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r
§1. Let

h ( T ) = I \C(i + i t ) \ 2 k d t , k ^ O . ( 1 )

i

It is conjectured that for any k,

Ik(T)~ckT(\ogTf (2)

for some constant ck. It is well known that (2) holds for k = 0, 1 and 2 with
c0 = 1, Cj = 1, and c2 = (2n2)~1, but there is not even a conjectural value of ck for
any other k. However, it is known that the Riemann hypothesis implies

Ik(T) > T{logTf, (3)

for all k ^ 0 (see Ramachandra [2] and Heath-Brown [1]).
Here we give a simple proof that the Riemann hypothesis, RH for short, implies

Ik(T) > (c'k + o(\))T(logT)k2 (4)

with an explicit value of c'k. If (2) is correct, then, on RH, c'k ^ ck. Since c0 = c'o
and c, = c\ it could be that ck = c'k for 0 < k < 1.

§2. Let y = yk = o{T) and

Ak(s) = Z dk(n)n~s, (5)

where, as usual, dk(n) is the n-th coefficient in the Dirichlet series for L,(sf. Then

i

T
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By the mean value theorem for Dirichlet polynomials,

£ dk
1 * Ilk

dk(n)2/n. (7)

Also, by Cauchy's theorem, with a = 1 + I/log T,

(^ dk(n) exp

a + i

since, on RH, there exists a B > 0 such that (see [3, p. 300])

The error term here is

d (m)2 1 °° m~"
d^nl v — L _ + y d,n)2 y Jn_

Thus, by (6), (7), (8), (11) and (12),

C(s) « exp f , g ' ° g ^ for a > i, 1 < r ^ T, (9)
VloglogT/

and since
Ak(l-s)<Ak{l-a)= X ^ f " ) " 1 " ^ Z dk(n). (10)

Now
u + iT a + iT

f C(sfAk(l-s)ds= £ ^(m) Z — - T

Z 4(«)2log2T. (12)

+ Z 4 ( n ) e B I " o g T " O 8 l o g r + Z dk(n)2 l og 2 T ) . (13)

Finally, it is easy to show by standard methods that
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where

C'i =

£
m"

Z dk(n)2 < yk(logyk

and

Therefore, if we choose
yk = Te

where Bx > B, then
logy, = (l+o(l)) log T

and, by (13),
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