. If X(p)=1, then pOg=P4P2 for two prime
ideals Py and P; of Og with o(Py)=P2. Thus (Ok/pOK)*=(Og /Py)*x
(Og/Pg)*FxF]\. 1f peGy, then peoip)L, so Gy lies in F.¥xF as the
set of elements of the form (x,x"1), which is a cyclic subgroup of
order p-1. Since u has (global) norm 1, uopoxtsp as long as piN,
and the proposition follows from the preceding discussion. 0

Suppose plA but ptVN. Then pe2, which ramifies, Im(Ng)=F2,
and [64+4. But u=a2/N represents an element in 62, which is cyclic
of order 2. We are not particularly concerned with this case, but it
completes the proof of the following corollary due to Lucas [5]16).

Corollary 1.4 pl{p-x(p)) if ptVN.0

Since ¥pllp-X(p) for all but possibly finitely many P, we can ask
for the density of primes with ¥p)ep-X(p). Let n(N) denote the
number of primes less than or equal to N. We are then interested in
computing the \hypothetical) tmit pla) detined Dy

1
pla)=lim ——lprimes psN with Up)=p-X(p)} .
N~ o ®(N)

We see that, if p(a) exists, it may be interpreted as the density
of primes for which u represents a generator of Gp. [t seems
reasonable to assume that, for any fixed a, the residue class of u in
Gp is “random” as long as a is not a square and u is not a root of
unity. This 1s reminiscent of the Artin Conjecture, see {1112]){3],and
[4]. The reasoning which follows is strongly based on [4].

$2. Computation of p(a),

From now on we will that u is neither a square nor a
root of unity in K. Since u-ale, N is not a square. We let U denote
the class of u in Glr

Suppose U does not generate G, Then G has a gth root in Gy,
and hence in Og/pOy for some prime factor q of p-X(p). Thus if lq
is the splitting field of the polynomial X%-u over K, then pOy splits
completely in L,;I _ -

Conversely, if pOy splits completely in Lg. then i is a g*" power
modulo pOg and hence not a generator of Gp-

Thus Up)=p-(p) precisely if pOk splits completely in some field
LqX(3T, ¢q) where q is a prime satisfying

S ——
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ps Xp)medq
(2) ('1(_’,)
a v et meod pOyg

We now refer to the analyses in [1)12), and [4] which show how
to account for the fact that the various l.q need not be linearly
independent. For k a pesitive square-free integer with prime
factorization k-qiqz---q‘ m let Ly be the eom'pomum qul,qu.q'
The analyses lead us to conjecture that p{a) exists and

(&) pla) = 2 u/n(k)
k=1

where 1/n(k) is the proportion of primes p satisfying (2) which split
completely in Ly, n(1)=1, and u is the Mobius u-function.

The numbers n(k) may be computed following (4]. Let h be the
largest integer such that u is an hth power. (The existence of h
follows from thek!initenm of the class number) We let ky=k/(hk)
and define Hy=K( ¥t ). Then n(k)=[HK], see (4]

Now Hy is a K ion of the cycl
Zy=K(g,). Furthermore, (2 K]=(k) unless KCQ(¢, ). This happens if
and only if Alk, see [7]. Since k is square-free and A=4D if D¢l mod
4, this happens if and only if Dik and D=1 mod 4. In this case
[Zy:KI=(k)/2.

Next, (HyZyleky unless u has a qth root in Zy for some prime q
dividing ky, see (4]. Since Zy is abelian over K, q must be 2. Thus
{Hy:Zy)=kq unless /GeZy and kg (and hence k) is even, in which case
lHk: Zk]' ky/2.

Lemma 2.1 Let No be the square-free part of ND/(D,N)2. Then
fueZy if and anly if Ng a1 (mod 4) and Nglk.

Proof: Since u=a?/N is Np times a square, the lemma follows as
above if Zy=@(¢,). If not, we have a diagram of field extensions

%

Q(Ck) \
A2
Q
Since /U'(Q(tk). (2):Q)=29(k). Hence [Z;:K]=¢(k), and as both are

cyclotomic extensions we have Gnl(ZkIl():Gn.l(Q(tk)/Q). Therefore
both fields have the same number of distinct quadratic subfields. It

follows that for any square-free integer M with (M,D)=1, /M €2y if_

and only if /M€Q(,). Thus the lemma also holds if Z=G(¢,). 0
We conclude that n(k)=ky(k)/c(k)8(k) where

67
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2 if Dik and Dol mod 4
e(k) =
1 otherwise

4)
2 if 2Nglk and Noa1 mod 4
8k) =

1 otherwise.

This completes the conjectured formula (3) for p(a). Our next
step is to write down a product formula for p(e).

§3. The Product Formula,

t
If k=q,q,++-q, then ke(k)« l'lq,(q,-i) It qyfh, then qyl(h k), so

(k}(h,k)
Sty S (s - “"") -2l -

q prime

provided e(k)=5(k)=1 for all k. We therefore define

Pib = ﬂ(‘ i _)11( q(q-x)

and ask for a correction factor if D or Ng are congruent to 1 med 4.
In general we have

WK | oy (h K)(hk ) (h k)
o SHELD S TS a0
PR AT e N APK) D KO F

Witk , Sukithk) , S pkihk) K}k
Z x kelk) z ke(k) z 2N,k kp(k) kmtDE;N,)x

which can be best written as a product after defining a factor
C(h.m) for any me2 by

1) if mal mod 4

. . )
1 u(lml)n&l L !nla.]L
C(han) »
1 if m#1 mod 4

As can be verified by the patient reader, we then end up with

Conjecture 3.1 pla) = Ph){1 + C(h,D) +Cth,2Ng) + Cth,tm(D,2Ng)}.

.
q(q-1)7*

In particular, pla) is a raticnal multiple of n(l -
q prime

These arguments are hueristic in nature but can likely be made
precise using the Riemann hypothesis for number fields as in (4]
Recently Heath-Brown has proved the Artin conjecture for all but
possibly two primes (3], but his methods do not yield density results.
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S4 Iowards a reciprocity law.

Suppose that MeZ is a non-square with square-free part Mg and
that h is the largest positive integer such that M is an h'® power.
We define p(M) to be the density of primes p for which M is a
primitive root - ie. for which M represents a generator of Z/pZ.
Hooley's result in (4] (assuming the Riemann hypothesis for number
fields) is

Proposition 4.1 p(M) = P(h}(1 + C(h,Mg)). 0

Returning to our situation, suppose our conjecture 3.1 is true
and that Da3 mod 4. Then 2N and hence No#1 mod 4, so

(s) pla) = P(h)(1 + Cth,D)) = p(D")

with p(DM) defined as above. This is a sort of reciprocity law
equating the the density of primes with (p)=p-X(p) for an exact hth
power utK-O(/D-‘-') with the density of primes for which DD is a
primitive root when D=3 mod 4. (Note: both are zero if h is even).
This law is only valid as a density statement - the sets of primes
involved are different. For example, if De3 and a=1+/3 , then

219)=9=19-%(19) but 3 /s a primitive root mod 19.

Another case where (5) is valid is when D0, Dal mod 4, and
a«=pt for a fundamental unit peOg. Thén h=t and No=N=-1 is not
congruent to 1 mod 4. The Fibonacci numbers fall under this case
with d=5, t=1, and p=%(1+/5).

The correct formulation of a reciprocity law for all D and « and
perhaps for arbitrary abelian extensions is an open problem.

Robby Rebsen, Department of Mathematics, Oregon State University,
Carvallis, Oregon, 97331-4605, USA.
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Proper Differences of Non-Squ owerful Nu
R.A. Mollin and P.G. Walsh
Presented by P. Ribenboim, F.R.S.C.
A powerful pumber is a positive integer n satisfying the

property that p2 divides n whenever the prime p divides n.
An integer m is said to be a proper difference of powerful numbers
whenever m = P - @ where P and Q are powerful numbers and
g.c.d. (P,Q) = 1. Although attempts have been made in the
literature to prove that every non-zero integer is a proper
difference of two non-square powerful numbers, the answers are

incomplete. The purpose of this note is to settle the issue.

Introduction

In [7], Mollin and Walsh settled the question for odd integers
and provided an effective algorithm for finding the proper
differences. In [5] (see also [4] for a sunmary) McDaniel showed
that all non-zero integers are a difference of non-square powerful
numbers, but his differences are ng;_g;ggg;'in general. 1In
particnihr. in his consideration of the case n =2 O(mod 4), the

differences are pever proper. It is worthy of note that if proper

"differences are not required then, for thé case n & O(mod 4), the

result is immediate from the Mollin-Walsh result [6).
In [6] Mollin and Walsh attempted to settle the remaining case;

i.e., they wanted to show that every even integer is a proper

difference of non-square powerful numbers. Unfortunately, there is
a gap in their proof. The problem is as follows. If n is the
given even integer then we choose an odd integer m > n, relatively

prime to n, such that B = n(m - n) is not a perfect square,
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m & 5(mod 8) if n 2 2(mod 4), and m 3 3(mod 8) if n = O(mod 4).
Let (x,y) = (T,U) be the minimal positive integer solution of

xz - Byz = 1. Now, they require that for some such B, g.c.d.
(U,B) = 1. They incorrectly invoke ([9, Theorem, p. 57) to achieve
this end.

Therefore, to show once and for all that every non-zero integer
is a proper difference of two non-square powerful numbers in
infinitely many ways we provide a general and complete solution
(including a repair of the aforementioned gap in [(6}). We also give
an effective algorithm for finding these differences and examples to

illustrate it. Observe that it suffices to prove the result for

either one of n or -n.

Proper Non-Square Differences

The key to the general solution of the "proper difference"
problem is the following result which is of interest inm its own

right.

Theorem 1.

Let n be a non-zero integer and let r and s be non-square

positive integers. Suppose that the following three conditions are

satisfied:

(1) The diophantine equation rx2 - syz = ¢+ n has a positive

solution in integers (x,y) = (A,B) with g.c.d. (Ar, Bs) = 1.

(2) The diophantine equation x2 - rsy2 = %1

hax m positive

solution in integers (x,y) = (T,U) with g.c.d. (U,rs) = 1.
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(3) For positive integers k, let:

(A/F + B/E) (T + WFDH¥ = A7+ B

(/. with k = - TA(UBs) !(mod r)

and k = -~ TB(UAr)_l(mod s). Then the following two conditions are

satisfied:
(4) Ak g8 0 (mod r) and Bk & 0 (mod s) with g.c.d. (rAk,sBk) =1,

for any positive integer k.

(5) (Ak/r)zr3 - (Bk/s)zs3 = 2 n for all positive integers k.

In other words (4) and (5) say that n is a proper difference

of two non-square powerful numbers in infinitely many ways.

Proof. Let (T+UJrs)k =T+ UkJFE. It is easy to see that

Ak = A'l‘k + BsUk and

Bk = BTk + ArUk. By (7, Lemma, p.34) Ak = ATk + BsUk B

Ar® + BokT*" 1y & T 1[AT + BskuU] (mod r). By (3), k = -TA(UsB)!
(mod r); whence Ak g8 O(mod r). Similarly, Bk s O(mod s8).
Now suppose that a prime p divides g.c.d. (rAk,sBk). Then

pc for some integer ¢,

(6) Aer + BrsU,

(7) BsTk + Arsllk = pd for some integer d.

Multiplying (6) by Tk' (7) by rUk and subtracting yields:
p[ch = drUk) = Ar[Tk2 - tsukzl = ¢ Ar. Secondly, if we multiply
(7) by Tk' (6) by sUk and subtract then we get:

p[di - chk] = Bs['l‘k2 - raUkzl = + Bs. We have shown that p
divides g.c.d. (Ar,Bs) contradicting (1). Hence, g.c.d.
(rAk,sBk) = 1 thereby securing (4). Now we turn to a proof of (5):
(/2% - (8, /9)%% = 4% - a2 -
(ar, + sBU?r - (BT + ArUp s -
2 - 82%s) (2 - rs0%) = (1) (2 1) = % n.

Q.E.D.
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an element

are positive

T + U/Ts

By Theorem 1, it suffices to find, for each n,
A/T + B/S with g.c.d. (Ar,Bs) = 1 where r eand s
non-square integers with Azr - st = + n; and a solution
to xz - rsy2 = £ 1 with g.c.d. (U,rs) = 1. The following table
gives such elements for all non-zero n > 0, (hence for all

non-zero n).

The values

n e {1,2,4)

In the table we write n

as a function of

t > 0.

are not listed since they represent the

special cases (A,B,r,s,T,U) ¢ ((4,5,11,7,351,40), (1,1,5,3,4,1),

(1,1,11,7,351,40)}

respectively.

for each of the.caaes

n =

These choices ensure that r

4t + 2,

and 8

prime since it is not possible for r

not relatively prime in all cases simultaneously.

and s

Note that in the following table,

4t several choices are given.
are both non-square relatively

to be non-square and

Note that the

first two lines of the table are the solution to the odd case given

by Mollin and Walsh in (7], end the next three lines are the

solution to the n 8 2 (mod 4) case given by McDaniel [4].

Table 1.
n A |B r 8 T L1}

2t+1; ts2(mod 5)| 1 [1]| t3+2t+2| t241 t24te1 1
2t+1;ts2(mod 5) [t+1f1] 2 2t2+2¢+1]| 2t+1 1

at+2 1 [1]2¢2haea | 2621 | 2tZe2e-1)2-1 | 2¢%e2e1
at+2;tsl(mod 3)| 1 |1]|2t2+avea| 26241 | (2eZezeen) 21 | 2¢242en1
at+2:tsl(mod 3)| 1 |1]|6t2+8t+3[6t2eat+1[(18t2+18e+5)241[3(18¢2418¢45)
4t;t odd 1 [1]e2e2ee2 | e2-2e42] (£8+3¢2)/2 (th1) /2
4t;t even 1 [1]2e2+2e41|2¢2-2¢41] 242 1
4t;t even 1 |1]2¢2e3ee1{2e2-e41 | at3+2¢201 2t
at;t even 1 {1]|2¢2+e41 |2¢2-3¢+1| at3-2¢21 2t
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In all cases the conditions (1) - (3) of Theorem 1 are

satisfied, and so we have proved:

Theorem 2. Every non-zero integer is the proper difference of two

non-square powerful numbers in infinitely many ways.

Observe that via Table 1 and Theorem 1 we have an effective
algorithm for finding these differences, as the following exanples
illustrate.

Example 1. n = 3. We use Table 1, line l withr =5, s =2, T=3,
and U = A =B =1 toget (/5 + 2) (3 + /TOX with k & 1 (mod 10).

For k = 1 we get Akf? + BkJF = 5/5 + 8/2 and so 3 = 27 - 53.

Example 2. b = 8. We use Table 1, line 7 with t = 2. 1In this case
we form the product (/TF + /5) (8 + /B5)X with k & 14(mod 65).

For k = 14 we get:

Ak/? + Bk/F = (4741115028961333-13)/TI3 + (19876527516465469-5)/5

so that:

8 = (4741115028961333)2.13% - (198765275T6465469)2.553.

Remark 1. The choices for r and s in the even cases yield B =
rs = m(m - n) where r =m and s = m - n. With reference to the
discussion given in the introduction this closes the gap in [6,

Theorem 2.1, p. 805].
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Remark 2. The choices of r and s were made so that rs is of

Richaud-Degert type; i.e., of the form rs = Cz + t where t

divides 4¢ and -2 ¢t ¢ ¢. This allows us to write down
explicitly the well known fundamental unit of Q(/Ts). Thus we can

guarantee the required G.C.D. conditions.
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Straight Edgo Constructions on Planar Cubic Curves
N. S. MENDELSOHN, R. PADMANABHAN AND BARRY WoLk

F.R.S.C.
1. Introduction.
In el tary Euclid 'y constructions using straight edge

and compasses play a prominent role. For other second degree curves
(conics) there ate a few steaight edge constructions based on the Pascal-
Brianchon theorem which exist in the literature. For higher plane curves
lhc Lit PP to be istent. Nevertheless, there does exist

g class of straight edge ions to which this paper
addtm iteelf.

2. The Algebra of Cubic Straighit Edgo [ncidence.

We start with some known results. If P and Q are two distinct points
on a cubic curve, the line joining P, Q will, in general, meet the curve in
a third point R. If the line joining PQ is tangent to the cubic at P then
the point R is taken to be P. We introduce a binary operator o and put
PoQ=R. It is clear that the following identities bold.

(1) PoQ=QoP
2) Po(PoQ)=Q
A system satisfying identities (1) and (2) has been named in the htex-

ature as an extended triple system and s o id
Steiner tnph system. An important special case of an extendcd triple
system i3 one which sotisfies the medial identity

®) (PoQ)o(RoS)=(PoR)o(QoS)
Systems satisying the ideatities (1), (2), (3) lso satisfy
“ ((PoQ)oR)oS=((PoS)oR)oQ

It is also true that systems satisfying (1), (2), (4) also satisfy (3). A
trivial consequence of (1) and (2) is PoQ = Riff PoR = Q. This
implies that if o is defined on every ordered pair of a set S, then the pair
(S, 0) is 8 quasigroup. We desote this quasigroup by Q(S,0).

If C is o non-degenerate cubic curve defined over a field, and has no
singular points (C is aa elliptic curve), then it is obvious that o is defined
on all ordered pairs of poiats of C and,thercfore, the points of C form
a quasigroup. In the case of a cubic curve with a singular point, then
excluding this point the remaining points also form a quasigroup. A
generalisation to cubic curves of the Pappus-Pascal-Brianchon theorem

L

(ABY(cD)
= (AN (8D)

FIGURE 1

77
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implies that the quasigroups in these cases satisfy the medial law (figure
1). A proof of tkis is found in [2]. If the cubic curve is co-ordinated bya
subfield of the reals, we have the gotion of a straight edge construction. If
P and Q ate distinct points on a cubic curve aad R = PoQ we say that R
is obtained by a straight cdge fon. A g of the medial
law is the implication Ao B =Co D implies Ao (U oC) = (Bol)o D
for all U. A derivation of this implication from the Pappus-Pascal-
Briaachon theorem for conics is given in [3]. However, the implication
caa be verified directly and this verification is valid for medial extended
triple systems which canmot be associated with a cubic curve. If we
put U = B and traasfer D (o the other side of the equation we obtain
AoB=CoDimplies BoB = Do(Ao(BoC)).If now we ate given a
cubic curve and a point B on it, it is casy to find A,C, D in many ways
sothat Ae8=CoD. Infact, let P bea point oa the cubic such that
P#B.Let A= PoB. (if A= Por A= B choose another poiat for P).
Let C be any other point oa the cubic andlet D = PoC (againif D=C
or D = P choose another point for C). Then P = Ao B = CoD. In the
equation BoB = Do(Ao(BaC)) by avoiding a fiuite number of choices
of Pond Cwehave B#£C,A%£ BoCand D # Ao(BoC). Hence the
right side of the equation leads to a point obtainable by a straight edge

ion. Hence the tangeat at a point B is obtainable by astraight
edge construction. From this it follows that if AL, A,,..., A, are points
on a cubic curve and P = W(Ay,Ay,...A,) where the right side is a
word in the extended triple system algebra, then P is obtainable by a
straight edge construction from A;, 4,..., A,.

We next look at the ion b i y and
Abelian groups. Let Q(S,0) be a medial extended triple system and
let ¢ be aa arbitrary fixed clement of S. Define a system G(S,+) by
a+b=(aob)oc fora,b€S. Obviouslye+e= e,anda+b="b+a.
Now a+(b+¢) = (ao((doc)oe))oe = (((boc)oe)oa)oe and (a+b)+¢ =
(((a0b)oe)oc)oe = (((cob)oe)oa)oe. Hence, (a+b)+c = a+(b+c). Also
put go(eoe) = —a. Thea a+(~a) = (ao(ao(eoe)))oe = (coe)oc =c.
Heace G(S,+) is an abelian group with identity element e.

Conversely if G(S, +) is an abeliaa group, define the system Q(S,0)
byaob=<a—bforall a,b € S. Then identitics (1), (2), and (3)
arc immediately verificd and heace Q(S,0) is a medial extended triple
system. Note that in our definition of a0 b if ¢ in the identity element
of the group then in Q(S,0), coe = e. If we wish to map G(S,+) into
8 system Q(S,0) in which the identity element e of the group is not

ded

p in the ding group, we let ¢ be a [ree element
of the quasigroup and define aod= —a -4+ (coe).
Note that if we look at the situation where the igtoup is defined on

a cubic curve C, it ia convenient if possible to take a point of inflection as
the poiat e which is used to define addition in an associated group. If we
take a set of pointa on the cubic and and cousider the sub-quasigroup
g i by ight edge constructions, it does oot follow that the
point e is generated in the algebea. Hence in the quasigroup Q(C,0) a
subset of C may generate a subalgebra which does not correspond to a
subgroup of G(C, +). Of course if the point e is generated by straight
edge constructions from a subset S of C, then the subalgebra generated
by S corresponda to a subgroup of G(C,+). The situation is the same
even in the case of medial ded system quasigroups which do oot
arise from cubic curves. The following examples illustrate some of the
possibilities.

Examplo 1. Let Cy, be the cyclic group of order 3n. (This group
exists on every non-singular cubic cutve over the reals). If we represent
the elements of this group by the integers mod 3n and put

H = the subgroup of Cy, istiog of the integers S 0 mod 3.

Hy = the coset consisting of the integers = | mod 3.

Ha = the coset consisting of the integers = 2 mod 3.

Then each of H, Hy, H; is closed under the operation zoy = -z - y.

Example 2. Let G be a free abelian group on a set of geaerators S.
Let T be s subset of independent elements of S. Let aob = —a—b. Then
the ek of the igroup g d by T under the operation o do
oot form & subgroup of G(S,+). In fact an easy induction shows that
the set of generated elements consists of all finite sums 3 a;t; whete t;
is in T aad the o; are integers such that 3-a; 5 1 mod 3.

b i, L ) ]
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3. Symmeotric Words.

Let Q(S,9) be an extended triple system quasigroup. A ward
W(a1,83,-.-,0a) is symmetric if it unchasged in value by any permu-
tation of a;,83,...,as. The motivation for studying symmetric words
comes from g tei iderati For & , if a;,03,03,04,08
are five points on a cubic thero is o conic passing through these points.
Obviously, this curve is independent of the order in which the points aze
taken.

Thoorcm 1. Let a1,03,...,0a bo n frec elements in a free extended
trij tem +0)- n3 orns2 3

G1,03,---,0n L0 W 0 31,332,---40n ars once i any word

of the equivalence class. Ifn =0 mod 3 then there 5 no such symmetric

Proor: Coasider the set of words defined inductively as follows;
W, = ay, Wa = (g 063), Wy = (a1 0a3) 0 (a3 0ay),

Ws = ((a1003)o(agoay))oay, . . . where Wiy = Wioay izl
mod 3 and W,z = W 0(ai4) 0 6443) if § 5 2 mod 3. We prove that for
i #0mod3each Wiis ic ia its el and any i

Y
word in a,,43, . ..,0; of length i is equivalent to W;. Also if i = 0 mod
3 there is o symmetric word.

To the quasigroup @S, o) adjoin an idempotent clement e (i. e. take
the free product of the one el t quasigroup Q(e, o) with Q(S.,0)). In
this enlarged quasigroup define a+b = (aob)oe snd hence aod = —a—b.
Withia this group (as in example 2) any word in geaerators of Q(S, o)
bas the form 3 nia; where 3ny S 1 mod 3. In tezms of independent
elements a; € S the oaly symmeteic words which are generated in which
each element appears exactly once arcay + a3+ +dq ifn= 1 mod 3
and—ay ~a3=:+-=an fn = 2mod 3. Furth o word is g d
if n 2 0 mod 3. An casy induction shows that W, = a; + a3+ +aa
ifn=1mod3and Wa=—ay—a2=:+=as if n 5 2mod 3. In fact,
these are the precise group expressions one would obtain for W, if one
wete dealing with the one dimensional complex torus group which is the

Aeelvi

g group of a lex cubic.

There are alternative bracketings which yield the same valued word
a3 W,. Some may be obtained simply by the application of the commu-
tative law. But some have a greater interest. For instance,ifn=m#0
mod 3, then it is easily deduced that
Wn(31,3,. -1 0n)oWm(3n41:0n42s- 1 Gntm) = Wnim (31,820 - . Gnom).
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4. Some G ical Interprotati
. Cousider a real cubic curve C drawn in the plage but in which the
inflection points ate not marked. We ine three les of straigh

edge coastructions.

Example 3. Let ay,03,a3,a4,0s be five distinct points on the cubic
C. Through a;,a3, 43,84, as there exists a unique conic section which
meets the cubic in a sixth point . In fact z = Wy(ay, 032,03, 04,05).
Note this requires the drawing of only four straight lines as illustrated
in figute 2. Apmol'nbncdon- of the Pascal-Brianch
theorem and ppears in [3). Note that if three of @,,43,83,04,04 are
collinear the conic degenerates into two straight lines and the construc-
tion requires the drawing of one line only.

Exomplo 4. Let ay,0;,...,a¢ be eight distinct points on a cubic
curve. Through these points pass an infinite aumber of cubic curves all
of which pass thxou;h a fixed pomt z. la foct, z = Wy(ay,a,,...,a4).
‘This q the drawing of only seven lines (see figure 3).

Example 5. We look at two 5cometnc interpretations of the word
Wio(ay,a,...,a50) where the points a; are on a cubic curve. Consider
the Lwo identities

(5) Wio(at,a3,...,a10) = We(ay,a3,...,a8) 0 W:(“'v"w)

(6) Wio(a1,03,...,010) = We(a1,02,...,as) 0 Wy(as, az,....010)
Equation (5) is interpreted as follows. The ten points aze ubilranly par-
titioned into disjoint subsets of eight and two points, respectively. The
line joining the latter two poiats meets the cubic in the point z (say).
The remaining cight poiats are the vertices of a pencil of cubics all of
which pass through a ninth point y. The point W, is the point where
the line through = and y meets the cubic.

‘The intetp ion of equation (8) is gt ically very different. Here
the ten points are partitioned into two disjoint sets of five points. Each
of these seta define conics which meet the cubic again in points z and y.
Again the point Wyg is the i ion of the line through z and y and
the cubic.

The following theorem of Cayley-Bacharach (see (7)) is pasticularly
germane to the concept of straight edge construction. We state this
theorem in ite most geaeral form.

A*B}e(cr0)

Figure 3
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Cayloy-Bach h Th Let F and G be plage curves of degice
m and n, respectively such that they intersect in mn distinct points.
Thea any curve H of degree m+ n— 3 passing through all but oge point
of V(F) N V(G) also passes through the remaining point.

This theorem leads to the following interpretation of Wy, which we
state as theorem 2 without proof.

Theorem 2, Let C be a plane cubic curve and let G be a curve of

n such (Bat C and G meol ia 3n OB Gy, 03, .., Gon. Thed any
curve o n_w asscs 1,03,...,03 -1, also passes
through as, and i fact asn = Wan-1(a1,03,...,a30-1).

Examples 3 and 4 are special cases of theorem 2. They wete included
because they are nceded for the interpretation of examplo 5.

S. An Algebraic Ch isation of tho G tric Pro-
cesses,

In this section we give two types of results characterizing, respectively,
the binary and the quintic geometric processes discussed above by means
of formal algebraic conditions. It is easily seen that the (3n-1)-ary case
can be haadled in the same manner.

Theorom 3. Let # be a rational binary operation defined on a non-
’ﬂulu cubic curve in the comp]ex projective plane. Then =+ y==zoy,

the binary law of coi ilicn obtained by the process of the chord-
@3 couu'u:!nn g Ee Euurz Efl (> s an exteaded lrg)e
system and e » ¢ = ¢ lor some inflection poiat e of the curve [ .

Proof: As mentioned before o does define an extended triple system
on I and the tangent at every inflection point ¢ has triple contact with
the curve and kence by the very definition of the operation o, we have
eoe = e for all inflection pointa e of the cubic.

Conversely, let « be a binary rational (unction defining an ded
triple system on [ and let e »e = ¢ for some inflection point ¢ of the
curve [. Form the 4-ary composite rational function
f(z.p.2.8) = ((z «y)#2) 0 (to((z 0 y) 0 2)). Now
J(2,8,5,8) = ((z xd) nb)o(to((zx0b)0d)) = zo(toz) =t and hence f
docs not depend upon the value of z for the special choiceof y =z = b
and hence by the “local = global™ priaciple (Cf Lemma 1 of {3] or §2
of [2]), the function J does uot depend on z for all values of y,z,t .
In other words, we have the global identity f(z,y,2,t) = f(u,p,2,t).
Substituting u = r we get that f(z,y,2,t) = { and hence
((zry)wz)o(to((zopy)es)) =t = ((zoy)oz)o(to((zoy)oi)).
Now caacelling the common term ( o ((z 0 y) 0 7)) we get the basic link
between » and o, namely,

m (zxp)xz=(zop)oz
Substituting 2=y =e¢ and 2 = uov we get e»(uov) = eo(uav), and
bence, by (7) again, ex(uov) =ex(uxv) forall u,vin [.

Cancelling the common element ¢ ou both sides of the above equality,
we get the desired conclusion that the binary function u » v is indeed
equal to uov, the chord-tangent operation. This pletes the proof of
the theorem.

Using similar reasoning one can prove an asalogous result for the 5-
ary comic process as given in example 3. We state this result without
proof as follows.

Thoorem 4. Lot [ be a noo-singular complex cubic curve, aad let e be
a fixed point of inflection on I'. A 5-ary rational function ® on
T_is the same as obtaioed by the 5-aty conic process il @ 13 symmetric
in all its five arguments and satishes ée 701132.'?.',‘ two identilies:

(1) @(¥(z,p.¢.c.)7,e,e,0) =y
) @(e,e,e,e.e) =
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SAMPLE PATH PROPERTIES OF THE SUPPORT PROCESS OF
SUPER-BROWNIAN-MOTION

(2) (3)

n and E.A. Perkins

D.A. Dawson F.R.S.C. » I. Iscoe

ABSTRACT

Properties of the support process of super-Brownian motion

are studied. In particular results on the exact Hausdorff measure

of the range, the probability of hitting sets and the

non-existence of multiple points in high dimensions are obtained.

1. INTRODUCTION.

Let MF(Rd) denote the space of finite measures on
(Bd,B(Rd)) furnished with the topology of weak convergence.
Let (st:t 2 0} denote the semigroup of operators on C(Bd)
associated with d-dimensional Brownian motion. For ¢ € C(Rd)+,

let u(t,x) denote the unique solution of

t 2
(1.1)  u(t,x) = Syo(x) - (1/2)I°St_s[u(s,.) ]ds. u(0,x) = o(x).

The super-Brownian-motion is a continuous MF(Rd)-valued Markov
process xt which is uniquely determined by the conditional
Laplace functional

E exp(-I«(x)dXt(x))|Xs=m] = exp(-Iu(t-s.x)dm(x))

for t > s (cf. Watanabe (8]). The law of X on Q = C([O,w),MF)
with X(0) = m is denoted by QF.

For « € 28, the closed support of xt("’ is denoted by
S(X¢(w)). For I C [0,=), the range of the support process

R(I):= tgIS(xt). Let R (I) denote the closure of R(I) and

(1),(2),(3) Research supported by NSERC.
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R*((r,s]) := U R((u,s}).
u>r

2. HOLDER RIGHT CONTINUITY

r
If AC Rd and r > 0, let A = (x:d(x,A) < r) where
d{x,A) := inf |x-y|.
YEA

THEOREM 2.1. Let m € M(R%). Then for Q™-a.e. v and each
c > 2 there is a 3(v,c) such that if s,t > 0 satisfy
0 < t-s < &{w,c), then

c.h{t-s)
S(X¢lw)) S S(Xglw))

L 1/2
where h(t) := [t((log : )vl)} .

If K, and K, are compact subsets of Rd,

s1(Ky,Ky) = sup dix,K,)
117182 XER1 1t
Then
0Ky Kp) i= max (o) (Ky,Ky) 0, (K K]

is the Hausdorff metric on K(Rd), the collection of compact
subsets of Rd. The continuity of X and compactness of the
support of Xy for t>0 (the latter follows easily from Theorem
2.1) imply that
Q®(Lim »,(S(X,),S(X,)) = O for all t>0] = 1.
st

The above theorem yields the following.

COROLLARY 2.2. The K(R%)-valued process S(X,) is right
continuous in the Hausdorff metric, Q™-a.s.

REMARK. Theorem 2.1 follows from a sample path Hélder continuity
property for a non-standard model of the measure-valued process
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Xt which is established in {1]. The latter result is shown to be
false for c<2.

3. THE RANGR OF THE SUPPORT PROCESS AND THE OCCUPATION-TIME
PROCESS .
For r < s the weighted occupation time is defined as

Y (A) := Is X, (A)du
r,s ’ r Y :

Note that R((r,s)) is the closed support for the measure Y .
r,s

4 + +1 +
Let w(x) = x"log log’= where log"(u) = (log u)vo, ¥g(x) =
x

4, +1 +y 4l
x*log”= and ¥,(x) = wo(xllog log™= . Hausdorff v-measure is
x x

denoted by v-m .

THEOREM 3.1. (a) Let d > 4. There are constants °3.1(d) and
°3.2(d) such_that for all m € MP(Rd) and_for QP-a.e. v,

(3.1) e5,1(d)v-n(R((r,8))NA) S Y, (A) < cg p(d)v-n(R((r,s))NA)

(3.2) csll(d)w-m(ﬂ+((0,a))nA) < Yo,s(A) < ca.z(d)w-m(ﬁ((o,s))nA)
for all A € B(Bd) and 8all 0<r <8 S =,

(b) Let d = 4. There is a consatant c3‘2(4) such that for all
m € MF(Bd) and QC-a.e. w,

Y, o(A) € e3,5(4)¥4-n(R((r,8))NA) for all A € B(EY),
0sr<s<w

vo-n(R((r,»))) <o for all r > 0.

4. ASYMPTOTICS FOR THE PROBABILITY OF HITTING SMALL BALLS

Let B(xgi€) denote the ball of radius ¢ and center Xxg.
The next result gives the asymptotics as €10 for the probability
that the ball has positive mass at a fixed time.

THEOREM 4.1. Let d 2 3, tg >0, xg > 0 be fixed. There is a
constant Cy such that as ¢ — o*,
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QX (Blxgi€)) > 0) ~ Cque" 2 j’ (tp,x-xq)dm(x)
t o’ d* gdP't0r ¥ %o :

0

The following estimates for the probability of hitting a
ball of radius ¢ are based on Iscoe [4].

THEOREM 4.2.
(a) Assume d > 4, There is a constant c4.1 and a positive
sequence {ek) converging to zero (and depending only on d) such

2-d 4-d
that if d(x,supp(m)) > ke¢ and kf|y-x| dm(y) < € , then

d-4 2-d
(1-¢y)cy j€  [Iy-x]  dm(y) < Q®(X(B(x;€) > O for some t 2 0)

d-4 2-d
S (1+€p)cy € Ily-xl dm(y) ..
(b) Assume d = 4, d(x,supp(m)) > (ke)ve”k and

-2 1
k[1y-x] "dm(y) < log = , then
€

-1
1 -2 2/k 4
(1-¢;)2flog =| |[Iy-x| dm(y) - ¢ m(rd)
€

< Q®(X (B(x;¢) > 0 for some t 2 0)
-1

1 -2

< (l+6k)2[1og =l Jiy-x1 Tam(y) .

€

Theorem 4.1 yields the following.

COROLLARY 4.1, Let d 23. 1f x -m(A) = 0, then

Q"(ANsS(X,) = @) = 1 for all t > 0.

The process X 1is said to hit A € R if ANRY((0,2)) = 2.
In dimensions d < 3 it follows from the existence of local times
(Iscoe [3), Sugitani [{7)) that X hits points. Moreover
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-2
Q®(X hits (x)) = 1 - exp[-2(4-d)jly-xl dm(y)]-

In higher dimensions Theorem 4.2 yields the following.

d-4
COROLLARY 4.2. Let d > 4 and x -m(A) = 0. Then X does not
hit A Q®-a.s. for any m € Mg(RY).

-1
1
COROLLARY 4.3. Let d = 4 and .[108 -] -m(A) = 0. Then X does
x

not hit A Q®-a.s. for any m € MF(Rd).

The set of k-multiple points is defined by

k
Rk 1= (x: x € 1”1 E(Ii), for some Il,....Ik disjoint

compact intervals in (0,®))

d T~
COROLLARY 4.4. Let d 2 5 and k 2 ;-I « Then Rk = ¢ a.s.

REMARKS. (1) In particular this implies that X does not have
self-intersections in dimensions d 2 8.
(2) Perkins [6) has shown the existence of intersections of

order k if k < ;%: and determined the Hausdorff dimensions of

the sets . Also Dynkin {2) has established the existence of
self-intersection local times of order k for k < ;:Z 5

(3) The proofs of Theorems 2.1, 3.1, 4.1 and 4.2 are given in

Dawson, Iscoe and Perkins [1).
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A MODEL FOR COQUAND'S THEORY
OF CONSTRUCTIONS

Frangois Lamarche
Presentad by J Lambek, F. R S €

In [6) we introduced the concept of semigranular category with
the goal of extending Girard's model of the second order X calculus [4]
to higher types. In this announcement we use the same raw
material to produce a model of Coquand's theory of constructions [1].
Due to space limitations we cannot cover the syntactical aspect of

the theory. A detailed account of everything is being written up.

When examining the theory of constructions, one discerns the
following features: there are "type-like” constructions of two sizes:
small sets (called propositions) and classes (eg. the type Prop of all
sets). There are "term-like" constructions corresponding to mappings
between sets or classes. There is the capability of defining dependent
types a la Martin-Lof, corresponding to indexed families (Yy)xex
where Y,,X may be either sets or classes, and finally there is the
TT operator allowing us to take the product (TTyex)Yy of a family;
the power of the system comes from the fact that the product of a
family of sets is always a set, regardless of whether the indexing

type is a set or a class.

Let € be a category which has multicoproducts [2] and all of
whose morphisms are mono. We say a discrete cocone (xy:X;—Y)je

in € is a sum candidate if it belongs to a multicoproduct family, i.e.

89
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if (x;); is initial in its component of Coccne(X;); . Similarly a single
object W is empty if it is initial in its component of C . An object
X of € is finitely presentable (f.p.) [8] if the representable functor
Hom(X,-) preserves filtered colimits. X is said to be prime if it is

not empty, and given any sum candidate (x;:X;—X)( with vertex
X thereis iel such that x; is an isomorphism. X is atomuc if it

has exactly two subobjects. Atoms are prime.

Definition: A category € is called an aggregate (resp. a
semigranular category) if
- all morphisms are mono.
- it has multicoproducts and filtered colimits.
- it has a strong generating set made of {.p. prime objects with
finite subobject lattices (resp. f.p. atomic objects)
- if (x:Xj=X)ep is a sum candidate in € with :A—=X where A

is prime then there is i€l and g:A—X; with xg=f.

An aggregate is always a locally #p-multipresentable category
(3], and therefore it is multicocomplete and has connected limits. We
say a functor F:C—D between aggregates is entire if it preserves
filtered colimits and pullbacks. Let A¢D . We say an object (X,x) of
A/F (ie. x:A-FX) is a generic arrow (cf. [5)) if given any diagram
of the form

(X, x)—(Y,y)—(Z,2)
in A/F there exists a (necessarily unique) (X,x)—(Z,z) making the

triangle commute.

Proposition: If €,D are aggregates then F:C—D is entire iff
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for any prime AeD, any y:A—FY there exists a generic x:A—FX

where X is f.p. and a morphism (X,x)=(Y,y) in A/F.

Given a family (Cy); of aggregates (semigranular categories)
their product TIC; is an aggregate (semigranular) and is the
categorical product for entire functors as morphisms. In particular
the one object category 1 is semigranular and terminal for entire

functors.

In our model (non variable) classes will be interpreted as
semigranular categories. A small set will be interpreted as a (possibly
empty) semigranular poset whose multicoproduct families are all
singletons or empty, that is, as an atomic Scott domain [7], or
equivalently as a qualitative domain [4] where the empty
semilattice of subsets is allowed. We will use the term qualitative
domain to cover those three equivalent entities. Terms between
classes will be interpreted as entire functors. We are left to interpret
variable terms. It is a standard practice of category theory to
consider a “family (Yy)yex of objects of a category indexed by object
X" as a morphism Y—X in the category where Y corresponds to
the disjoint sum LYy . Such a morphism will be interpreted in our
case as a special kind of fibration E—C . For every S¢C the fiber S
will be a semigranular category, and so E will be a lot like "a
disjoint union of semigranular categories™. Even if C is
semigranular, E will not be semigranular, but only an aggregate.
Since the syntax of the theory forces us to have towers
En—Ep-1—.. —C of fibrations it is natural to develop the theory

when the base category € is an aggregate.
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Definition: Let € be an aggregate. A semigranular fibration is
a category E:E—C above € such that

- E is both a fibration and an opfibration (i.e. for every s:S—T
in €, any splitting sET—ES for s has a left adjoint 3, ).

- Every fiber is a semigranular category.

- Every cocartesian arrow is also cartesian (3 is always full
and faithful).

- 1f A€ES is atomic in its fiber and a:A—B a cocartesian

arrow then B is atomic in its fiber (3, sends atoms to atoms).

We will call an object of E which is atomic in its fiber a
semiatom. Since E is an opfibration it can be thought of as a
covariant functor from € to the category of all semigranular
categories (with morphisms embeddings sending atoms to atoms and
that have a coreflector). We need an additional condition making this

functor entire.

Definitions: an object X of E is said to be E-genersc if given
any diagram X—Y+—2Z of cocartesian arrows there exist a
(necessarily unique and also, it turns out, cocartesian) morphism
X—2Z making the triangle commute. E is an entire fibration if for
every semiatom A of E there exists an E-generic X and a

cocartesian arrow X—A .

Theorem: If E:E>C is an entire fibration above aggregate €

then E is an aggregate and E is entire.

We denote by Fib(C) the category whose objects are entire
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fibrations above € and where a morphism from E:E—C to F:F—C
is an entire functor H:E—F with FH=E . We write Fib(C}(EF) for
the category whose objects are the functors H as above and where
a morphism @:H—H' is a cartesian natural transformation ¢ such
that Fo=1g (¢ is cartesian if for any f:X—Y in E the

commutative square defining naturality for f is a pullback).

Theorem: Fib(C)(E/F) is a semigranular category.

If A is a semigranular category the constant fibration CxA—C
isin Fib(C) . We write Fibg(C) for the full subcategory of Fib(C)
whose objects are small-fibered entire fibrations, i.e. where every
fiber is a qualitative domain. If D is another aggregate and K:D—C
an entire functor then the (standard on-the-nose) pullback of any
entire fibration above € is an entire fibration above D , and this
defines a functor D*:Fib(C)—Fib(D) which as usual corresponds to
substitution in syntax. One shows thus Fib(C) has finite products.

Theorem: D* has a right adjoint TTp which sends small-fibered

fibrations to small-fibered ones.

A consequence of this is that Fib(C) and Fibg(C) are always
cartesian closed, and in particular Fib(f) , the category of
semigranular categories and entire functors. One takes FE to be
TIp(F*E) . Let G:6—D be in Fib(D) . TTp(G) is calculated “pointwise”
in the sense that for SeC the fiber above S will be the
semnigranular category Fib(DS)(1pS,I%G) , where 1:DS—D is the
inclusion of the fiber; in other words, it is the class of all splittings
w:DS-6 , GW=1pS, just as for sets.
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We are left to describe the class P of all sets and its associated
entire fibration H:H—P which classifies all such small fibrations. If
qD is Girard's category of qualitative domains and morphisms
thereof [4] , P is the disjoint union gD+1 , where one isolated object
is added to take care of the empty qualitative domain. It is easy to
see that a morphism of qualitative domains is the same as an
embedding of the posets which sends atoms to atoms and has a right
adjoint, and therefore there is a natural small entire fibration
H: H—-P which is such that for any E:E—C in Fibg(C) there exists
K:C—P with H=K"H . This is the semantical counterpart of the fact
that a (variable or not) set is a term of type Prop .
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Simple zeros of the Dirichlet series formed

with Ramanujan’s tau-function

J.B. Conrey' and A. Ghosh"
Presented by P. Ribenboim, F.R.S.C.

Let

[+ ]
Lis) = 2 ”:'

n=1 "
where r denotes Ramanujan’'s tau-function. The series is
absolutely convergent for ¢ > 13/2 and defines an entire
function L(s) . It is known that L(s) has real zeros at

s =0, -1, -2,... and that all other zeros are non-real. The
non-real zeros are symmetric about the real axis and about the
line ¢ = 6 . It is conjectured that they all lie on the line

¢ =6, i.e., that L(s) satisfies a Rie@ann Hypothesis. It is
known that they all lie in the strip 11/2 < ¢ < 13/2 and the

numbe; of them with ordinates in (0,T) |is

L log e S O{log T) .
x 27e

% Research supported by the Alfred P. Sloan Foundation and the
NSF.

$#*+ Research supported by the NSF.

95



96 J.B. Conrey and A. Ghosh

Little else is known about the vertical distribution of the zeros.
In particular, all that is known about multiplicities of zeros is
that the multiplicity of a zero in 0 < t < T cannot be larger
than a constant times log T.

We remark that there are other Dirichlet series which are
known to have infinitely many simple zeros. In fact, a positive
proportion of the zeros of the Riemann zeta-function are known to
be simple via Levinson's method (see Heath-Brown {41]), and the
same result holds }or Dirichlet L-functions. Also, the authors
and S. Gonek (1) have used a different method to show that the
Dedekind zeta function of a quadratic extension of the rationals

has at least '1‘6/ll

simple zeros in the rectangle 0 < ¢ < 1 ,
0 ¢t <<T if T 1is sufficiently large.

We are able to show that infinitely many of the non-real
zeros of L(s) are simple zeros. 1n fact, we have a stronger

result:

o> 0 there isa T 2 To

1/6-¢

Theorem. For any € > 0 and any T

such that L(s) has at least T simple zeros in the

rectangle 11/2 < ¢ ¢ 13/2 , 0 < t < T .

bur theorem here uses a different method tﬁan those mentioned
above. The idea of the proof is as follows. Let p = g + iy
denote a zero of L(s) . We prove a formula which, roughly

speaking, has the shape
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(+) Y atpiLspiPime ™2 ¥ Ligmaintint?
0<y<T 0<1<logT

where a(p) is an innocuous factor. The proof of (%) depends
on the functional equation satisfied by L(s) , on the fact that
[(s) and exp(x) are Mellin transforms, and on the periodicity of
the exponential function. The proof proceeds somewhat like the
proof of an "explicit formula" from classical prime number theory.
If no zeros are simple then both sides of (%) are
identically 0 . We prove that L(s) does have at least one
simple zero. This requires a special calculation and, to a
certain extent, limits the generality of our method. Now let ¢
be the supremum of the real parts of simple zeros of L(s) . We
prove that for any ¢ > 0 and any To > 0 there are values of
T 2T, such that the right side of (3) is 2 T/ . 7o do this
we use Cauchy’s theorem to relate the right hand side to an
arithmetic sum involving-the coefficients r(n) (again, like an
explicit formula). Then we use Landau’s theorem on the existence
of a singularity on the real axis at the abscissa of convergence
of a Dirichlet series (or integral) with non-negative coefficients

to show that the arithmetic sum cannot always be small. Next by

the use of Good’s upper estimate for L(s) (see [3)) and standard
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bounds for the gamma function, it follows that the individual

terms of the left side of (%) are bounded from above by

T(12#0)/3 - 1/6+¢/2

for any ¢ > 0 . Thus, the left hand side of (%) must have at

least

T(20-12)/3 + 1/6-¢

non;zero terms for appropriate T . By the symmetry of the zeros,
# 2 6 from which the result follows.

More generally, suppose that F(s) is represented by a
Dirichlet series and an Euler product in some half-plane and that
F(s) satisfies a functional equation, say H(s)F(s) is real on

some vertical line ¢ = k where

H(s) = CA®
n

-4

lr(ana+ﬁn)

for some positive numbers A and .. and some complex numbers C

and ﬁn . a_ <1

N
Our method should give the result that if I n
=1

n
and if F(s) has at least one non-real simple zero in

o2k,
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then F(s) has infinitely many simple zeros in ¢ 2 k .

The details of the proof of the theorem stated above are in

(2).
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Linear Systems with Degenerate Quadratic Costs

V. Jurdjevic and I.A.K. Kupka

Prnesented by G.A. ELLIott, F.R.S.C.

(0) Introduction. We assume that our basic seiting consists of a given linear autonomous

system (3) -‘;—’: = Ax + Bu with state space X, control space U, both finitc dimensional

vector spaces, and a cost function c¢: X XU -9 R, ckx,u)= %<Pu. u> + <Qx, u>

+ —;-<Rx. x>. Here P: Yo U, Q: X> U, R: X o X’ are lincar mappings, U’, X’

the dual spaces of U and X respectively. P and R are assumed to be symmetric.

We shall study the following optimal control problem: given any two points x% x' in
X and a positive number T find a trajectory (X, W) : [0, T] = X x U of (¥) such that

X(0) =x% XM =x' and

trajectory of () and x(0) = x%, x(T) = x'

(Opt) LT (X, TW)dt = inf {{T c(x(v), u()dt O WY &[0, T =Xex U 2 }

We will use Pb(x° x', T) to denote such a problem and we let v(x% x!, T) stand for
the sccond member of the equality (Opt). In general v(x x', T) has its values in [—oo, ],

Our study is based on the following two natural assumptions:

(E) Forany x%x' in X andany T>0, v(x%x'.T) > —

(E) implies that v(0, 0, T) 2 0. Hence the zero trajeclory is optimal for Pb(0, O, T).

Our second assumption is
(U) Forany T >0 the zero trajectory is the only trajectory optimal for Pb(0, 0, T).

In contrast to the free end point problem which has becn extensively studied in the con-
trol theory literature (for instance, [AC), [BJ), [HS), [K], [0'M]-J], [W], [Y] and morc recently
(KSW)), the fixed end points problem over a finite time interval has not received much atten-
tion (see [KO1), (KO2)).

. Our methods are based on linear symplectic geometry, and the results bring into focus
several related developments from the theory of singular perturbations [KT1], and the existence
of self-adjoint solutions of the associated Ricatti equation. The results also extend very
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naturally to the infinite time interval ([Y]) and to the study of the algebraic Ricatti equation
((GLRY)).

(I) Statement of the Results

Our first result concems a standard form of the cost function as described by the follow-

ing proposition.

Proposition 0. Assume that the assumption (E) is satisfied and the system (F) is controll-
able. Then there exist two symmetric mappings H: X - X', W: X=X’ anda feedback
mapping K : X = U such that:

(i) P and W are positive semi-definite.

(i) for any trajectory (x,u): [a,b] = X x U of (¥)

b = b
[ G, uw)an = <Hx, x> | + %j [<Pv((). V> + <Wx(), x(t)>]dl
.

where v =u-—Kx.

The problem Pb(xC, x!, T) admits a regular synthesis if and only if the quadratic form
u = c(u, 0) is positive definite, or stated equivalently, if the mapping P is positive definite.
What we mean by regular synthesis is described by the following theorem:

Theorem 0. Assume that the assumptions (E), (U) hold and that (Y) is controllable. Then
Po(x°, x', T) has a unique optimal trajectory for each x° x' and T >0 if and only if
P >> 0. The optimal trajectory is the projection on X of a trajectory x: [0, T] = X x X’
of the Hamiltonian field H of H defined by: by

1

H(x, p) = —;<Rx. x> + <Ax, p> - 7<B'p -Qx, p(B"p - Qx)>

for each (x,p) € X x X’. Moreover, z_is the unigue trajectory of H which depends con-
tinuously on x°, x' and T such that (2(0), 2(T)) projects onto (x°, xV).

In the case that P has a non zcro kemel, there exists a natural extension of the regular
synthesis which we term “generalized tumpike phenomenon”. It is Characterized by the



V. Jurdjevic and I.A.K. Kupka

existence of a certain subspace Q of X x X’ which carries the liftings of the optimal trajec-
torics and the complementary notion of the “constant cost dircctions”. The essential propertics
of Q arc given by our next proposition.

Proposition 1. Under assumptions (E) and (U)

(i) there exist a symplectic vector subspace Q of X x X', a quadratic form H: Q - R
h e

and a linear mapping F : Q — U with the following property:

for any T >0 the mapping z — (proj, z, Fz) induces a linear isomorphism between

the space of the trajectories of the Hamiltonian field H of H defined on (0, T] and

the space of all trajectories (x,u): [0, T) = X xU of (¥) such that (x,u) is
optimal for Pb(x(0), x(T), T),

(ii) the triple (Q, H, F) is uniquely determined by the pair (3, c) .

In general it can happen that Q is reduced to zero in which casc the only optimal trajec-
tory is the zero trajectory and it can also happen that the projection of Q onto X is a proper
subspace of X.

To compute 2, H and F we have invented an algorithm which leads to the result in
atmost m steps, m being the dimension of the control space U. This algorithm bears some
resemblance to the methods Icading to the Brunovski normal form for linear systems. The

space of constant cost directions Y can be defined inductively as follows:
Y = \.;l Y, where Yo = B (ker P) and
=

Y, = A(BkerP)NY,,) for n21.

Our main result is the following:

Theorem 1. Let To(H) denote the space of all trajectories of the Hamiltonian field H
given by Proposition 1. There exists a unique continuous mapping T : X x X x R* = Tr(H)
such that:

() T&%x\T) is defined on [0,T]. Is projection Wx°, x', T) with the control
F(N(x% x!, T)) is the unique optimal trajectory initiating at %° = ¥(x° x!, T)[0] and
terminating gt X' = y(x°, x', T)(T) .in time T.

103
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(i) x*-XeY for k=0 or 1.

(i)  The costof (+x° x', T, F(T% x', 1)) is vx, x', ).
(iv) Forany xe X and ye Y, .the function T € R} = v(x, x+y, T) s bounded.

To explain the significance of the constant cost directions it is instructive to consider the
"regularized” problem and apply singular perturbation methods to it. To claborate, let
P;: U—> U’ be any symmetric positive semi-definite mapping such that its kemel is comple-
mentary to the kemel of P . Denote by Pb(x% x!, T, &) the problem Pb(x, x', T) where

the cost ¢ has been replaced by c,: XxU = R, c,(x.u)=c(x.u)+-§-<?lu.u>. By

Theorem 0, there is a unique continuous mapping A : X x X x Ry x R, = C%(X) (space of
all analytic paths x : [0, T) = X, T, depending on x) such that for any x° x!, T, e,
A% x!, T, €) is the unique optimal trajectory for Pb(x’, x!, T, €).

As explained in (KT1), (KT2), (KT3), (see also [O'M-J]) when e goes to O, the
optimal trajectory A(x’, x', T, €) consists of an "outer” part (essentially, the "middle” part)
and two boundary layers at the extremities 0 and T of (0, T). The "outer” part tends, uni-
formly in time, to the trajectory ¥(x% x!, T) of Theorem 1. The boundary layers give rise to
the two instant jumps x° - X° and X' — x!
tions in [KT1]), (KT2), {KT3)).

along constant cost directions (called fast direc-

A precise statement is given in the next proposition where we will use the notations of

Theorem 1.

Proposition 2. For any N >0 and any compact subset K in X x X, the trajectory
AGC, x', T. &) of the e-system, restricted to the interval [n, T-N], converges uniformly for
% x") in K to the restriction of the trajectory Yx° x', T) of the singular system to the

same interval.

(ii) The trajectory Mx% x', T, e has asymptotic expansions in € near each of the boun-
dary points 0, T of the interval [0, T), of the form

1 56
3 T 800 5L T, 0)

1 k=l

au(x% x', T, €) is an analytic function in_e. oy = 03(x°, x', T, €) has an expansion of

the form
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%=g%+ high order terms
. high order term

[ )
The jump x> =X is the sum Y, ED a(x% x', T, 0) and % a3(x% x', T, 0) belongs
1 kel — - —_—

EYj_Yj-l'

The methods used in the preceding proposition can also be applied to the frec end point
problem, to obtain results similar to results obtained by different techniques in [HS) and
[HSW]).

Conclusion. The generalized optimal synthesis of this paper consists of the following: cach
generalized optimal trajectory is a concatenation of a "cheap™ control trajectory with a regular
optimal trajectory, followed by another "cheap” control trajectory. This synthesis is of thc
“wmpike type" where the cheap control trajectorics may be viewed as access routcs to the
turnpike (given by the regular trajectory).

Such phenomena, even though observed using unbounded controls, may serve as a good
model for the bounded case as well. The main difference between the bounded and unboundced
case will be that the "cheap control” trajectories will be replaced by the bang-bang trajcctorics
arising from the bounds or the space of controls. The dctailed analysis will however be more
difficult because of the chattering problems, such as the Fuller typc phenomena caused by the
matching of the singular extremals with the bang-bang extremals.
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On the signature of a graph

Kunio Murasugi, F.R.S.C.

Abstract. It is proved that the signature of a weighted graph is invariant under 2-

isomorphism.

Let T be a (finite) weighted graph, i.e. ' is a graph in which +1 or -1 is
assigned to each edge in I". Let o(I") denote the signature of I" defined in [1].

In this paper, we will prove the following

Theorem 1. If two weighted graphs T\ and T, are 2-isomorphic, then

o)) = o(l,).

Two graphs I’y and I, are said to be 2-isomorphic if one is obtained from the
other by applying finitely many times the following two operations , and Q,. Let
I' be a one-point union of two subgraphs G and H which meet at a vertex v.
Then Q,(I") is another one-point union of G and H which meet at a different ver-
tex v’. To define ("), suppose that T is obtained from 1wo disjoint graphs G
and H by identifying vertices u; and u, of G with v, and v, of H, respec-
tively. Q,(I") is a new graph obtained from G and H by modifying the

identification so that u; =v, and u; =v,.

Now since Proposition 7.4 (2) in [1] shows that o(I) = o(Q,(I)), it suffices to

prove
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Proposition 2. If T =QyT), then o)) = o(I’y).
Proof. Let (u), up, wy, .., Wy} and (v, vy, Xy, ..., X} be the set of vertices of G
and H. Then the matrices Bp, of the graphs Ti(i=1,2) arc integer

(n+ m+ 2) X (n + m + 2) matrices of the form [1]:

A B G
Brl = Bil Bo 0 (i =1,2)
¢t 0 G

where

(1) M denotes the transpose of M,

(2) By and B are identical 2 x n matrices [Ibjflii<2, 15j<n -

(3) C; are 2xm matrices and C, is obtained from C; by interchanging the

€21 - Com
rows, i.e. Cj = [Igillisisz, 15jm and C; = [ ]

(4) A; are 2 x 2 matrices such that A; = [[a;f] and

A 0
A2=A,+[o —l]' where A = Zc,, }_“‘oz,
=l
(5) Bp is an nxn matrix obtained from the matrix of the graph G by deleting
two rows and columns corresponding to vertices u; and u,. Similarly, Gy is
an m X m matrix obtained from the matrix of H.
Note that A;, By and Cp are all symmetric and the rank of Br, is at most

m+n+ 1l

Now there exist uni-modular matrices P; and Q, over the rational number field

Q which diagonalize By and C,, respectively, i.c.
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[ b, 0]

P By P} = by = By,

where b;#0 for i=1,2,..,k(Sn) and

QGQ = < =G,

[0 "0 |

where c# 0 for j=1,2,..,/(Sm). Let

where I, denotes the identity matrix of rank r. Then for i=1,2,

A, B; C;
RBrR' = [B} B, 0 = By
ct 0o G

; , €1 - €2
where B’} = B’ = [ldjlisic2, 153 8nd €'y = [lgjll and C'z = e - € |

For any square matrix M, M (i) denotes the matrix obtained from M by strik-

ing out the i row and i column.
Casel. k=n and / =m.

Then det B, (1) = det Br(1), since cach value gives the number of weighted

spanning trees of 'y (and TI’). Therefore
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o(ly)

[}

i sign(b) + i sign(cy) + sign(det Br, ﬁ b; ﬁ )
a = =

"

3, siga(b + 3, sign(c;) + sign(det By, T b [T ) = o(Cy .
=1 o =l

where sign(a) = T.I if a#0.

Case2. kgn and dy#0 forsome i=1 or 2 and some t,k<t<n (or lgm
and e, #0 forsome i=1 or2and some s,/ <s <m).

Then for i =1, 2, Br(1) (or Br‘(2)) is congruent to

0 0 & o
b| .
o o 0
0 by
0
d - - -~ 0
c,_
"cl
0 0 0,
'Y

and hence o(I")) = o(I’;). Note that rank Br(1)=k +/ +2.
Case 3. O0<kgn and 0</gm, and dy=dy=0, for t=k+l,..,n and
e ,=¢x=0 for s=[+1,.m

Then we can eliminate all entries of B’), C’; and B’f C! by applying elemen-
tary row and column operations. To be morc precise, there exists a uni-modular

matrix S over Q such that
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SBr, §' = B, =B, i=12.

k dd. ! e e,
To determine A’;, denote, for p<q, = 8 9 and =y BLY
f PSQq Oy E;, b, Beq 5 =

i
, oy + By gz + By
Then we see that Al = A - &2+ Bz @2+ B and

o e | B Bn op+Pn ] g
A2= A o +By o tBu | ince ol = o(Br(D) = o(Br(2)),

i=1,2, ecither the diagonal entries of A’; arc 0 or the sign of these entries must be

identical, i.e.
(6) sign(a;; — oy ~ Byy) = sign(ayy — &y — Byy) and
sign(ay) + A — o)) — Byp) =sign(azy - A - oy - Byy) -
Note that Br(1) and Bp(2) are diagonal. From (6), we sec easily that
sign (@) +A -0y = Byp) = sign @ +A -y - Py +an-A-ay-Py)
= sign (ay — 0yy = Py + 2y — 03 = Bpp) = sign (a; - 0y - By
and hence o(I")) = o(I"y).

It completes the proof of Proposition 2 and of Theorem 1.
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A LAW OF THE ITERATED LOGARITHM FOR INFINITE

DIMENSIONAL ORNSTEIN-UHLENBECK PROCESSES

Miklés Csorgé and Zhengyan Lin

P ted by D.A.D , F.R.S.C.

Abstract: We prove a large deviation theorem and a law of iterated logarithm for infinite

dimensional Ornstein-Uhlenbeck processes.

A real valued stationary Gaussian process {X(t), — 00 < t < o0} will be called an Ornstein-
Uhlenbeck process with coefficients ¥ and A (v,A > 0) if EX(T) = 0 and EX(s)X(t) =
(7/A)exp(=At — s}). Let Y(2) = (X1(t),...,Xi(t),...), where {X;(t), — 00 < ¢ < 00} are inde-
pendent Ornstein-Uhlenbeck processes with coeflicients 4; and A; (i = 1,2,...). The process Y'(-)
was first studied by Dawson (1972) as the stationary solution of the infinite array of stochastic

differential equations
(1) dXi(t) = =\ Xi(0)dt + (29:) 2dWi(t) (i =1,2,...),

where {W;(t), — 00 < t < 0o} are independent Wiener processes (cf. also Dawson (1975), Walsh
(1981) and Antoniadis and Carmona (1987)). If we assume .72, 7i/Ai < 00, then Y (¢) is almost
surely (a.5.) an £-valued Ornstein-Uhlenbeck process (EIlY(D)IIZ = T2, i/ Xi), and Dawson
(1972) shows that under this condition Y(-) is weakly continuous. If for large i we have also
di'*% > A; > ci'* for some ¢ > 0,d > 0 and § > 0, then Dawson (1972) shows that Y(-) in €2 is a.s.
continuous, Iscoe and McDonald (1986, 1987) establish the a.s. continuity of ¥(-) in £ under the
weaker additional condition 172, 72/A; < 00, by studying and solving the equivalent problem of a.s.

continuity of the process {2, X?(t) via proving powerful large deviation theorems for the latter

113
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stochastic process. Iscoe, Marcus, McDonald and Zin(1987) deal with the stmﬁg continuity of Y (-)
in ¢* by using Fernique-type techniques concerning a.s. continuity of stationary Gaussian processes.
Schmuland (1986, 1987) uses Dirichlet forms to study a class of infinite dimensional processes which
are modelled on the process Y(-). His general results can be also used to recover state space and
continuity results of the so far mentioned papers. Csérgé and Lin (1987) study Y/(-) in terms of the
path behaviour of the two-time parameter stochastic process {X(t,n), ~ 00 <t < 00,n =1,2,.. 3
where X(t,n) = ¢, Xi(t), X(2,0) = 0 for all ¢t € R and establish P. Lévy type moduli of
continuity and large increments rates results for the latter process along the lines of Sections 1.12-
1.15 and the Supplementary remarks of Chapter 1 in Csérgé and Révész (1981), where almost sure
behaviour of some path increments of the Wiener sheet and the Kiefer process is established. These
hinted at increments results do not imply any law of the iterated logarithm for X(t,n). However,
Schmuland (1987), using Dirichlet form— techniques, proved that if the X; of (1) are of variance

/Ai=1and 7, 7i/(2nloglogn) — 0 (n — oo) then
Vi
(2) 4 {limsup X(t.n)/(2nloglogn)l-'-' 1 forall RGR} =1.

The aim of this exposition is to prove a large deviation result for X(t,n) which can be used to

prove also laws of iterated logarithm for the latter Gaussian process whose covariance function is

mAn

(3) EX(s,m)X(t,n) = E(yk/Ak)exp(—Aklt -s]), mAn=12,....
k=1
First we state our version of a law of the iterated logarithm. We will use the notation My =
NAX) <N Aje
THEOREM. Assume that
(4) logAjy/loglogN -0 (N — o0)

and that the non-decreasing sequence {Tn} satisfies

(3) logTn/loglogV =0 (N — o0).
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Suppose also that for any € > 0 there exist 1 < 6; < 0, such that

a4 4
Z»,,/A,-) / (27;/1\5) <1+
i=1 j=1

limsup (
k=00 =

(6)
and
o gt
M limsup (2 ‘Yj/'\:') / (Z ”Ij/'\j) <e
k—oo  \j=1 =

12
Then, with By = (2 E:Ll(-yj/,\j)loglogN) , we have

limsup | X(Tn,N = limsup max sup |X(¢,n =1 as.
maup X (T, V)| /B = limsop max, sup [X(t) /B =1 2

We note that if 9;/A; = 1 as in (2), then conditions (6) and (7) disappear, and our dy

(2N loglog N)'/? is like the normalizing sequence of (2).

The proof of Theorem is based on a large deviation result, which we now state.

LEMMA. For any small enough ¢ > 0 there exists C = C(¢) such that we have

1/2
N
up |X(t,n)]/ (Z}m,) 2vp < ONET e %
IT =1

P{ max s
1€nSN |

(®)

for any v > 2(log(Mye~5))' /.

PROOF OF LEMMA. For each fixed t,s and N we have X(t, N) 2 N (0,T?) as well as
Tie173/2; and A%(s) = 200,(1,/2)) x

X(t+s,N) = X(1,N) 2 N (0,A%(s)), where I?
(1 — exp(—A;s)). Let p = [Aye~®]. Then p < exp(v?/4). For integer k we put px = exp (2 log p).

zx = 2%, uy = vz, and define Xi(t,n) = X(i/pryn), i/px < t < (i + 1)/px. Since X(f,n)is a

sum with independent increments in n, we have
p IXi(m| 2 wr} = P { [X(6/prum)] 2w |

P
<mP {.g;&x"lx(om)l > uol‘}

< epre=3/? fuo,
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where ¢ > 0 is an absolute constant. Similarly,

P{l<u5No< up |Xk(¢ n) — Xe4a(2y n)| 2 urA (2 k)} < cpk.“c_"g/z/uk.

Consequently, we have

-] () l
)] P{ 1B 208, {IX:(!.H)l + kzs; | Xa(t,n) - Xm(t-'l)l} > ul'+ Z;um(m)}

-]
< chhn c""an/uk.
k=0

Also, we have

f: A (2—:"‘) < vg: (2 + \/5) (Zk — Zi-1)A (p"zﬂ)
=1

k=1
<4v jw A (p"”/2) dy

1/2
<o (zu,/a,)(l-m( A,-p-vvz))) &

j=1

N wa’
<4 il A; v d
”(Jzn:l‘b/ :) ‘/1 Y

o 12
ve? (zyj/kj) .
js1l

and, on recalling that p < exp(v?/4), as well as
o0 (. -]
S e i3y = Sy b
k=0 k=0

Pev /2 /u) Z e—K10g2)/2402(3*+1 ~2) /4= (2*+1 <1 12)
k=0

< (p’e""”/v) ie‘“""’)/’

k=0
< cpe’ v,

Inserting now the latter two estimates into (9), we obtain

12
P ,Sn? wp |X(t,n)| 2 v (1+¢) (Z1,/A)

j=1

<AT + l)P{ max sup {lX;(t n)| + Ele(l n) — Xasa(t, n)l} > uol'+ Z""A( )}

< CANTe v’ /2 [y,
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If we now replace v(1 + €?) by v, then (8) follows at once if € > 0 is small enough.

PROOF OF THEOREM. Using Lemma and conditions (4) and (5), we obtain

1/2
B, 2up IX(mI 2 (149 (2;,(7,/)\ )loslogN)
CA'NTN C
= (log N)'+¢ = (log N)1+¢/2

< CMA Ty exp { 2(; : o loglogN}

for all large N. Hence for any 8 > 1 we have

o 1/2
e <
(10) l'ms:p,?aé. up 1X(t,n)/ (2’2—‘:(7,/4\ i)loglog 6 ) <l+¢ as.
and combining the latter with condition (6) results in
- 12

(11) hmsuplglag(N 7up | X(t,n)l/ (2;(1,‘/\;)loglogN) <l+4¢ as.

Next we prove

1/2
(12) lim sup 1X (Tn, NI/ (22(-,,/)\ )loglog N) 21-¢ as.
i=1

Let ny = 8%, 0 > 1. It is easily seen that X (Tasss k1) = X (T gy k) k = 1,2,..., are indepen-

dent normal random variables with mean 0 and variance E(X (Tn,,,snk41) = X (T, ) =

N4l

j=ns+1 73/ Aj. By condition (7) we can choose 8 large enough so that

LTEN) LT3
DL NA DI 7Y B BT
j=na+l i=!

for all large k. Hence we have

P {‘X (Tm“.ﬂu.l) - X(T,,N,,nk)| Z (l - 2() (2 z“ (1,/»\j)loglognk+|) }

i=1
> Cexp{=(1 - ¢)loglog iy} = O (k~(1-9).

The latter in turn implies

1/2
nas1
(13) li,l‘naup lx (Tnnnnk+l) -X (Tn“.nnk) I/ (2 Z (7}'/Aj)l°gl°g "’k'l'l) 21-2¢ as.
—o0 i=1
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It follows from the proof of (10) that we can replace Ty in it by T+, since condition (5) implies
that we have Tgs+1/ (log8*) — 0 (k — co) for any ¢ > 0 and 8 > 1. Hence, noting condition (7,
12

nasl
(1) li:n sup | X (Tn,,,0me)|/ (2 E (7,~/a\,-)loglognk+l) =0 as.
— 00 =1
Now (12) follows from combining (14) with (13), and (12) and (11) together imply the conclusion

of Theorem.
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REGULARITY OF 12-VAL:UE:D ORNSTEIN-UHLENBECK PROCESSES

B. Schmuland

Pregented by D.A. Dawson, F.R.S.C.

ABSTRACT

We consider a stationary, infinite dimensional Ornstein-Uhlenbeck
process with independeat coordinates which, at fixed times, are almost
surely square su%mable. Using the theory of Dirichlet forms we find
conditions for 1< sample path continuity. As well, we consider the
behaviour along sample paths of the sequence of coordinates.

1. INTRODUCTION
We are interested in the sample path regularity of the stationary

vector valued process
(1.1) X(e) = (Xl(-). Xz(-). S Xi(°). A
whose coordinates satisfy

(1.2) X, (t) = -a X, (t)dt + o W (t), D1,

i
where a‘>0. °i>° and {Hi(-); 131} are independent Wiener processes. The
solution Xi(') of (1.2) is the Ornstein-Uhlenbeck process with drift

coefficient a and diffusion coefficient 95 which has an invariant measure
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m, = N(O, of/an). We can also identify xx(-) as the Hunt process

i

associated with the Dirichlet form E, on l.2 - Lz(a; mx), given by the

i

formula

El(r,g) - 1/2 f 012 r'(x) g'(x) m‘(dx)

(1.3)

2 : £ is absolutely continuous and f' € Lzl.

D(E) = {f el
See [2) for the general theory of Dirichlet forms and [1) for the
connection with stochastic differential equations. The form assoclated

with the process (1.1) is given by the closure in Lz(x;m) of

E(f,8) = 1/2 [ ] o2 (3/3x,£)(x)(3/3x8) (x) m(dx)
i

(1.4)

“ K
D(E) = U Co (R7).

k>1

Here U C;(Rk) refers to cylinder functions which are smooth and have

k>1
- « L]
compact support in a finite number of variables, X = Il R1 and m = l'l_n’..
i=1 i=1

2.  REGULARITY RESULTS

Let us suppose that [ of/2a1<- so that m(lz) = 1, where 1
i=1

subset of points x = (xl. Xoo eees Xpo «..) in X with square summable

G is the

coordinates. For the stationary process, X(t) has distribution m for all

t20 and so
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s PO X2 < @) - 00 -1, ver0.
i=1

In order to pass from a fixed time result such as (1.5) to 12 sample path
continuity we require some control on the fluctuations of X(+) around the
steady state m. Such information can be provided by the Dirichlet form in
(1.4). Intuitively, (1.4) and (1.2) tell us that a process with larger
diffusion coefficients o will exhibit more irregular behaviowr. So it is
not swrprising that ow condition {s on the size of af.

2

THEOREM 1: If § o) /2a
-1

<= and 0>(0%/2a, )<=, then
i — 1 1071 i —

2

P(t+X(t) is 1°-continuous Vt>0) = 1.

e

The strategy used to get this result is as follows. Define the functlon
1+02: » A= Rul=}) by [-0% = § o2 <o 1r E(|-%, [-)%) $s fintte then one
i

uses Theorem 4.3.2. of [2] to conclude that

P(t*l]x(t.)"2 is R-continuous) = 1.

One can the show that the value = is not attained along sample paths, and
by simple Hilbert space theory and the fact that the coordinate processes
are continuous we arrive at the conclusion of the theorem. To determine
when E(ﬂ-"z. H-uz) is finite, observe that the i°" partial of "'"2 is 2x

and so E("-ﬂz. "'“2) is equal to

2 2 2, 2
1/2 f f of Xy o(dx) = 2 f oy (o} /2a,).
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This is the source of the Second summation condition in the theorem.
Finally we turn to & different regularity property of X(<), that of
convergence to zero of the coordinates. Note that by Borel-Cantelli and

the asymptotic result I; exp(-y2/2)dy -~ 1/x exp(-lez) as x+o, we find

m(xioO) = 1 if and only if

(1.6) I exp(-x2 cl/ofk-. Vx>0.
f=1

Here we drop the assumption that J af/?czl(-. and assume only that (1.6)
1

holds, so that
P(X,(t)+0 as §+@) = m(x;+0) = 1, Vt20.

Using the relationship which exists between the capacity (Capi) associated
with Ei (1.3), and the hitting times of xt(-) we can establish the second

theorem. Define the number x by
2 2 2
x, = lm’{x>0.¢:1 exp(-x" a,/0;)+0 as 14w}
which turns out to be the same as letting

X, = inf{x>0 : Capl({xl)-vo as 1+s].

A little algebra will convinece you that, since of/n + 0,

i
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x_ = lim 103’(02) ozlu
(] f i i

1

where log’(x) = log(x V 1).

Theorem 2: Under (1.6) we have the following

sup

(1) P(ogtgr X () 2x ¢+ e f.0.)=0
and
inf _
P(og,'sr X () & =(xy + €) 1.00) =0

for all T>0 and €>0.

(11) P(3t €[0,T):{X, (t)}{ , clusters at each point in [-x ,x ) = 1

for all T>0.
- Comment: We find that if (1.6) holds, then
P(xl(t)*o as {+= ¥t) = 1

if and only if log’(gf) °f/2°1’°' By way of comparison, it is known [3)

2.r
that if (log o)) 02/2111 is bounded for some r>l, and if } of/201<-, then
i

i

X(+) 1s lz-oontlnuous. This is stronger than our Theorem 1.

123
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NOTES ON CERTAIN SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS

SHIGEYOSHI OWA, SEIICHI FUKUI anp OSMAN ALTINTAS

Presented by P.G. Rooney, F.R.S.C.

ABSTRACT.

The object of the present paper is to derive some properties of

certain subclass of close-to-convex functions in the unit disk.

1. INTRODUCTION.
Let A be the class of functions of the form

(1.1) f(z) = z + nzzanz

n

which are analytic in the unit disk | = {2: |z]| < 1}.
A function £(z) in A is said to be a member of the class R(a)
if and only if it satisfies

(1.2) Re{f'(2)} > a

for some a (0 < a < 1) and for all z e |J. It is well-known that R(a)
is the subclass of close-to-convex functions in the unit disk |.
Further, recently, Fukui, Owa, Ogawa and Nunokawa [1] have given a

starlike boundary of functions belonging to the class R(a).
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2. PROPERTIES OF THE CLASS P(a),

We begin with the statement of the following lemma due to
Miller [2] (or Miller and Mocanu [3]).

LEMMA I, Let ¢(u,v) be a complex function,
¢: D—»C, De CxC (C is the complex plane)

and let u = u; + iuz, v = vy + iv,. Suppose that ¢(u,v) satisfies
the conditions:

(i) ¢(u,v) is continuous in ),

(ii)  (1,0) e D _and Re{¢(1,0)} > O,

(iii) Rew(iuz.vl)) < 0 for all (iuz,vl) e D and such that

v g -1+ udy/2.

Let p(2) = 1 + p;z + pzz2 + .-+ be regular in |J, such that
(p(2),2p'(2)) e D for all z e |J. If Re{¢(p(2),2p'(2))} >0 (z ¢ ),

then Re{p(2)} > 0 (z ¢ |).

Now, we derive

THEOREM 1. If the function f(z) defined by (1.1) is in the

class R(a), then

’ £(2) 1+Jl+8u
(2.1) Re z > -—4—— (zel).
2z

PROOF, For £(z) € R(a), we define the function p(z) by
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£(z)

(2.2) =8 + (1 - g)p(2),

z
where

1+ J 1+ 8a
(2.3) B =
4

Then p(z) =1 + p;z + p222 + ... is regular in |J. Taking the
differentiations of both sides in (2.2), we see that
(2.4) £'(z) = (8 + (1 - 8)p(2-))2 + 2(1 - B)(B + (1 - B)p(2))2p'(2)
or .

(2.5) Re{f'(z) - a}
= Re{(B + (1 - B)p(Z))2 +2(1 - B)(B + (1 - B)p(2))2zp'(2) - a}
> 0.
Letting p(2) = u = u; + iuz and zp'(z) = v = vy + ivz, we define
the function ¢(u,v) by
(2.6) (u,v) = (B+ (L - B)W2 + 2(1 - B)(B + (1 - BIUIV - a.
Then, ¢(u,v) satisfies
(i) ¢(u,v) is continuous in ) = Cx (,

(ii) (1,0) € D and Re{¢$(1,0)} =1 - a > O,
(iii) for all (iu,,v;) e D such that v; < -(1 + ug)/z.

Re{¢(iuy,v)) = 82 - (1 - B2 + 2801 - B)v; - @
<2-8-a-Q-8u

<0
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for g given by (2.3).
Noting that ¢(u,v) satisfies the conditions in Lemma 1, we have that

Re{p(z)} > 0 (z € ), which completes the proof of Theorem 1.
Making o = 0 in Theorem 1, we have

COROLIARY I, If the function f£(z) defined by (1.1) is in the

class R(0), then

£(2z) 1
(2.6) Re > — (zel.
z 2

Letting zf'(z) instead of £(z) in Theorem 1, we have

COROLLARY 2, If the function f£(2) defined by (1.l) satisfies

2.7) Re(f'(z) + z£'(2)) > a (0O<ca<l; zel),

then

1+ J 1+8
Re J £'(z) > 3 2 (zel)d.

(2.8)

In order to give our next result, we have to recall here the

following lemma due to Obradovié and Owa [4].

LEMMA 2, Let a > -1 and a > (a + 1)/(a + 2). Let the function

f(z) defined by (1.1) satisfy the condition

! £(z)
(2.9) Re | ——m8 — > a zel.
z
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Then

2
a+l [z - 2(a + )a“ + 1
2.10) e { —ar ]0 e e(oyde | > — (zel.

With the aid of Theorem 1 and Lemma 2, we have

THEOREM 2, Leta > -1, 0 < a <1, and

1+ J 1 + 8a a+1

4 - a+2

v

Bu
If the function f£(z) defined by (1.1) is in the class R(a), then

2(a + )82 + 1

(2.11)  Re { il Iz 2 leceyde } > (zel).
2t g 2a + 3

Letting a = 0, Theorem 2 gives

COROLLARY 3, Let -1 < a < 0 and £(z) € R(0). Then

5 55 a+l (z .4 a+3
( .1 ) Re { FI— [0 t f(t)dt } > 2(23—+3) (Z € U).

Further, taking a = 0 in Theorem 2, we have

COROLIARY 4, If the function £(z) defined by (1.1) is in the

class R(a), then
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Gy re{ [ ED ), 2
s e { — >
2z o . : (zel),

where

1+ J 1 + 8a

Bn
4
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