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Simple zeros of the Ramanujan z-Diriehlet series 

J.B. Conrey 1'* and A. Ghosh 2 
Department of Mathematics, Oklahoma State University, Stillwater, OK 74078, USA 

w 1. Introduction 

In this paper we consider the zeros of the Dirichlet series 

L(s)= ~ ( a = R e s >  13/2) (1) 
n =  1 n s  

formed with Ramanujan 's  tau-function which may be defined by 

y ~(n)z"=z ~I ( l - z " )  24 (Izl<l) .  (2) 
n = l  n = l  

It is known that L(s) has all of its non-real zeros in the strip l l / 2 < a <  13/2 
and it is conjectured that all these zeros are on o-=6 and are simple. It has 
been shown (by Hafner [4]) that a positive proport ion of the zeros of L(s) 
are of odd multiplicity and are on a = 6 ,  but it is unknown whether any of 
the zeros are simple. Some other Dirichlet series are known to have infinitely 
many simple zeros. Heath-Brown [6] and Selberg independently observed that 
the work [7] of Levinson in 1974 implies that a positive proport ion of the 
zeros of the Riemann zeta function are simple. Of course, the same result works 
for a Dirichlet L-function. More recently, the authors and S. Gonek  have shown 
in [1] that the Dedekind zeta function of a quadratic extension of the rationals 
has >> T 6 / t l  simple zeros in the region 0 < t <  T. The methods of these papers, 
however, will probably not give any results for L(s). The Levinson method 
requires a mean value theorem for the square of the modulus of ~(s) multiplied 
by a Dirichlet polynomial;  the " length" of this polynomial is critical and it 
seems unlikely that such a theorem with a long enough polynomial could be 
proven, at this time, in the case of L. As far as the method of [1] is concerned, 
we relied on a factorization of the Dedekind zeta-function as a product of the 
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Riemann zeta function and a Dirichlet L-function to achieve the result; no 
such factorization is available here. 

Thus, a new method is required to prove 

Theorem. There exist arbitrarily large T such that jbr any e,>0, L(s) has 
>~eT I/6-E simple zeros in the region 0 < t <  T. 

Our proof also yields the result that if the Lindel6f hypothesis is true for 
L(s) (i.e. that L(6+i t )~ l t ]  ~ for any e,>0 and ]t]> 1) then there are arbitrarily 
large T such that for any e>0,  L(s) has ~>~T ~-~ simple zeros in 0 < t <  T. The 
savings of 1/3 in the exponent is due to the improvement that the Lindel6f 
hypothesis would give over Good's  result [3] that 

L(6+ i t )~] t[  ~/3+~ (3) 

for any e > 0 and t ~> 1. We remark that another conditional approach is Montgo- 
mery's pair correlation method which implies that a positive proportion of zeros 
of the Riemann zeta function are simple, assuming the Riemann Hypothesis. 
However, this method gives no result in the case we are considering. 

Finally, we remark that our method here will probably work for a much 
more general class of Dirichlet series which have Euler products and functional 
equations with two gamma factors. In fact, for most of the paper we work 
in a more general setting. The main reason that we state the theorem only 
for the Ramanujan tau-Dirichlet series L(s) is that our proof hinges on the 
fact that L(s) does have at least one non-trivial simple zero, a fact that we 
have to verify in a somewhat ad hoc manner; in particular, at this point we 
make use of a result of Spira [-9] that the function (2~)-SF(s)L(s), which is 
real for a = 6 ,  has a sign change on the line a = 6  for t somewhere between 
0 and 10. 

w 2. Notation and well-known results 

We let 

L ( s ) = ~ a , n  -s ( a >  k 2  1 - -  ) (4) 

where, for most of the paper we assume only that k >  1; later we specialize 
to the case k = 1 2  and a,=z(n) .  The properties of a, and L that we assume 
are given below; these are all known to hold in the case a,=z(n) (see [5] for 
most of these). 

Firstly, L satisfies the functional equation 

H(s)L(s )=H(k-s )L(k - s )  (5) 

where throughout  this paper we use the notation 

H (s)=(2 rO-~ F(s). (6) 
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In its asymmetr ica l  form the functional  equa t ion  is 

L(s) = X (s) L (k  - s) (7) 

with X ( s ) =  H ( k - s ) / H ( s ) ,  of course. Also, the coefficients a,  are mult ipl icat ive 
so that  L(s) has an Euler  p roduc t  expans ion  

L ( s ) = [ I ( 1 - - a p p - ~ + p k - ' - 2 . ~ )  ' 
P 

= [ 1 ( 1  - =.  p - " ) -  '(1 - ap p-S) - '  (8) 
P 

where by the work  of Deligne [2], 

]~p] = pI~- ~)/2 (9) 

The logar i thmic  derivative is given by 

~ --2" (10) 
Z ( s )=  - Z ,,~ 

n = l  

where 

2 = ~ f ( ~ ' + ~ ' ) l o g p  if n = p  m 
" [ 0  otherwise (11) 

with p denot ing  a pr ime number .  Finally, there is an infinite p roduc t  expansion 
for the entire function ~(s)= H ( s ) L ( s )  given by 

(s) = e A + B~ I-I (1 - s/p) e ~/p (12) 
P 

where P = / ~ + i 7  runs through the non-tr ivial  zeros of L(s), all of  which are 
k - 1  k + l  

in the critical strip - - -  < a < - -  
2 2 

w 3. Sketch of proof 

The basic idea is as follows. We consider a sum over  zeros 

~ E ( p ) ( 2 ~ ) - p  f ( p ) e  i~/2-~)p 
P 

with the idea of showing tha t  it is large as 6--*0 + so that  E ( p )  is non-zero  
for m a n y  p. This sum can be expressed via Cauchy ' s  theorem by a pair  of 
integrals 

I f~(s)E(s)(2n)-~F(s)e"'/2-O)Sds, 
2rEi 
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k + l  
one on the line ~ = ~ + e ,  the other (in the opposite direction) on the line 

k - 1  
o - = - - - e ,  where e > 0. This first integral gives a coefficient sum 

2 

where 

~ . f  (n) exp (2 ~ i n e io) 
n 

[ k + l \  E _ L s ( . )  Cls)C(s) 

The second integral is similar in view of the functional equation satisfied by 
E(s). (The reason we consider our original sum with the oscillating factor F(s) 
is to make the second integral tractable.) Now (see Lemma 1) using the periodici- 
ty of the exponential function, we find that our coefficient sum is (essentially) 

. z ~ t 3 Z (s) E (s) (2 ~ ) - s  F(s) 6-~ d s 

k + l  
where the integral is over the line a = T + e .  The latter integral is related 

via Cauchy's theorem to another  sum over zeros: 

E (p)(2 n)-  p r (p)  6 - P. 
P 

If any of the E(p)  are non-zero, then this sum should be large as 6--+0 +. In 
fact, it should be about  as large as 6 -~ where fl is the largest abscissa of a 
simple zero. This assertion can be proven using Landau's  theorem (see Lemma 7), 
so that our original sum should be large. 

The difficulties with the proof  outlined above are mainly technical, arising 
in part  from the consideration of the Mellin transforms of the gamma factors 
that occur when the functional equation for L(s) is differentiated to obtain a 
functional equation for E(s) (see Lemmas 2, 3, 4). However, a genuine difficulty 
arises in that we get an undesired cancellation from the two integrals which 
give our original sum. To circumvent this problem, we introduce a factor 2 p 
into our original sum. This leads to a factor like e~ine-Z~n~=(--1)ne -2~n~ in 
one coefficient sum and a factor like e4~i"e-S~"O=e -s~"6 in the other. The 
factor ( -  1)" is essentially harmless as there are no primitive characters modulo 2. 

In fact, ~ f ( n ) ( - 1 ) " n  -s has essentially the same poles as (s)E(s) (see Lem- 
n 

ma 5). We no longer have the cancellation and the proof  goes through. The 
essential formula is contained in Lemma 6. 

We remark that we could have introduced a factor qO, with q an integer 
greater than 2, into the sum. This leads one to the assertion, "if any twist 
L(s, Z ) = ~ a ( n ) z ( n ) n  -s of L(s) by a Dirichlet character )~ has a simple zero in 

n 
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the critical strip, then L(s) has infinitely many simple zeros in the critical strip." 
We are currently investigating this situation in the more general setting of an 
arbitrary Dedekind zeta-function. 

w 4. Lemmas 

Lemma 1. Suppose that 

F(s)= ~ f ( n )  
n= 1 nS 

where the sum is absolutely convergent for  a > a o > O. Let  x > 0 and 0 < 6 < ~z/4. 
I f  c > ao, then 

1 
F (s) H (s) x-~ eit~/2 - 2~)S d s 

2r~i t~ 

1 
= ~ Fx( s )U(s )x -~ (2e l~  

21ri ~o 

where H (s) = (2 n)-s F(s), e(z) = e 2 ~i~, 

~f3 

Fx(s)= ~ f ( n ) e ( n x )  
n s , ( " > ~ o )  

n = l  

and (c) denotes the straight line path f rom c - i o o  to c + ioo. 

Proof  The proof depends on the fact that 

1 
F ( s ) z - ~ d s = e  -Z (c>0, largz[ <7r/2) 

2~i (o 
(13) 

and on the fact that the exponential function is a homomorphism from I12 under 
addition to ~x under multiplication. The integral on the left in the statement 
of the lemma is 

= ~ f (n )  2@~ ~ F(s)(-- 2ninxe21~) -~ ds  
n = I (c )  

= ~ f(n)e 2ninxez'6= ~ f(n)e(nx)e 2nnx(e2'6-1)i 
n = l  n = l  

= ~ f ( n ) e ( n x )  e x p ( - 2 ~ n x e i O 2  sin6) 
n = l  

= f ( n ) e ( n x  C(s)(2~nxe" 2sin6)- ds 
n = l  ( 

which is equal to the integral on the right-hand side. 
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Lemma 2. Suppose that [arg z [ < n/2 and 0 < c < k. Then 

and 

1 S F'(s)z-~ds=e-=l~ z 
2hi (c) 

2ni t~ F(s) F - ( k - s ) z -~ds=e-~  Ck--oi (l--t) k - ' d t  

r(k) where C k : 

Proof The first integral is easily evaluated using (13) and integration by parts. 
To evaluate the second integral we move the path of integration to the 

path ( - N - � 8 9  where N is a positive integer and we use Cauchy's theorem. 
It follows from standard estimates that the integral on ( - N - � 8 9  approaches 
0 as N--,oo. Since F(s) has a pole at s =  - n ,  n=0,  l, 2 . . . . .  with residue ( -  1)"/n! 
we find that the integral is 

(--1)"z" F' 
,=o2" n! F (k +n). 

In view of sF(s) = F(s + 1), it follows that 

~ (  ~ (  n~-[ 1 1 
k + n ) =  k)+ 

t l l=o l+k  

1 (1 - - t " )  -~Ckq- I tk-I dt. 
o (1 - t )  

Thus, our second integral is 

=Cke-~+ ~ (--1)"Z" i (1--t ~) t k- ~ dt 
. = o  n! o (1 - t )  

1 tk-1 
=Cae-=+ ~ ~ 7 (  e - = - e - = t ) d t  

0 

and the required result follows upon replacing t by 1 -  t in the integral and 
factoring out e-z. 

Lemma 3. Suppose that v > �89 k > 1 and 0 < 6 < n/8. Define 

w(v, 6)= ~ (! ~ (s) H (s)v -~ e i('v2- 2~)~ ds (O<c<k) .  
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Then 
v 

w(v, 6)~e - x l o g ~ + m i n { 1 ,  x-k}, 

and 

Proof 

so that  

where 

( x = 2 n v  sin26) 

w(v+ l, 6)+ w(v, f ) ~ ( l + 6 )  (e-Xlogb +min{1, x-k+ l}). 

Since X (s) = (2 n)s- k F(k -- s)/((2 ~) s F(s)) it follows that  

X' F F' 
~ ( s ) =  - (k -s ) -~(s )+21og2rc  

w(v, b)=2~i ( ! (21og2rtF(s)--F'(s)-U (k-s)F(s)) z-~ ds 

z = z(v, 0)=  - 2rcive 2i'~ = 27zv s in26 - 2~tiv cos26  = x - i y ,  

say. Then  by Lemma 2, 

w (v, 6) = F (z) 

where 

F(z)=e-~(21~176 z+ i etZ--1 1 t)k-ldt)=e ZG(z), 
o - ~ - - (  - 

say. Since z = x - i y  with O<x<y, y >  1 and ~ I / 6 ,  
x 

i t e ~  1/[z I l / x  1/2 
(l--t) k - ' d t ~  I Izl dt+ I 1-dr+ I xe'Xdt 

o o l/Izl t l l x  

1 
+ ~ etX(l--t)k-ldt. 

1/2 

Temporar i ly  denot ing the last integral by 1, the left side is 

1 + l o g  Izlq-eX/2 +I. 
x 

409 



410 J.B. Conrey and A. Ghosh 

No te  that  if 0 < a < b < 1, then for x > 1 and fixed k > 0, 

b 1 1 

5 et~(1--t)k-ldt<j etX( 1-t)k-ldt=e~ ~ e-~ttk-ldt 
a 0 0 

<e ~ ~ e-~'tk-ldt=e~x-kF(k)~e~x -k 
0 

uniformly in x. If 0 < x < 1, then we use the trivial b o u n d  

b 

et~(1--t)k- l dt <=eX k-14~e x. 
a 

Thus,  I ~ e X m i n  {1, x-k}. Thus G(z)~log~+e m m  {1, x-k}. Since [ e - = [ = e  -x, 

the first estimate in the statement of  the lemma follows. 
Next, 

w(v + �89 6)+ w(v, a)= F ( z -  niei'a) + F (z). 

Let 11 = - n i e  2 ia. Then, writing F (z) = e -  z G (z), we have 

F (z + 11) + F (z) = e - (= + ") (G (z + 11) - G (z)) + G (z) (e-  = + e -  (z + ,)). 

N o w  

Also, 

e - (*+ . )+  e-~ < i e - ~ [ e - .  + l l = e - X [ 1  _e=i(e~'~-a)l~ae-X" 

o t 

A n  integrat ion by par ts  shows that  the integral here is 

Ilz zl iet=(1-t)k-2[ t ~- (1-t)(tlle"t-e"t+l)]t2 dt 

1 1 ) t)k_ 2 4~+~Z~] Jo etX(1 - at 

1 ~ ]  eXmin{1, x l-k} 

provided that  k > 1. (In the case k = 1, the estimate is easier to obtain.) Thus  

x v 1 F(z+11)+F(z)4,(l+6)( e- l o g ~ + m i n { 1 ,  x ~ -  ~t)  

and the second estimate of  the lemma follows. 
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k + l  k + 2  
Lemma 4. I f  ~ -  < c < ~ - -  and 0 < 6 < 7z/8, then 

1 ~_(s)g(s)E(s)N_Selt,/z_2,~)Sds.~6_k/2+l/61og4~ 

for N = �89 or 2. 

Proof. We expand E(s) into a Dirichlet series and integrate term-by-term. Using 
the notation of Lemma 3, 

EN(6) = -- ~ a, logn w(nN, 3). 
n=X 

We will estimate this by partial summation. Let 

S ,=  ~ a, , logm 
m = l  

and 

$2 = ~ ( - I)" a,, log m. 
m = l  

Then it easily follows from a theorem in Perelli [8] and partial summation 
that 

Sn ' Sn ~nk/2- 1 / 6 1 o g 2  n 

for n > 2. Let us consider the case N = �89 first. We have 

[ n +  1 

n = l  

since by Lemma 3 the series is absolutely convergent and since S,- w ( n @ l ,  6)-*0 
as n--,oo. Thus by Lemma 3, 

[n+ 1 

n = l  

�9 ~ ~ nk/2-x/610g2n(l+fi)(e-"'~sln'~log~+min{1,(n~)-k+l}) 
n = l  

"~ Z n- l  f}-k/2+l/610g3 ~ h't~ E nk/2-1/6e-n6l~ 
n< 1/,~ n> 1/6 
+62-k ~ n-k/z+5/610g3n. 

n >  1/~ 
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These sums can be estimated easily and give the result of the lemma. In the 
case that N---2 we have 

E2(8)= ~ S.(w(2n+2, 6)-w(2n, 6)). 
n = l  

We observe that by Lemma 3, 

w(2n+ 2, 6)-w(2n, 6)=(w(2n+ 2, 6)+w(2n+ 3/2, 6))-(w(2n+ 3/2, 6) 
+ w(2n+ 1, c$))+(w(2n+ 1, 6)+w(2n, ~$)) 

~(l+6)(e-4""~'"~log~+min{1, (n6)-k+ ~}) 

and proceed as above to deduce the lemma. 

Lemma 5. Suppose that 

n~= l i ts  

Then 

where 

k + l \  
~ > - ~ - - ) .  (14) 

(--1)"f(n)-[l_2~(s)] (s)E(s)_4~'(s)E(s)_2 ~--(s)~'(s)L(s) 
i t  s 

n = l  (X 

~(S)=(1--az2-S+2k-l-2s)=(1--~22-s)(1--~22-~). 

Proof First of all, 

and 

where 

Thus, 

E ( s ) = -  ~ a. logn 
n = l  

C oo 2, [ k + l \  

z(s) =-f,= t 

2 = { ( ~ ' 0  ~')log P if n=P  m 
otherwise. 

(-- 1)"f(n) 
/,is n = l  

(-- 1)"" a,, log m 2, 
m s n s 

rtl,n 

_ ~ 2zk~a,.logm 2, (-1)ma,.logm 
- = , ~  m s ~ Y ~ S E  ms 

n odd ri m 

(15) 



S i m p l e  z e r o s  o f  t he  R a m a n u j a n  z - D i r i c h l e t  se r i es  4 1 3  

Since a,, is multiplicative, 

Also, 

~"m (--  1)" a,. log m _ m  ~ -dd s ~ ( -  1)" am _ m  ~ -d ( ~ am~) 
m odd 

- - -  [ L ( s ) -  2 L ( s ) ( I  - -  a a 2 - ~  + 2 k -  1 - 2 ~ ) ]  
- d  

ds 

- d  
- E L ( s ) ( 1 - 2 ~ ( s ) ) ] .  

ds 

t 
2. 2. ~ 22,,_ 12 (s)_~(s).  

n odd = 

Thus, 

( - l ) " f ( n ) _  ~' 
n s 

n = l  

(s)E(s)+ (s)+ (s) dss [L ( s ) (1 -2~( s ) ) ]  

= ( 1 -  2~(s)) ( s )E ( s ) -4 a ' ( s )E ( s ) -2~ ( s )a ' ( s )L ( s ) .  

L e m m a  6. Suppose that 0 <  6 < n/8 and that p denotes a complex (non-trivial) 
zero of L(s). Then 

= ~ f (n)  [( - 1) ~ K - 1 exp ( -- 2 ~ n sin 6 e/~) - K exp ( - 8 n n sin 6 e -i~)] 
n = l  

+ 0 (6- k/2 + 1/6 log4 1/6) (16) 

where K = 2 k / 2  e I (~ /2  - 2 6) k/2 and f (n)  is as in Lemma 5. 

Proof. We consider  

1 E E 
I (6) = zn t  ~ ~) Z (k - s) ~ (s) H (s) L(s) sinh [(s - k/2)(log 2 + i(~/2 - 2 6))] ds 

k + l  
where c > - ~ .  The  only poles of  the in tegrand in o" > 0 are at zeros p of  

L(s). We move  the pa th  of  integrat ion to the pa th  ( k - c )  and use Cauchy ' s  
residue theorem.  By the functional  equat ion,  the in tegrand is an odd function 
of  s -  k/2. Thus  

21 (6) = -- ~ H (p) E (p) sinh [(p - k/2)(log 2 + i(~/2 - 2 a))]. 
P 
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Next, we note that 

2 sinh [(s - k/2) (log 2 + i(~/2 - 2 6))] = K - a 2 s e i(~/2 - 26) s - -  K 2 - ~ e -i(7t/2 26)s 

where K = 2 k/2 e i(~/2 - 2~)k/2 and that 

By Lemma 4, 

(k - s )=  (s)- (s). 
L A 

Thus, 

21 (6 ) -  

2 . 1  X' 
2 rc i t~ X- (s) H(s) E (s) sinh [ ( s -  k/2) (log 2 + i(7~/2 - 2 6))] d s 

By Lemma 1, 

= K -  1 E l/2 (6)-- K E  2 (6) <~ 6 - k / 2  + 1/6 log41/6. 

1 ! (s)H(s)E(s)(K_12Se,~/z_26~s K2_Se _ ,~ /2  
2~ i  

+ O(6-k/Z+ 1/6 log41/6). 

1 
- - -  S H(s)(2 sin6) -s 21(6)= 2~i  ~c) 

n 1 n = l  

-It- 0 ( 6  - k / 2  + 1 / 6  log41/(3) 

- 2a)S)d s 

here f ( n )  is as in Lemmas 5 and 6 and K 1 =(2i)  k/2. 

Proo f  The proof depends on Landau's well-known theorem on the existence 
of a pole on the real axis at the abscissa of convergence of a Dirichlet series 
(or integral) with positive coefficients. The only place we use a .=z(n)  is in the 

k - 1  
assertion that L(s) does not vanish on the real axis to the right of a = 

2 

G(x)= ~ f ( n ) [ ( - -1 ) "K; ' e -Z=" /X- -K le -S=" /x ]>>~xO-~;  
n = l  

where f ( n )  is defined in (14). 
The lemma now follows upon integrating term-by-term and using (13). 

Lemma 7. Suppose that k =  12 and a . = z ( n )  and p = f l + i y  is a nontrivial simple 
zero o f  L(s). Then there exist  arbitrarily large values o f  x such that f o r  any e, > 0 
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Suppose, then, that  [ G (x) l < x b for all x > Xo where ( k -  1)/2 < b < fl, and con- 
sider 

~ x b -  G(x) 
g(s)=  x,u dx. 

1 

Then, by Landau ' s  theorem, g has a pole on the real line at the abscissa of  
convergence. We will show that  g(s) has a pole at p and has no pole on the 
interval (b, oo) of the real line; this will be a contradict ion since it will imply 
that p is in the half plane where the integral defining g converges. 

We see that  

1 o[ G(x).  
g(S )=s -b  o l x~+~ax+gl(s)' 

where 
1 

is entire since G(1/x)~e -x as x ~ o o .  N o w  it is easy to see that 

G(x) , ~ f(n)[(_l)nK;X(2n)_, Kl(8rO_,]F(s)" 
0 xS +~ a X ~ n~=l gl~ 

Then, by (14) and (15) of  L e m m a  5, we find that 

1 s C j 
g(s)=  s - ~ + g  ~ (s ) - - (2~)-  F(s)[~(s)E(s){(1 --2c~(s))K~-' --4-SK1} 

- -K( l{4~ ' (s )E(s)+2~(s)e ' ( s )L(s )}] .  

Now,  by (15), ~(s) is entire and by (9) the only zeros of  ct(s) are on a = ( k - 1 ) / 2 .  

Thus, - -  (s) L(s) is regular at s = p. Moreover ,  if k/2 is even, then 

(1 - 2~(s)) K[- 1 _ 4 - s  K1 = _ _ _  
- s  

K1 
[2 2 . -  2(g 2 q- 0~2) 2* + 2 k+ 1]. 

But for any real number  r, with rZ< 2 k + 3, 

22s+ r2S+ 2k+ I 

k + l  
can vanish only when Re s = ~ . This condi t ion is satisfied with r = - 2(ct 2 + ~72) 

k + l  
since Icte[e=2 k-1. Since L has no zeros on o =  - it follows that  g has 

2 
a pole at s=p. Moreover ,  g is regular on the subset of the real line (b, oo) 
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k - 1  
since L does not have a real zero a with a > - - .  This last assertion in the 

2 
case k = 12, a, = r(n) follows from the formula (see Hardy [5], Section 10.9) 

where 

r(s)L(s)= ~ yS-I h(e-Y)dy 
0 

h(x)=x [I (1-x")24; 
n = l  

the integrand is non-negative for real s. This concludes the proof of the lemma. 

Lemma 8. I f  k=12  and a.=z(n)  then L(s) has at least one non-trivial simple 
zero. 

Proof. We make use of the infinite product (12) for ~(s). It follows from (12) 
that 

4' 3' ~ 1 1 4-p . (17) 
- -  + = - - B - -  k - s - p  (s)=--((k-s)=B+ s p 

In particular, since k - p  runs through all the complex zeros of L when p does, 
we obtain 

2 ~ f12 fl - B = ~ ' ( k ) =  (k)+ (k)- log2~.  (18) 
~>o +~2 

If we take the Mth derivative of (17) above and set s = 0  we obtain (using 
the definition of ~ and the factorization of 1/F(z) as an entire function) 

1 1 1 2 .  l og  ~t n 
-- 2., (n+k) -lvt- ( M > I )  (19) 

where 2. is as in the proof of Lemma 5. Now we have a proposition for estimating 
the latter sum. 

Proposition. Suppose that N ~ exp (2 m/(k + 1)). Then 

0o m I / ") \m+ l - j  
~+ Znl~ <2N-(~;?)~om~-.'/ - ) 

n k - -  ~ l~ 
n = 1 j 

Proof. The sum is bounded in absolute value by 

log m n 
2 __<2 u - ( k +  1)/2 logmudu; 

N+~ 1 n(k+ 1)/2 N ~ 

the latter inequality follows since the integrand is decreasing for u > exp (2 m/(k + 1)). 
The proposition now follows upon integrating by parts m times. 
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Now we specialize to the case k=  12 and a,=z(n).  Spira [9] has shown 
the existence of a zero p o = 6 + i y o  of L(s) with 9<7o<10,  such that Po has 
odd multiplicity. Let mo denote the multiplicity of Po. Now let us take M =2  
in (19). For the sum over p we group together p and /3. Then the left side 
of (19) is 

12 mo (372 - 36) //(3 ~/2 _//2) 
= 2  ~of l (372- / /2 )>  F2 ~ 72)3 

(f12 + 72)3 (36 q- ~2)3 (]~2 _]_ 
7 0 < ~ < 4  

since if y>4,  then the summand is positive. Since 7o < 10 this is 

On the other hand, 

>0.001259mo +2 ~ / / ( 3  ])2 - - / / 2 )  
0<7<4 (//2-'}-72)3" 

(n+12)-3=~(3) - ~ n-3<0.003774 
n = 0  n= 1 

and by the proposition with m=3,  N = 4  and the fact that "~2=-241og2, 
23=2521og3, and 24 = - 3 5 2 0 1 o g 2  we see that the second sum on the right 
of (19) is negative. Thus, 

0.001259mo+2 ~ //(3~1-//2)<0.003774. 
0<~<4 (//2 ,+. ~,~2)2 

We conclude that if L has no zeros with 0 < 7 < 4  then mo=l ,  i.e. 6+i7o is 
simple, since mo is odd. To finish our proof we turn to equation (18) with 
k=12. Then any zero p=fl+i7 satisfies 11/2</ /<  13/2. Suppose that there is 
a zero pl=f l l+i7t  of L(s) with 0 < 7 1 < 4  and let ml denote its multiplicity. 
Then the left side of (18) is 

>2ml/ /1 .  12mo 13ml 12mo 
//~z+72~ 36+72>(13/2)2+42 ~- 136 

>0.22ml +0.08mo 

since x/(x 2 + 72) is a decreasing function of x for x > 7. In view of 
F' 1 F ' j  F 
~- (s) = s-~l  + ~ ( s - -  1) and ~- (1)= - C o  --= -0.577 ... the right side of (18) is 

11 1 ~ (  
= - 1 o g 2 ~ + ~ = 1  n - - C ~  12) 

<0.61 +E(12).  

By the proposition with N = 2, m = 1 and since z(2) = - 24, we have (12) < 0.02. 
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Thus 0.22m~+0.08mo<0.63. Since mo and ma are positive integers and mo 
is odd it follows that either too= 1 or ml = 1 and so L(s) does have a simple 
zero. This completes the proof of the lemma. 

w 5. Proof of the theorem 

Let 

0 = sup {fl: p = fl + i7 is a simple zero of L(s)}. (20) 

Let G1 (6) denote the sum on the right side of equation (16) in Lemma 6. Then 
it is not hard to show that as 6--+0 + 

(k- 1) 
G~(f)--G(1/6)'~6 2 g (21) 

for any e> 0, where G is defined in Lemma 7. In fact, this follows easily from 
the estimates 

I K - K , I ' ~ , ~ ;  (22) 

le - a  sinaei'~--e-A6] = e-aa  I e-Atsinae'a-a)-- 11 ~e-aaA62 (23) 

for A62~I;  and, for any e>O, 
k + l  

~, ] f (n ){ ,~x  ~ - + ~ ,  (24) 
n<x 

equation (24) is an easy consequence of (9), (11), and (14). Thus, by Lemma 7 
and (21), there are arbitrarily large values of T =  1/6 such that for any ~ > 0 

G1 (I/T)>>~ T ~ (25) 

We now consider the sum on the left side of equation (16) of Lemma 6 
with 6 =  1/T. From Good's  work [3] and from standard estimates for the F 
function we have for any e > 0 

a k 1 
F(s) E (s) ,~ ~e-21tl [ t I ~+~-~+a (26) 

k k + l  
for ~ < ~r < T and ] t[ >> 1. Also, 

(27) 

for I tf >> 1, I~r[,~ 1. Then it follows easily from (26), (27), and the fact that the 
number of zeros of L(s) in 0 < t < T  is ~ T l o g  T that the sum on the left 
of(16) is 0 k 

~ ~ T ~+~-~+~ (28) 
h , l < T l + ~  

p= /~+ i~  simple 
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f o r  a n y  e > 0. S i n c e  t h e  z e r o s  o f  L a r e  s y m m e t r i c  a b o u t  a = k/2 i t  m u s t  b e  t h e  

c a s e  t h a t  0 > k/2. T h e n ,  t h e  T h e o r e m  f o l l o w s  f r o m  (25) a n d  (28). 

T h e  a u t h o r s  w i s h  t o  t h a n k  t h e  r e f e r e e  f o r  h i s  c a r e f u l  r e a d i n g  o f  t h e  m a n u s c r i p t  

a n d  h i s  h e l p f u l  s u g g e s t i o n s .  
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