ON MEAN VALUES OF THE ZETA-FUNCTION

J. B. CONREY anp A. GHOSH

§1. Let

.
I(T) = J|C(%+it}|2"dt, k=0. (0
1

It is conjectured that for any k,

I(T) ~ ¢, T(log T)* (2)
for some constant ¢,. It is well known that (2) holds for kK =0, 1 and 2 with
¢y =1,¢;, = 1,and ¢, = (27?)" !, but there is not even a conjectural value of ¢, for
any other k. However, it is known that the Riemann hypothesis implies

I(T) » T(log T)*, (3)

for all & > 0 (see Ramachandra [2] and Heath-Brown [1]).
Here we give a simple proof that the Riemann hypothesis, RH for short, implies

I(T) = (c;+o0(1)) T(log T)* (4)
with an explicit value of ¢. If (2) is correct, then, on RH, ¢, < ¢,. Since ¢4 = ¢
and ¢, = ¢} it could be that ¢, = ¢} for 0 < k < 1.

§2. Lety =y, = o(T) and

Als) = Z di(m)yn”*, (5

RSy

where, as usual, d,(n) is the n-th coefficient in the Dirichlet series for {(s)*. Then
,
0 < f G+ i — A+ infde
1
T

.
=I(T) + J |4 (S +it)|2dt—2 Re j {E+inkAG—it)de . (6)
1

1
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By the mean value theorem for Dirichlet polynomials,

J‘Ak(%—'—it)lzdt = (T+0() ¥ d(n)i/n. (7)

n < yk

Also, by Cauchy’s theorem, with a = 1+ 1/log T,

T a+iT

indt =2 | cra—sds+o( T d kBlog TV (g
Q(2+lt) Wa—it)dt = sy A (1 —5)ds+ ";}k (1) exp loglogT (
1 a+i
since, on RH, there exists a B > 0 such that (see [3, p.300])
. BlogT
{(s) < exp (W) for =1, 1<t <T, (9)
and since
All=s) < A(l—a) = Y d(mn' ™" < Y dn). (10)
n <y n <y,
Now k '
a+iT a+iT
1 x d 1
ij UslA(1=s)ds = Y d(m) i:lﬁ)—l [ (m/n)~%ds
ey m=1 n < yk ut+i
d.(n)? d(m)d,(n )
=TY *L 10 . 11
Zon T OUL ogmmment <) 1D
n < vk
The error term here is
0 k(m)z 1 a0 m—a
-+ d,(n)? -
<Zom Z llog m/n| Z ¢ Z llog m/n|
o] d 2
« 3 WM e T Y dn)? log? T (12)
m=1 n < vk

Thus, by (6), (7), (8), (11) and (12),

2 2 o 2
(M >TY M%)+O<yk<z M+ y dk(n?logT)

n <y n <y n m=1 m

+ Y dym)eteTioseT S g, (n)? log? T). (13)

n < Vi n < yk

Finally, it is easy to show by standard methods that

di(n)? ,
Y — ~ c(log y)©,

n < vk h
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where
- © (Tk+m)\> _
= (T(k2+1)) ! 1—1/p)* — m
= rw ey T (a-pe § (T ),
- dk(m)2 o k2 X2
Y o < @b < (log T,
m=1 m
Z dk(n)z < Yk(IOng)kZ_l s
n< yg
and
Z di(n) < y,(log ,Vk)k_l-
n <
Therefore, if we choose "
Ve = TefBlklogT/loglogT

where B, > B, then
logy, = (1+o(1))log T
and, by (13),
I(T) = (c,+o(1)) T(log T)*¥.
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