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On the trace of Hecke operators for Maass forms for
congruence subgroups

J. Brian Conrey and Xian-Jin Li

(Communicated by Peter Sarnak)

Abstract. Let E; be a Hilbert space, whose elements are functions spanned by the eigen-
functions of the Laplace-Beltrami operator associated with an eigenvalue 4 > 0. The norm of
elements in this space is given by the Petersson inner product. In this paper, the trace of Hecke
operators T, acting on the space E; is computed for congruence subgroups I'o(N) of square
free level, which may be considered as the analogue of the Eichler-Selberg trace formula [11]
for non-holomorphic cusp forms of weight zero.
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1 Introduction

Let N be a positive integer greater than one. Denote by I'o(N) the Hecke congruence
subgroup of level N. The Laplace-Beltrami operator A on the upper half-plane # is
given by

62 62
2

Let D be the fundamental domain of I'g(N). Eigenfunctions of the discrete spectrum
of A are nonzero real-analytic solutions of the equation

Ay = A
such that y(yz) = y(z) for all y in I'y(N) and such that

JD|w<z>|2dz< o

where dz represents the Poincaré measure of the upper half-plane.

Research of both authors supported by the American Institute of Mathematics.
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Let a be a cusp of I'h(N). Its stabilizer is denoted by I,. An element g, €
PSL(2,R) exists such that g,00 = a and aa’lfaaa =TI,. Let f'be a I'y(N)-invariant
function. If a is a cusp of I'y(N), then f(o,z) is I',-invariant, and hence it admits a
formal Fourier expansion

f(oaz) = ann(J’)eznmx-

neZk

A I'y(N)-invariant function is said to be a Maass cusp form if it is square-integrable
and is an eigenvector of A, such that the Fourier coefficient ¢4 (y) = 0 for every cusp
a of I'y(N). If  is a cusp form associated with a positive discrete eigenvalue A, then it
has the Fourier expansion [5]

V(0az) = V¥ gopa(M)K:’K(2HIMIy)€2m”"x,

where ¥ = /1 — 1/4 and K,(y) is given by the formula §6.32, [18]

(vl

e )
2, A2 ) e

The complex numbers p,(m), m(#0) € Z, are called the Fourier coefficients of
around the cusp a.

The Hecke operators T,,n =1,2,...,(n,N) = 1, which act in the space of auto-
morphic functions with respect to I'g(N), are defined by

(TN =~ % f(T“’)

\/ﬁ ad=n,0<b<d

An orthonormal system of eigenfunctions of A exists [5] such that each of them is
an eigenfunction of all the Hecke operators. We call these eigenfunctions Maass-
Hecke eigenfunctions. Let /4;, j = 1,2,..., be an enumeration in increasing order of
all positive discrete eigenvalues of A for I'y(N) with an eigenvalue of multiplicity m
appearing m times, and let x; = \/4; — 1/4. If /;(z) is a Maass-Hecke eigenfunction
of A associated with the jth eigenvalue 4;, then

(Tu;)(2) = 7(n);(2)

where p;., (m) = p;.(d)tj(n) if m = dn withn > 1, (n,dN) = 1.
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Let E, be a Hilbert space of functions spanned by the eigenfunctions of A with a
positive eigenvalue 4. The inner product of the space is given by

(1.2)  <F(z2),G(z)) = J F(2)G(z) dz.

D

The analogue for Maass forms of Eichler-Selberg’s trace formula [11], p. 85 for
modular forms is obtained for the full modular group in [8]. In this paper, the trace
tr T,, of Hecke operators acting on the space E; is computed for congruence sub-
groups Io(N). Some of this computation is implicit in Hejhal [3].

Denote by &, the class number of indefinite rational quadratic forms with dis-
criminant d. Define

d
(13) gy =0T 10VE uvd

2
where the pair (vg, o) is the fundamental solution [9] of Pell’s equation v — du® = 4.
Denote by € the set of all the positive integers d such that d = 0 or 1 (mod 4) and
such that d is not a square of an integer.

Theorem 1. Let N be a square free positive integer, and let n be a positive integer with
(n,N)=1. Put

m|N k|N (m,k) jeo o \m

for Rs > 1, where the summation on u is taken over all the positive integers u such that
Van + dk*u? € Z. Then L,(s) is analytic for Rs > 1 and can be extended by analytic
continuation to the half-plane Rs > 0 except for a possible pole at s =1/2 and for
possible simple poles at s = 1, % +ix;, j=1,2,.... For any eigenvalue 1 > 0 of the
Laplace-Beltrami operator for I'y(N), we have

tr7T, = 2n™ Res,_, J2+irc La(S),

where kK = /1 — 1/4.

The paper is organized as follows. In section 2, we recall the theory of Selberg’s trace
formula [11]. Elements of the set I"*, which is defined in section 2, can be divided into
four types, the identity, hyperbolic, elliptic and parabolic elements. Next, in section 3
we compute contributions of the identity, elliptic, hyperbolic and parabolic elements
to the trace formula. A technical part of this section (Lemma 3.3—Theorem 3.9) is to
compute the contribution from hyperbolic elements whose fixed points are cusps of
I'y(N), and the result is given in Theorem 3.9. By using the Selberg trace formula and
by considering the contributions to the trace formula of the identity, elliptic, para-
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bolic elements and hyperbolic elements whose fixed points are cusps, we obtain the
analyticity information about a series formed by contributions to the trace formula of
hyperbolic elements whose fixed points are not cusps, and a precise statement is given
in Theorem 3.12. In section 4, we compute explicitly the total contribution to the
trace formula of hyperbolic elements whose fixed points are not cusps. The result is
stated in Theorem 4.6. A technical part of this section is to relate the number of cer-
tain indefinite primitive quadratic forms, which are not equivalent under I'y(N), to
the class number of indefinite primitive quadratic forms for the full modular group
SL,(Z), and the relation is given in Lemma 4.5. Finally, the main theorem of this
paper follows from Theorem 3.12 and Theorem 4.6.

The authors wish to thank Atle Selberg for his valuable suggestions during prepa-
ration of the manuscript, and wish to thank William Duke for the reference [2].

2 The Selberg trace formula

Let s be a complex number with Rs > 1. Define

k(1) = (1 +§)

k(z,z') =k 2=’
) yy/ Y

for z=x+1iy and z’ = x’ 4+ iy’ in the upper half-plane. Then k(mz,mz") = k(z,z’)
for every 2 x 2 matrix m of determinant one with real entries. The kernel k(z, z’) is of
(a)—(b) type in the sense of Selberg [11], p. 60. Let

and

o) = [ k)=

w r—=w

with w = e¥ + ¢ % — 2. Write

h(r) = J% g(u)e™ du.

Then

(2 1) (u) \/WJI (l n W)Sls—(3/2) dt <1 . W) (1/2)-s
. — w _d w
? 0 4 \/1——1‘ 4

where ¢ = 24/7T (s — §)T"'(s). Since
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0

0 1 (1/2)-s . - d
<u++2> (u”—i—u”r)—u
1 u u

) 1 (1/2)=s
hir) = 407 | (u 1y z) " di

— 40172 J

45(s—1)

=C—
(s— 97 +7

+A(r, ),
where A(r,s) is finite for |Ir| < 1/2 and for Rs > 0, we obtain that

41/””"\/7.11_ (iK) for r = +x;

(2.2) lim (s—%— iK)h(r) = (1/2+ i)’

s—1/2+ix
0, for r # +k.
Remark. Atle Selberg told the second author that he used the function k(z) =

AN . . : : :
(l + Z) in some of his unpublished works, which was convenient for computations

(cf. Selberg [13]).
Let n be a positive integer with (n, N) = 1. Define

re W e e

0<b<d

Since (n,N) = 1, we have that T~! € I'* whenever T € I'*. Every element of I'* is
represented uniquely in the form

1 /d —b
vr\0 a 4
with ad =n, 0 <b <d and y e I'y(N). It follows that I'* satisfies all the require-
. . . N
ments given in [11], p. 69. Let aj, az,. .., a,y) with v(N) = ZwlN,w>0 w((w, ;)) be

a complete set of inequivalent cusps of I'o(N), where ¢ is Euler’s function. We choose
an element g, € PSL(2,R) such that 6,00 = a; and 6, ' I'q,0,, = I, fori=1,2,...,
v(N). The Eisenstein series E;(z, s) for the cusp q; is defined by

E(z9)= Y (3o,'y2)’
ye L\ To(N)

for Rs > 1 when z is in the upper half-plane. Define
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K(z,z')= > k(z,TZ')

Tel*
and

v

)(N) o0
R i o ULl e s L CER AT

i=1 ad=n,0<b<d ) .,

Denote by tr; T, the trace of the Hecke operator T}, acting on the space Ej,. It follows
from (2.14) of [11], the argument of [7], pp. 96-98, Theorem 5.3.3 of [7], and the
spectral decomposition formula (5.3.12) of [7] that

23 dh(~3) VIS )0 T, = | (Ke2) - HG )
j=1 D
for Ms > 1, where d(n) is the number of positive divisors of .

3 Evaluation of components of the trace

For every element 7 of I'*, denote by Iy the set of all the elements of I'o(N) which
commute with 7. Put Dy = I't\#. The elements of I'* can be divided into four
types, of which the first consists of the identity element, while the others are respec-
tively the hyperbolic, the elliptic and the parabolic elements. If T is not a parabolic
element, put

3.1 The identity component

If I"* contains the identity element 7, then

oI = dz.

J To(N\A
3.2 Elliptic components
There are only a finite number of elliptic conjugacy classes.

Lemma 3.1. Let R be an elliptic element of I'*. Then

x [* k()
R =
C( ) 2msin9J0 A /Z+4Sin20 dl’
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where m is the order of a primitive element of I'g and where 0 is defined by the formula
trace(R) = 2cos 0.

Proof. Since R is an elliptic element of I'*, an element ¢ € PSL(2, R) exists such that

cosf) —sinf -
Ro~! = =R
one (sin@ cos@)

for some real number 0 < @ < 7. Denote by (61'0(N)o ") ; the set of all the elements
of aI'y(N)o~! which commute with R. We have

¢(R) = J k(z, Rz) dz

Dy

where Dy = (6To(N)o 1)\ A#.

Let y = (Z '58 ) be an element of I'g(N) which has the same fixed points as R =

(a Z) Then (« — d)c = y(a — d) and fic = pb. It follows that y commutes with R.
c

By Proposition 1.16 of [14], a primitive elliptic element y, of I'(/N) exists such that
(nI'n~") is generated by #7y,7~!. Since 7y,7~' commutes with R, it is of the form

cosfy —sinb
sinfy cosb

for some real number 6. By Proposition 1.16 of [14], ) = n/m for some positive
integer m. It follows from the argument of [7], p. 99 that

0 (oo 2 2
¢(R) = iJ J K (@ sin20> d=.
mjo J-oo Y

By the argument of [7], p. 100 we have

¢(R) r JOC k(o) dt. O

~2msindJo (/14 4sin’0

3.3 Hyperbolic components
Let P be a hyperbolic element of 7"*. Then an element p exists in SL,(IR) such that

A 0 ~
-1 _ P _
Py (0 ipl)P
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with 1 > 1. The number 43 is called the norm of P, and is denoted by NP. It follows
that

¢(P) = JDA k(z, NPz)dz

where Dy = (pI'o(N)p~');\#. Let Py be a primitive hyperbolic element of SLy(Z),
which generates the group of all elements of SL,(Z) commutating with P. Then there
exists a hyperbolic element P; € I'y(N), which generates Ip, such that Py is the
smallest positive integer power of Py among all the generators of I'» in o(N). Detail
discussion about the “primitive” hyperbolic element P; is given in the proof of
Theorem 4.6.

Theorem 3.2. Let P be a hyperbolic element of I'* such that I'p # {1,}. If P is a
“primitive” hyperbolic element of I'o(N) which generates the group I'p, then

11’1NP1

«(P) = (NP)V2 — (NP)~1/? g

(InNP).

Proof- An argument similar to that made for the elliptic elements shows that every
element of I'o(N), which has the same fixed points as P, commutes with P. Because
pPp~! commutes with P, it is of the form

ip, 0
0 Iy

for some real number Ap, > 1. Then

Nerdy (e ((NP=1)* |2

The stated identity follows. [J

We next consider ¢(P) for hyperbolic element P € I'* with I'p = {1,}.

1 /A B

Lemma 3.3. Let P = T (C D) be a hyperbolic element of I'* such that I'p = {1,}.

Then fixed points of P are cusps of T'o(N). Moreover, I'p = {15} if and only if A+
| 4

D= 3 (m + 5) for some divisor m of 4n with m # 2+/n for C # 0, and if and only if

A # D for C=0.

Proof. Let P a hyperbolic element of I'* such that I'» = {1,}. If the fixed points of P
are not rational numbers or infinity, then they are zeros of an irreducible polynomial
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ax? + bx + ¢ with @ = 0 mod(N). If d = b*> — 4ac and (u,v) is a solution of Pell’s
equation v> — du® = 4, then

v— bu )
5 cu
au v+ bu

2

belongs to I'y(N) and has the same fixed points as P, and hence it commutes with P.
This contradicts to I'p = {1,}. Therefore, fixed points of P are rational numbers or
infinity. If u/w is a fixed point of P, then

1 + Nuw — Nu?
Nw? 1 — Nuw

is a parabolic element of I"y(N) and has u/w as a fixed point. Hence, fixed points of P
are cusps of I'g(N).

Conversely, if 7 is an element of I"'* having two distinct fixed points with at least
one of them being a rational number, then I'r = {1,}. Otherwise, let r;,r, be the
fixed points of 7, and let y € I'o(N) (y # 15) with yT = Ty. Then either y or y*
(#1,), say 92, has r1,r, as its fixed points, and hence it is a hyperbolic element of
T'o(N). Since rational points are cusps of I'o(N), by Proposition 1.17 of [14] y? is
parabolic. This is a contradiction, and hence we have I'r = {1,}. Thus, we have

1 b . .
proved that I'r = {15} for an element 7 = N <f d) el ifand only if a+d =
1

4 .. . . .
§<m+£> for some divisor m of 4n with m # 2\/nifc #0ora#difc=0. [J

Every cusp of I'y(N) is equivalent to one of the following inequivalent cusps
(3.1) % with u,w >0, (u,w) =1, w|N.

Two such cusps u/w and u;/w; are I'o(N)-equivalent if and only if w = w; and
u = u; modulo (w, N/w). Let a =u/w be given as in (3.1). By (2.2) and (2.3) of
Deshouillers and Iwaniec [1], we have

(32) I,= {(1 + cu/w Cuz/w2> —o (mod[wz,N])}

¢ 1 —cu/w
and

0,00 =a and o;lfuaazfm
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where

a [W27N] 0
33) o, = '
(3.3) ( (w2, N] l/a\/m>

Let P be a hyperbolic element of I"* such that I'» = {1,}. Assume that a is a fixed
point of P. Then o is a fixed point of o, ! Pg,, and hence there exist positive numbers
a,d with ad = n,a # d such that P is of the form

2

_piw N2 2 ¢

34 P— 1 o a b 0_71: 1 a b[va]W b[va}wz
(3.4) vn '\0 d)"° NG w u
(a—d);—b[wz,N] d—i—b[wz,N];

A B
We claim that a,d are integers. Since P = L e I'*, we have A,B,C,D ¢
vn\C D
Z, AD — BC = n, and C = 0 mod(N). By (3.4), we find that

w 2

u w
35 =D+C—, d=D-B—, b=B————
(35) a +tey u’ u?[w?, N]

and
36) A-p=c2_g"
w u

Since (w,u) =1, we have u|B by (3.6). It follows from (3.5) that a,d are integers.
Since ¢(P) depends only on the conjugacy class { P} represented by P, we can replace
P by y~! Py without changing the value of ¢(P). Replacing P by y~! Py for some ele-
ment y € I,, we can assume without loss of generality that 0 < b < |a — d| in (3.4).

Lemma 3.4. Let a = u/w be given as in (3.1). Then

1 a b
P=——a, -
Vi’ (o d)"“
with a,d € Z, ad = n, a # d is a hyperbolic element of I'* with I'p = {1,} and P(a) =
a if and only if (w,N/w)|(a — d) with b being chosen so that (a — d)%— b[w?, N] is
divisible by N.
Proof. Let P be a hyperbolic element of I'* with I'» = {1,} and P(a) = a. By (3.4),

(a—d)%—b[wz,N] is divisible by N, and there exists an integer k such that
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%N |@ —d — kw. This implies that (w, N/w)|a — d, which can also be seen directly

. . 1 4 .
from the identities P(a) = aanda +d = 3 (m + f) for some divisor m of 4n.

Conversely, let a,deZ", ad =n, a#d and (w,N/w)la—d. Write a —d =
[(w,N/w) for some integer /. Since uN/w(w,N/w) and w/(w, N/w) are coprime,
there exist integers 4 and 7 such that AaN + tw = (w, N/w), and hence /AaN = a —

. . . u
d — Itw. This means that there exists an integer k such that —N|a — d — kw. If we
w

choose A = a — kw, B = ku, C:%(a—d—kw) and D =d + kw, then AD — BC =

1 /4 B
nand C =0 mod(N). Let P = 7 (C D)' Then P can be expressed as in (3.4),

P(a) =a, and I'p = {1,}. Let y = C/(C,D) and 6 = D/(C, D). There exist integers
o, ff such that od — ffy = 1. Since (n, N) = 1, we have y = 0 mod(N). It follows that

n
——— Ba—4
pep(@n P ()
i\ o (o) )\
This implies that P € I"*. Thus, we have proved that

1 a b\ _
P:%Ja<0 d)O'al
with a,d € Z, ad = n, a # d is an element of I'* with I'p = {15} and P(u/w) = u/w

if and only if there exists an integer k such that YN |a — d — kw, that is, if and only
w

if (w,N/w)|(a —d) with b being chosen so that (a—d)%—b[wz,N] is divisible
by N. O
Lemma 3.5. Let a=u/w be given as in (3.1). Let a,deZ", ad =n,a+#d. If

(w,N/w)|a — d, then there are exactly |a — d| number of I'y(N)-inequivalent hyper-
bolic elements P € I'* with P(a) = a and I'p = {1,}, which are of the form

P—L a b\ _
f\/ﬁaa 0 4)%
with 0 < b < |a —d|.

Proof. Fora,d e Z, ad =n, a # d, let

1 a b 1 a b
P:— . -1 P/:_ . —1
\/ﬁa (0 d)a" and \/ﬁa (0 d)a“
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be two elements of I'* with 0 < b, b’ < |a —d| such that I'p = {1}, P(a) = a and
I'pr ={1,}, P'(a) = a. We claim that 4’ = b+ / for some integer /. In fact, for P

there exists an integer k such that — N|a — d — kw, and for P’ there exists an integer
w
u u .
k' such that — N|a — d — k’w. Then we have — N|(k" — k)w, that is,
w w

luN

r_
k _k+w(W,N/w)

for some integer /. By using (3.4), we find that

IwN
b=b+——"——=b+1.
+ [w?, N](w,N/w) +

The claim then follows. Conversely, given an integer / with 0 < b +17 < |a —d|, let
b’ =b+1and

luN

"
K=kt w(w, N/w)"

Put A'=a—k'w, B =k'u, C' :%(a—d—k’w) and D' = d + k'w. Then

/
el

is a hyperbolic element of I'*, I'pr = {1,}, and P’(a) = a. Moreover, if b’ # b mod-
ulo |a —d|, then P' and P are not I'o(N)-equivalent. Otherwise, an element y €
I'o(N) exists such that P’y = yP. Put y = (Z :) and o] 'yo, = (; g) By using
the relation P’y =yP, we obtain that (¢ —d)f =oab—0b" and n=0. Since y e
b ) we find that « and ¢ are

0
integers, and hence « = & = 1. Furthermore, we obtain that f = —C/[w?, N]. Since

I'y(N), by using # = 0 and the relation o, 'yg, = (g

1
o7 lyo, = (O /13>, we have (07 '70,)(0) = oo, that is, p(a) = a. Hence ye I,

which is given by (3.2). This implies that § is an integer. It follows that (a — d)|
(b —b"). This is a contradiction. Therefore, for fixed a,d € Z*, ad = n, a # d, there
are exactly |a — d|I'o(N)-inequivalent hyperbolic elements P in I'* with P(u/w) =
u/w and I'p = {1,}, which are of the form

1 a b
P=—a, 2!
NG (o d)"“
with0<bh <l|a—d|. O
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Lemma 3.6. Let a = u/w, and let

1 a b 1 d b
P=—a, .\ and P'=—o, .
\/ﬁa <0 d>o-a an \/EO- (0 a>aa

be two hyperbolic elements of I'* with P(a) = a, P'(a) = a, I'p = {15} and I'p = {1,}.
Then P is I'y(N)-conjugate to P' for some number b’ if and only if the two fixed points
of P are I'y(N)-conjugate. That is, P is I'¢(N)-conjugate to P for some number b’ if
and only if

((d—a)Ker[wz,N] )
u N | =w,

/

where [ is the greatest common divisor of b[w?, N| Y and (d—a) LA b[w?, N].
w u

Proof. We first assume that the two fixed points of P are I'o(N)-conjugate. That is,

B
0
a, T(a) are the two fixed points of P. Let P’ = T~'PT. Then P'(a) = a. Since I'p =
{1,}, we have I'p = {1,}. We claim that P’ is of the form given in the statement of
the lemma.

We can write P’ in the form

1 a b
P/:_ . —1
Vi (0 d')"“

with a’,d' € Z" and a’d’ = n. Replacing T by Ty for some element y € I, we assume
that 0 < b’ < |a’ —d'|. Since P’ = T~'PT, we have

» a b\ _ (a b\,
(o Taa)( 0 d’) = (O J (6, Tay).
In general, from the identity
A B\(a b\ [(a b\(A B
c p)J\o d) \0o d)J\C D

with AD — BC # 0, we obtain that (d —a')C =0,(d —d’)D =b'C and (¢’ —a)4A =
bC.If C =0, we have ¢’ = a and d’ = d, and hence P’ is of the form

P':La a b !
v '\o0 d)’

. o L S
there exists an element 7 = ( > € I'p(N), which is not the identity, such that
14
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Since P’ is I'y(N)-conjugate to P and 0 < b’ < |a — d|, we must have P’ = P by the
proof of Lemma 3.5. That is, T € I'p, and hence T = 1,. A contradiction is then
derived. Therefore, we must have C # 0. It follows that ¢’ = d. Since ad = n and
a'd’ = n, we have d’ = a, and our claim follows.

B

Conversely, suppose that there exists an element 7 = ( c D

) € I'o(N) such that
T-'PT = P, that is,

1 (@ D\ [(d b\ .
37 o, T aa<0 d>_<0 a)a“ T 'o,.

If we write
—Bw?
w2, Nu?

ﬁ[wz,zv](A +BY _cl- D) A+BE
w u w u

w
N D — B—
o, T 0,= u

?

then (3.7) is equivalent to the system of equations
(a_b)(AJrBY) :b[wZ,N]E(A +BY CE_D),
u w u w
b(D-BE) ='(4+B2).
u u
Write this system of equations as

W w
((a—d)—— b[wz,N])u(A + B;) = b[w?, N]

—Cu—D
” (—Cu W),

u
w
(3.8)

b(D - B%) - b'(A +Bg>.

The first equation of (3.8) can be written as

a
T =—"%—a
|
b[w?, N]a

which is the second fixed point of P. That is, the two fixed points of P are I'o(N)-

. . u
conjugate. Since a = — and
w

b[w?, Nlu/w
(d— a)%—i— b[w?, N
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are the two fixed points of P, the last statement of the lemma follows from Lemma
3.6 of Deshouillers and Iwaniec [1]. [

Lemma 3.7. Let a,d € Z", a # d, ad = n, and let a = u/w be given as in (3.1) with
(w,N/w)|(a — d). Assume that a and o' = u;/w are the two distinct fixed point of a
hyperbolic element P € I'*. Then (w',N/w")|(a — d) for w' = (w1, N). In other words,

b
if P= %O‘a<g d>a“1 is a hyperbolic element of I'* with P(a’) = o', then it can

also be written in the form

1 d b
P:— a’ _11
Vi’ (0 a)"“

for some number b’'.

Proof. 1t follows from the argument made in the paragraph preceding Lemma 3.4
that there exist positive integers a’,d’ with a’d’ = n such that

1 a b
P:— a’ _r]
NG (0 d’)"“

for some number »’. Then we have

1 a b\ _ [(a b\
(39) o, aa«(o d’>_<0 g )% o

A B

C D>' It follows from (3.9) that (d —a’)C =0,(a¢’ —a)4d = bC
and (d —d')D = b'C. Since a # a’, by using (3.3) we find that C # 0, and hence we
have a’ = d. It follows that d’ = q, that is, P can also be written in the form stated in
the lemma. Then by the argument made in the first paragraph of the proof of Lemma
3.4, we have (W', N/w')|(a—d). O

ite g1
Write 0, ‘o0 = (

For a large positive number Y, define
Dy = {zeD:Sa;]z< Y,i=1,2,...,h}.
Let

(Dp)y= U »Dy.
yelg(N)

Write

c(P)y = J(D : k(z, Pz) dz.
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1 b
Lemma 3.8. Let a =u/w be given as in (3.1), and let P = %aa(g d)a‘:l with

a,deZ", ad = n, a # d be a hyperbolic element of I'* with I'p = {15} and P(a) = a.
Then

n a— 2 W2 a
), - Ll PNV, )
© ((a—d)* \ Int
+L k< . z)mdz+o(1)

where o(1) — 0 as Y — oo and p = C?/2[C? /1>, N]Y with C = (a — d)%— bw?, N]

and with [ being given as in Lemma 3.6.

Proof. Let

(2 )

y =

q s

be an element of SL,(IR). Then linear fractional transformation, which takes every

complex z in the upper half-plane into y(z), maps the horizontal line 3z = Y into a
i

) .
circle of radius 22T with center at g + 2T Let
1 b
u= a — d
0 1
Then
1 4 fa O _
P = 7’70'0,” ! (0 d),uaa L
Note that

w/u _b\/[wz,N] bur/[w?, N]
pot = Vw2, N] a—d (a—d)w
— /W N] =2 N
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Since

I

for any y # 0, by choosing y = (a — d)+/[w?, N] we obtain that

a
¢(P) :J k(z,—z)dz
T oo (-4)
where

— Y b2 2 a2
(a d)u blw*,N] blw ,N]W

Ho = -1 u
a—d (a—d)w

The linear transformation z — ¢,z maps the half-plane 3z > Y into a disk D, of

. 1 .
radius W with center at a + W

maps the disk D, into the half-plane 3z > (a — d)*[w?, N]Y. Let

. Then the transformation z — u,(z)

—b[w?, Nlu/w
(a— d)%— b[w?, N] .

p:

If

pV/I[C?/12, N] 0
op = ,
' [C3/ N 1/p/[C?/EN]
then gy00 = p and o, 'I'yoy = I',,. By the definition of Dy, the image of the half-
plane 3z > Y under the linear transformation z — o,z is not contained in (Dp)y.
Since the linear transformation z — (u,0,)(z) maps the half-plane 3z > Y into a

disk D, of radius p centered at ip, where p = C?/2[C?/I?,N]Y, the disk D, is not
contained in u,{(Dp)y}. It follows that

™ (a—d)*[w?,N]Y /sin 0 2
Py =| a0 k(‘“ “”) o)

0 2psin0) nsin?6 ) rsin’6

© ((a—d)* \In{(a—d)*[w?, N]Yt/2p}
Jl k( - l> = dit + o(1)
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where o(1) has a limit zero when Y — oo, and hence we have

n a— 2W2 a
«(p), = Yl Z)_[d ’N]Y/Z/’}g(ln 3)

© (la—d)?* \ Int
+L k< - z)mdﬂro(l).

This completes the proof of the lemma. []

In the rest of the paper, we shall indicate explicitly when we assume that N is square
free.

Theorem 3.9. Let N be a square free positive integer. Then we have

c(P)y
{P}, Ip={12}

=v(N)vn > g(ln%) InY

ad=n,d>0,a#d

g g e

W|N,w>0 ad=n,d>0,a#d b a—d

1 © ((a—d)* \ Int
+ —v(N)|la—d J k t dt+ o(1
ad:n‘dz>:0,u#d 2 ( )| | 1 < n ) VIi— 1 ( )

with C = (a — d)w — bwN, where | = (C,bN) and ", is over the |a — d| numbers such
that C,bN/w e Z,N|C and 0 < b < |a —d|.

Proof. Let P and P’ be hyperbolic elements in I'* such that I'p = {1,} and I'p =
{1,}. Assume that P’ and P are I'o(N)-conjugate, that is, 7~!P'T = P for some
element T € I'o(N). If a;, ay are the two fixed points of P, then T'(a;), T(ay) are the
two fixed points of P’. In other words, if at least one of the two fixed points of P is
not I'g(N)-conjugate to a fixed point of P’, then {P’'} and {P} represent different
I'y(N)-conjugacy classes.

1 b
Denote P(a,d;b;w) = %al/n,,(g d)o'l_/lw with oy, being given as in (3.3). It

follows from Lemma 3.4, Lemma 3.5, Lemma 3.6 and Lemma 3.7 that
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> >, e(Pladibyw))y =2 35 c(P)y.

w|N,w>0 ad=n,d>0,a#d b {P}, Ip={1,}

The stated identity then follows from Lemma 3.8. []

3.4 Parabolic components

Let S be a parabolic element of 7"*. An argument similar to that made for the elliptic
elements shows that every element of I'o(N) which has the same fixed point as S
commutes with S. If a = u/w is the fixed point of S, then I's = I';, and hence we have
oglf s, = I, where g, is given as in (3.3). Since a;lSaa commutes with every ele-
ment of I,,, we have

1 /fa b
,1S027
o, So. VAR

for some real numbers a, b with a> = n. An argument similar to that made in the
paragraph following (3.4) shows that a is an integer. This implies that I"* has para-
bolic elements only if # is the square of an integer. Furthermore, by (3.4) we see that
elements of the form

S:oa((ll b/l\/ﬁ)aal, 0#beZ

constitute a complete set of representatives for the conjugacy classes of parabolic
elements of 7'* having a as its fixed point. It follows that

> JDY k(z,Sz)dz = JYJI > k(z,z+b> dz + o(1),

{s} 0 Joo+bez vn

where the summation on {S} is taken over all parabolic classes represented by para-
bolic elements whose fixed point is a = u/w and where o(1) tends to zero as ¥ — oo.
Define 0, to be one if n is the square of an integer and to be zero otherwise.

Theorem 3.10. Put

c(o0)y :5nv(N)JYJl > k(z7z+i> dz — JDY H(z,z)dz.

0 Jo 0£bez Vvn

Then
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c(0)y Vi a
71/ - 5nv<N)g(0) tn 7 - V(N) ad—n,d2>:0.,a#dg<ln 3) ¥
© / W(N)
_5n\;(nN) J_w h(r) 1% (1 +ir) dr + %h(O){&nv(N) +d(n) l; Pii (%)}

+‘%> > LJ"C h(r)gir,lJr.r L) ol
i,j=1 ad=n,d>0 4rn o d ?ij 7 ir|o; 3 i 0

where o(1) tends to zero as Y — oo and ¢;(1/2) # oo (cf. Selberg [13]).

Proof. By the argument of [7], pp. 102-106 we have

Al LB )

— g(0)In(v/nY) — %f h(r) r? (1 +ir)dr — g(0)In2 + %h(o) +o(1).
Let
1
) = S (et o))

. . * *
where summations are taken over ¢ > 0,d modulo ¢ with < d) ea 'I'y(N )T
C 1

Then we have

\)

Ei(0qz,5) = 0;y" + (ﬂgj(s)yli‘

27\ /y o
v > [l YK (1) (2m[ry) gy ()€ (mx)
F(S) m#0

+

where

) =L 0,009

By (1.1) and the Maass-Selberg relation (Theorem 2.3.1 of [7]), we obtain that
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J E; (w , s) Ei(z,5) dza
Dy d

467

ij (Cl/d) XJ”: ! ¢l/( )gol]( )(a/d)l : Yl 5§
B Z { s+5—1
(a/d)’py(5)Y*~ — g (s)(a/d) Ty

+ 3y

s—S

}—i—o(l)

for nonreal s with Rs > 1/2, where o(1) tends to zero as ¥ — oo. Hence we have

J Y E (Ms> Ei(z,5) dz
Dy \ad=n,0<b<d d
il _ Q)Y 1-s—s
Yot — ZI%(S)%(S)Y e
J=

Pi() Y5 —(s) Y5

s+5—1

2

ad=n,d>0

g

By partial integration, we obtain

lJ W (nu)u™" du

r40

h(r) =

for nonzero r. Then it follows that

(3.10)

"
fim J d [ E,~(az+b,
S—(1/2)" J—o0 Dy \ad=n,0<b<d

NG {4ng <ln E) InY —
ad=n,d>0 d

+

+

s—3S8

asdl_‘v} +o(1).

d

S+ ir))Ei(z, S —ir) dz} dr

Z

ir 1 ) 1 '
5 D0(@) o)z -o) o

®ii (_ - lr) qu
ir

Frn(5)

dr} +o(1).

By the Riemann-Lebesgue theorem (cf. §1.8 of [16]), we have
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(3.11)  lim r h(r)<g>irM dr

L ) ez P )

-

By (3.10) and (3.11), we have

The stated identity then follows. []

Let N be a square free positive integer. It follows from Theorem 3.9 and Theorem
3.10 that

(3.12) }1_120 (C(OO)YJF > C(P)Y>
{P}.Tr={12}

n n v(N)
— V(g0 ¥+ Y 0) (muv) +d) Y0, (;))

2

+@ - - Zln{(a—d)sz{CT,N]/Cz}g(lna)

2 NS0 ad=n,d>0.a%d b a—d

d

_ 5nv(é\2\/ﬁr h(r) % (1 + ir) dr

— 00

V(N) \/ﬁ 0 a ir , 1 ) 1 .
D] o) ()

1 © ((a—d)?* \ Int
+ —v(N a—dJ k t dt
ad:n,dz>:0,a¢d2 V)] | 1 ( n >\/t—1
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with C = (a — d)w — bwN, where / = (C,bN) and the summation on b is taken over
all numbers b such that C,bN/w e Z,N|C and 0 < b < |a — d|. Note that there are
exactly |a — d| number of such numbers b by Lemma 3.5.

Denote by c¢(o0) the right side of the identity (3.12). We conclude that the trace
formula (2.3) can be written as

(313) (- 3) + VAL b,

=c(I)+ > c(R)+ ST ¢(P) 4 ¢(0)
{R} {P}, Ip# {12}

for Rs > 1, where the summations on the right side of the identity are taken over the
conjugacy classes.

Lemma 3.11 (Hejhal [3]). (cf. Proposition 13.6 of Iwaniec [6]) Let N be a square free

positive integer. Then, for any pair of cusps a; = 1/w;, a; = 1/w; with N = vyw; = v;w,
we have

0;i(s) = p(s)py(s)

where

and

py(s) = (o) v wDITP* =D I (p* = p").

pIN pl(wi,v7) (wy, vi)

Theorem 3.12. Let N be square free, and put ¢(P) = jrp\ﬂ k(z, Pz) dz for hyperbolic
elements P € I'*. Then the series

c(P)
{PLIr#{12)

represents an analytic function in the half-plane Rs > 0 except for a possible pole at
s = 1/2 and for possible simple poles at s = 1, % tin;, j=1,2,....

Proof. We have

gW(logu) = A(s)u'?=* + Oy(u=1/2)),
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where A(s) is an analytic function of s for Rs > 0 and where Oy(x~(1/?)) means that,
for every complex number s with Rs > 0, there exists a finite constant B(s) depending
only on s such that

|05(u ) < B(s)u V2.

Moreover, for every fixed value of u, the term O,(u~(1/?)) also represents an analytic
function of s for Rs > 0. Since

1 (* ;
h(r) = V_4Jo W (nu)u™" du

for nonzero r, we have

1 ([~ w i du
h(r):r—4j gW(Inw)(u" +u );

A(s ” - —8(,,0r —ir 1< —1l—¢
:S)JI w2y 4y )du—l—OS(’Alful du)

A 1 1
= (j) 1 . + 1 . +0AY(r74>
r S—5—Wr S—5+1Ir

for Rs > 1 and for nonzero r with |Jr| <1 — & By analytic continuation, we obtain
that

1
(3.14) h(r) = M 0,(r)

=17+ )
for Rs > 0 and for nonzero r with |Jr| < § — &. It follows from results of [17] that the
left side of (3.13) is an analytic function of s for Rs > 0 except for simple poles at
s=1, % +ix;, j=1,2,.... Then the right side of (3.13) can be interpreted as an
analytic function of s in the same region by analytic continuation.

Since k(1) = (1 4+ ¢/4)™", by Lemma 3.1 we have that ¢(R) is analytic for Rs > 0
except for a simple pole at s = 1/2. There are only a finite number of elliptic con-
jugacy classes {R}. The term ¢(/) is a constant.

Since g(0) = 2/al(s — HI(s) ",

Cs—1 = 1 72=5
) i
I'(s) L (u + u + ) u

h(0) = 2/m4*
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and

a amTs=Yra d (1/2)=s
In—)=2yn4"1/2 Z(Z4=42
g( t d) vr I'(s) \d taT ’

the sum of first three terms on the right side of the identity (3.12) is analytic for
Rs > 0 except for a pole at s = 1/2.

Since k(¢) = (1 +¢/4)", the sixth term on the right side of the identity (3.12) is
analytic for Rs > 0 except for a pole at s = 1/2.

By Stirling’s formula the identity

(3.15) rr/((;) —Inz+0(1)

holds uniformly when |argz| < 7 —d for a small positive number J. It follows from
(3.14) and (3.15) that the fourth term on the right side of the identity (3.12) is analytic
for Rs > 0 except for a possible pole at s = 1/2.

By the functional identity of the Riemann zeta function {(s), we have |p(s)| = 1 for
Rs = 1/2. This implies that

(3.16)  g}()py(s) = ‘fo(—(; 24+ P4()py(5)

for Rs = 1/2 by Lemma 3.11. The identity

on M) T-s) 0s)
e IR SO ¥ (B R 6 5 R G W T

holds for Rs = 1/2. It follows from (3.14)—(3.17) and the formula for p;(s) given in
Lemma 3.11 that the fifth term on the right side of the identity (3.12) is analytic for
Rs > 0 except for a possible pole at s = 1/2.

Therefore, by (3.13) we have proved that the series

«(P)
{P}, Ip#{12}

represents an analytic function of s in the half-plane Rs > 0 except for a possible pole
at s = 1/2 and for possible simple poles at s = 1, % t+ix;, j=1,2,.... O

4 Proof of the Main Theorem

Lemma 4.1. Let 4 > 0 be an eigenvalue of A for I'o(N) with N square free. Assume
that (n,N) = 1. Put t = 1/2 + ixc with k = \/A — 1/4. Then we have
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PUs) v —dims—7) Y o(P)

4%\/nn
[(z) ST {P},Tp#{15}

where the right side is defined as in Theorem 3.12.

Proof. By (2.2), (3.14) and results of [17], we have

lim(s—7) Y. h(x;)t T, =0.

ST j=1,K;#K
By the proof of Theorem 3.12, we have

fim(s — 7) (d(n)h (- %) — e(I) — e(o0) — zc(R)> ~0.

§S—T {R}
Then the stated identity follows from (2.2), (3.13) and Theorem 3.12. []

A quadratic form ax? 4 bxy + cy?, which is denoted by [a, b, ¢], is said to be primi-
tive if (a,b,c) = 1 and b? — dac = d € Q. Two quadratic forms [a, b, c] and [a@’, b, ¢']
are equivalent if an element y € SL,(Z) exists such that

a b2\  ( a b2

b'/2 ) 4 b/2 ¢ A
where y’ is the transpose of 7. This relation partitions the quadratic forms into
equivalence classes, and two such forms from the same class have the same discrim-

inant. The number of classes /; of primitive indefinite quadratic forms of a given
discriminant 4 is finite, and is called the class number of indefinite quadratic forms.

Remark. Siegel [15] proved that

. In(hgIngg) 1
@ fim = o

Lemma 4.2. P is a hyperbolic element of I'* with I'p # {15} if and only if there exists a
primitive indefinite quadratic form [a, b, c] of discriminant d such that

-1
| v — bNu(a,N) —eNu(a, N)!
P i bNu(a, N)™"
n
aNu(a, N W

with
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v — {dN*(a, N)"*}u® = 4n.

If Ap is an eigenvalue of P, then

oL, N va
AP (a7 N) \/ﬁ
Let
vy — bu() cu
_ 2 o
Po= vy + buy
auy 3

where the pair (vo, uo) is the fundamental solution of Pell’s equation v> — du* = 4. Then
P is I'y(N)-conjugate to a hyperbolic element P' € I'* with I'pr = {1,} if and only if P
is I'o(N)-conjugate to P|, where P is associated with P’ similarly as Py is associated
with P.

Proof. Let

P 1 /A B

~(e o)

be a hyperbolic element of I'* such that I'p # {1,}. Then fixed points ry,r, of P are
not rational numbers by Lemma 3.3, which satisfy the equation Cr?> + (D — A)r — B
= 0. This implies that I'p is the subgroup of elements in I'o(N) having r;,r; as fixed
points. Let a=C/u, b= (D— A)/u and ¢ = —B/u, where u= (C,D — A,—B).
Then [a, b, ¢] is a primitive quadratic form with ry, r, being the roots of the equation
ar? + br + ¢ = 0. By Sarnak [9], the subgroup of elements in SL,(Z) having ry,r; as
fixed points consists of matrices of the form

v—bu e
2
au v+ bu
2

with v2 — du? = 4 where d = b> — 4ac, and it is generated by the primitive hyperbolic
element

vy — bu() —cup
Pp=| 2
vo + buy
au 2

where the pair (vo, uo) is the fundamental solution of Pell’s equation v> — du® = 4.
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Since P and Py have the same fixed points, we have A = D — bC/aand B = —cC/a.
Since P belongs to I'* and AD — BC = n, C satisfies

42 aD?> — bDC + ¢C* = na
al|C,N|C.

A+D

\/ﬁ/le

Let Ap be an eigenvalue of P. Then it is a solution of the equation 4> —

1 =0.Byusing 4 =D — bhC/a and B= —cC/a, we obtain that

(43) dp-— 4 Cvd

}.P a\/ﬁ

and

1 1 b
44 ———_(2p-2c).
44 Sy \/ﬁ< aC)

Conversely, let a pair (C, D) be a solution of the equation (4.2). Define 4 = D — bC/a
and B = —cC/a. Then the matrix

P 1 /4 B
~/n\C D
has the same fixed points as Py, and eigenvalues of P satisfies (4.3) and (4.4). We have
the decomposition

P=7 (<DZC) _gac;g,;gc)ﬁ) (i, o))

1
where o and f are integers such that «D — fC = (D, C) and where T = ( 0 T) €

I'o(N) is chosen so that

<n/(lg’C) <DTC>>T:<n/Ug’C) <D_,Sc>>

with 0 < s < n/(D, C). The first equation of (4.2) can be written as

Dz—bD£+cC£:n.
a a
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Since (n, N) = 1 and a|C, we have (N, (D, C)) = 1. Hence (C/(;X) o) D/(g C))

is an element of I'o(N). Therefore, P is an hyperbolic element of I"'* with I'p # {1,}
by Lemma 3.3.

C C .
Next, let v = 2D — b; and u = - Then the equation (4.2) becomes v> — du’ = 4n

with N|au. Since N|au, this equation can be written as

2
4.5) > - dN 2u2 =4n
(a,N)
Moreover, we have
v — bNu(a, N)™" _
' va\c D) n -1
T iy e

Let P be the primitive hyperbolic element of SL,(Z) corresponding to [a’,b’,¢].
Since the identity

(3 ) enll W P

holds for every element y € I'o(N), two forms [a, b, ¢] and [a’,b’, ¢'] of the same dis-
criminant are equivalent in I'g(N) if and only if an element y = I'y(N) exists such
that y~'Pyy = P). O

Lemma 4.3. Let [a, b, ¢] be a primitive indefinite quadratic form of discriminant d, and
let

-1
| v — bNu(a,N) —eNu(a, N)!
P i bNu(a, N)""
n
aNu(cuN)il %

with v2 — {dN*(a, N)*Yu® = 4n be a hyperbolic element of T'* with T'p # {1,}. Let
(v1,u) with vi,u; > 0 be the fundamental solution of Pell’s equation v — diu* = 4,
where d; = dN?/(a, N)*. Then I'p is generated by the hyperbolic element
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l vy — N2u1 N2u1
o |20 Ty (@)’
1 =
N2u; 1 N2y
3 —|lvy+b 3
(a,N) 2 (a,N)
Ofro (N)

Proof. Let r; and r, be the fixed points of P. Then they satisfy ar’> + br + ¢ = 0, and
I'p is the subgroup of elements in I'y(N) having r, r, as fixed points. By Sarnak [9],
the subgroup of elements in SL,(Z) having r;, r, as fixed points consists of matrices
of the form

v—bu
2

—CuU

v+ bu
2

with v2 — du? = 4 where d = b> — 4ac, and it is generated by the primitive hyperbolic
element

Uy — buo —cug
_ 2
Po= vy + buy
au 7

where the pair (vg, up) is the fundamental solution of Pell’s equation v — du® = 4.
Since I'p is cyclic, a solution vy, u| > 0 of Pell’s equation v? — du® = 4 exists such
that I'p is generated by

v; — buj ,
—ClUy
P = 2
1 = b /
li v + Uy
auy 3

and such that P; is the smallest positive integer power of Py among all powers of P
belonging to I'o(N). Note that the eigenvalues of P; are

v + Vdu|
——

Since I'p is generated by Py, (v1,u;) is the minimal solution of the equation v? — du?
= 4 with Nlau] in the sense that (v; 4+ v/duj)/2 is of the smallest value among all

. . N .
such solutions. Since N|au{, we have @n |uj. Write
a7
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u,_ Nu1
L@ N

Then the pair (vy,u;) with vy, u; > 0 must be the fundamental solution of the Pell
equation v? — dju? = 4, where di = dN*(a, N) . The stated result then follows. []

Two quadratic forms [a, b, ¢] and [a’,b’, ¢'] are equivalent in I'o(N) if an element y €
I'y(N) exists such that

a b'/2\  ( a b2
vz o ) " \b2 e )"
This relation partitions the quadratic forms into equivalence classes, and two such

forms from the same class have the same discriminant. The number of such classes of
a given discriminant d is finite, and is denoted by H,.

Lemma 4.4. Let [a;,bj,¢j|, j=1,2,...,Hq, be a set of representatives for classes of
primitive indefinite quadratic forms of discriminant d, which are not equivalent under
I'y(N). Then we have

c(P)
{P}:PEF*,FP#{lz}

(1/2)=s
F(s—1) o (@, N)Ing d(Nu)®
=4\/nn 2 = 1+
NT(s) 4 Qj=1 zu: w/d 4”("]’ N)2

for s > 1, where di = dN*(a;, N )% and where the summation on u is taken over all
the positive integers u such that 4n + dN?(a;, N)fzu2 is the square of an integer.

Proof. 1t follows from (2.1) and Theorem 3.2 that

c(P)
{P}:Pel" Ip#{1,}

r

1/2)—s
(=) NP (| G 1/ip)° e
F(S) {P} /lp— l/ip 4

for Ms > 1, where 1p > 1 is an eigenvalue of P and P; is given in Lemma 4.3. Let P
be associated with a primitive indefinite quadratic form [a;, b;, ¢;| as in Lemma 4.2.
Then by Lemma 4.2, we have

; 1 Nu
P70 (a4,N)

s
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By Lemma 4.3, we have

d
/NP, :%ﬁ“l:&,

|-

If P’ is a hyperbolic of I"* with I'p: # {1,}, and is associated with a primitive indef-
inite quadratic form [a;/, b;:, ¢;/] as in Lemma 4.2, then P and P’ are I'o(N)-conjugate
if and only if [aj,b;,¢;] and [a;, bjr, ¢j/] are I'o(N)-conjugate by the last statement
of Lemma 4.2. Next, let 7 be a hyperbolic of I'* with I'y # {1,}. Assume that T is
associated with a primitive indefinite quadratic form [a,b,¢] as in Lemma 4.2. If
the discriminant of [a,b, ] is not equal to the discriminant of [g;,b;,¢;] which is
associated with P, then P and T are not I'y(N)-conjugate. The stated identity then
follows. []

Lemma 4.5. Let N be square free, and let k be a divisor of N. Then the number of in-
definite primitive quadratic forms [a,b, c] with (a,N) = k of discriminant d, which are
not equivalent under I'o(N), is equal to

i1+ (5))

where dy = dN? /k?.

Proof. Let [a,b,c] and [a’,b',¢] be two indefinite primitive quadratic forms of dis-
criminant d with (a, N) = k = (a/, N). If they are equivalent under I'¢(N), then an

element *
y 0

ﬁ) € I'g(N) exists such that

b’ b b
7= oc(aﬂ—&-ié) +y(§ﬂ+c6).

This implies that b’ = b (mod 2k). In particular, if b’ # b (mod 2k), then [a, b, ¢|] and
[@',b', '] are not I'y(N)-equivalent.

Assume that p is an integer with 1 < p < 2k. Denote by Ay 4, the set of repre-
sentatives of indefinite primitive quadratic forms [a, b, ¢] of discriminant d with (a, N)
=k and b = p (mod 2k), which are not equivalent under I'o(N). Let ,%?,‘dl‘gN/k be
the set of representatives of indefinite quadratic forms [aN, b, ¢] of discriminant d|
with (a,b,¢) =1, (N,b,c) = N/k and b = pN /k (mod 2N), which are not equivalent
under I'y(N).

A map from Ay 4, to ff,)dth/k is defined by T : [a,b,c] — [aN /k,bN /k,cN /k].
We claim that T is bijective. By the definition of A 4 ,, we see that T is injective.
Conversely, if [a; N, by, ¢;] is an element of ggﬂdlﬁg,v/k, then we have (a1, by,¢1) =1,
(N,b1,c1) = N/k, by = oN/k (mod2N) and b} — 4Nayc; = dy. Let [ap, by, ¢o] be an
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element of Ay 4 ,. Then

b} = (boN/k)* + 4lb0N% +41°N?

for some integer /. Since

a N
dl = (b()N/k)z —4?0]\7'6‘0?,

we have

(boN /k)* — 4%N - CO% =d, = (byN/k)* + 4IbON% +4I>°N? — 4Nayc;.

That is, the identity

N N
(4.7) —%~co;:lb0;+12]\’*alcl

holds for some integer /. Note that (a9, N)=k. Since (N,bi,c¢;) = N/k and
(a1,b1,c1) = 1, we have (a1, N/k) = 1, and hence it follows from (4.7) that N /k|c;.
Let a = a1k, b = b1k/N and ¢ = ¢;k/N. Then we have (a,N) =k, b = p (mod 2k)
and d = b> — 4ac. We claim that (a,b, ¢) = 1, that is, (ajk,b1k/N,cik/N) = 1. Since
(a1,b1,c1) =1, it is enough to show that (k,b;,c;) = 1. Since (N, b1, c1) = N/k, we
must have (k, by, c;) = 1, and therefore we have (a,b,¢) = 1. Thus, [a, b, c| is an ele-
ment of Ay 4 ,, and 7 maps it into the element [a| N, by, c1] of £y 4 s~ Therefore,
T is surjective. Thus, we have proved that T is a bijection if the set Ay 4 , is not
empty. By Proposition, p. 505 of Gross, Kohnen and Zagier [2], the number of ele-
ments contained in 313 d, 0N Jk is hg4,, and hence the set Ay 4 , contains /iy, elements if
it is not empty.

If 0| # 02 (mod 2k), then the set of I'y(N)-equivalence classes represented by ele-
ments in Ay 4 ,, is disjoint from the set of I'o(V)-equivalence classes represented by
elements in Ay 4 ,. Now, we want to count the number of non-empty sets A 4 ,.
That is, we want to count the number of solutions ¢ of the equation

(4.8) o> =d (moddk), 1< <2k

If (d,k) =1, by Theorem 3.4 of Chapter 12, Hua [4] the number of solution of the
equation (4.8) is equal to

1+ (5))
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Next, we consider the case when there exists a prime number ¢ satisfying ¢k and
¢*|d. Then we have ¢|o, and the equation (4.8) can be written as

2
d 4k 2k
(4.9) (Q) =5 (mod —>, 1<2<=
q q q q q
Dividing out o,d and k by all such prime numbers ¢ as in (4.9), we can reduce
the second case to the first case when (d,k) = 1. Then, by using properties of the

Legendre symbol we obtain that the number of solution of the equation (4.8) in the
second case is still equal to

1+ (5))

Finally, we consider the case when there exists a prime number ¢ satisfying g|k, ¢|d
and ¢* ¥ d. We have again g|o. The equation (4.8) can be written as

2

(4.10) q(9> _d <mod 4k), 1<2<
q q q q q

We can assume that ¢ # 2. Otherwise, if ¢ = 2 then we must have ¢*|d. Then we have

(¢,4k/q) =1, and hence a number X, exists such that gx, = 1 (mod4k/g). Then the
equation (4.10) can be written as

2
(4.11) (9) — 4 <m0d4k>, <2< *
q q q q

Note that we have

(4.12) (M) — <1) <d_/q) - <ﬂ)
p p p p
for any prime number p|(k/q). Dividing out all such primes ¢ as in (4.11) and using

(4.12), we obtain that the number of solution of the equation (4.8) in the final case is
equal to

it (5))

This completes the proof of the lemma. [

By Lemma 4.5, we get the following corollary.
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Corollary. Let H; be the number of indefinite primitive quadratic forms of discriminant
d, which are not equivalent under I'¢(N). Then we have

d
Hi= S 2n(1 " (_>>
k|N d(N/k) plk p
Theorem 4.6. Let N be a square free positive integer with (n, N) = 1. Then we have

c(P)
(PYPel™ A {12}

F(S—z
I'(s

—_
~—

— 4/

y hylney <1 N dk2u2>(1/2)s
uvd

for Rs > 1, where the summation on u is taken over all the positive integers u such that

Vadn+dik2ul eZ

Proof. Let [a;,b;,¢j], j=1,2,..., Hy, be a set of representatives for classes of primi-
tive indefinite quadratic forms of discriminant ¢, which are not equivalent under
I'y(N). By Lemma 4.4, we have

I(s—1) He Inegy dyu? (1/2)=s
¢(P) = 4+/7n 2 Z Z > : ( >
{P}:Pel" Tp#{1,} [(s) djeo =1 W ud 4n

for Rs > 1, where dy = dN*(a;, N ) and where the summation on u is taken over all
the positive integers u such that \/4n + diu?> € Z. Denote k = N /(a;, N). Then k|N.
By using Lemma 4.5, we can write the above identity as

(4.13) ) c(P)

{P}:PEF*,FP#{Iz}

e )Weg 2 ( (5)) i

. d ) (1/2)—s
4n

for Ms > 1, where d; = dk?. By using Dirichlet’s class number formula

hg, Ineg, = v/diL(1 Xdl

— 4/mn
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and by using the identity (See Theorem 11.2 of Chapter 12, Hua [4])

L) =220 T (1 (5) ).

plk

we can write (4.13) as

c(P)
{P}ZPEF*,FP#{Iz}

_ 4\@”&;9 IIDIDY Hk)<1 * <%>>

KINdeQ u p|(N)]

2, 2\ (1/2)=s
" H(l - (ﬁ)p_l) hglney <1 +a’k u )
plk V4 u\/g 4n

for Ms > 1, where the summation on u is taken over all the positive integers u such

that v4n + dk?u? e Z. Since

L D0 ()r) -5 0) s

we have
I(s—1)
(4.14) ¢(P) =4nn 2 Sy
{P}:Pel* Ip+#{1,} I'(s) m|N k|N (m, k)
 halneg < | dk2u2>“/ 2
u\/g 4I’l '

Next, we want to show that

2. o\ (1/2)=s
> Z<1> hglney (1 +dk u )
deo @ \m) w/d 4n

is absolutely convergent for ¢ = Rs > 1. Since

b)) 5 (4

(1/2)=s
d hdlned( dkzuz)
4.15 — +
19 |3 3(n) o (%

_ halney (1+dk2u2)(1/2)—0
\deQ u u\/ﬁ .

4n



Trace of Hecke operators 483

It is proved in Li [8] that the right side of (4.15) is convergent for ¢ > 1, and hence,
the right side of the stated identity is absolutely convergent for Rs > 1.
This completes the proof of the theorem. []

Proof of Theorem 1. It is proved at the end of Li [8] that

(du )(1/2 +e—1—0
ult2e

2

deQ,u

/’ld lned (1 duz)(l/z)o hd h’lad < o0

W) )y

du deQ,u

for ¢ > 0. Then it follows from Theorem 4.6 that

(4.16)  lim <s;m> S o(P)

s—1/2+i (P}, Ip# {12}

_ (4n)'PI(ix) YR
’wﬁ”ﬁmmwmﬁ%k %1p)

. 1 hdlned
x lim s———m .
H1/2+fh( >d§22u:< ) (du?)’

Theorem 3.12 shows that the function on the right side of (4.16) represents an ana-
lytic function in the half-plane Rs > 0 except for a possible pole at s = 1/2 and for
possible simple poles at s = 1, % +ix;, j=1,2,.... The stated identity then follows
from Lemma 4.1.

This completes the proof of the theorem.
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