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1. Introduction
In this paper we present a proof of the mean-value theorem required by Levinson

to show that at least one-third of the zeros of £(s) are on the critical line. As in
Levinson [3], let

where #(s) = £(s)/£(l-s) is the usual factor from the functional equation, and let

and y = TiS?-20 (4)

T
where J£ = \og-—. (5)

The vast majority of Levinson's paper is devoted to the evaluation of

pT + U
/ = \fG{a + it)\*dt, (6)

J T

where U = T£?-™ (7)

1 R
and a = 2 ~ ^ ( )

where R is a certain constant (which is eventually chosen to be 1-3). Levinson's
approach is to develop an approximate functional equation for G, which splits it into
finite sums from which arise three different integrals upon considering \G\2; the
integral arising from the 'cross' term causes the most difficulty. Even the easier
integrals are somewhat bothersome, the difficulty being of an arithmetic nature. When
the results from the three integrals are added together a massive cancellation occurs.
Then some arithmetic sums involving the Mobius function have to be evaluated to
give the final result.

The portion of the proof we shall consider is that which precedes the evaluation of
the arithmetic sums. We give a completely different treatment which avoids the
approximate functional equation. The only 'hard' part is the use of large sieve
estimates to bound some error terms, but what is required here is already well-known.
Moreover, the main terms arise essentially at the outset; one can proceed almost
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386 J. B. CONREY AND A. GHOSH

immediately to the arithmetic part of Levinson's argument which should properly be
regarded as the difficult part of his proof.

Briefly, what we do is write the integral as a complex integral and then move the
line of integration to the right of a = 1 where the integrand can be expressed as a
Dirichlet series multiplied by ^(1— s). We integrate term-by-term using something
like the relation:

2niJ(
X(l — s)r~ads ~ e( — r)

c+iT

for T ^ 2nr ^ T+U, where e(a;) = exp(27ra;). Then we have to estimate a coefficient
sum, for which we use Perron's formula. The main terms then arise from the residues
of the poles of the generating function. Since the coefficients have oscillating terms
from the exponential function at imaginary arguments, we have to do some work to
determine the principal parts of the generating function. However, this is not difficult;
it is analogous to the same determination for Estermann's function

=l
d(n)e(nh/k)n-

and this is classical (see Estermann[2]).
For ease of reference we state the precise result we prove.

THEOREM. With I as in (6) and S = B/J? we have

V ( |^Votfo+ (A +A) Ki+PM + O(U <?-

where (just as in Levinson ([3]; § 10))

- 1 2 C4 2 CB
a + C +

2 C8

-2a ) Se'

- 1 , C2

2 , g 7 o . o 2 G6

2af gv Pl ™ Se\\2af &*'
1 G

and A + ^

for certain bounded functions Gi zvhich depend only on T and R, and

_ b{j)b(k)
°0 — ^ U10)
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A simpler proof of Levinsori's theorem 387

(J'K) >

(j,k)~*(j,ky

2. Auxiliary Lemmas

LEMMA 1. Suppose that A(s) — 2n=i«Mn~s for cr = Res > 1, where

and that B{s) = 2n<J/6(n) n~s where b(n) < 1 and Ti-1"1 <^y4Ti. Then

1 Cc+iT bin)
— I X(l-s)B(i-s)A(s)ds= 2 — 2 a(m)e(-m/n)
47rijc+i n^y n m^nT/2rr

This is lemma 1 of Conrey, Ghosh, and Gonek[l].

LEMMA 2. Suppose that <%l > 2. Then for any complex numbers an we have

where 2* indicates that the sum is over primitive characters mod q.
This is a well-known consequence of the large sieve.

LEMMA 3. Suppose that<% ^ 2 and \cr-1| 4 (logg^)-1. Then

and \L'
J -ii

This is well-known, too (see Vaughan[4], for example).

LEMMA 4. Suppose that A fa) = Sc (̂w) n~s for a > 1

J 00

I,a(md)m-S= 2 II 2 afand^mr8.
d1...dJ=d i = l t n= l

(n» n d) l

This is lemma 3 of Conrey, Ghosh, and Gonek[l].

t Tk( ) denotes the ft-fold divisor function often denoted dk( ) .

https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0305004100062940
Downloaded from https://www.cambridge.org/core. Stanford Libraries, on 05 Mar 2021 at 19:14:08, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004100062940
https://www.cambridge.org/core


388 J. B. CONREY AND A. GHOSH

3. Main terms

We first express / as a complex integral. Let 1 — s = a — it, so that a + it = s — 2$
where

«J = £ - a = RSe~x. (9)

J T+U
fG(a + if)fG{a-it)dt

T

= -.\ xjrG{s-28)fG(\.-s)ds. (10)
lJl-a+iT

Now by (1) and the functional equation for £(s),

^ (11)

so
1 ri-a+ur+u) G(s-2S)

that 7 = ̂  X^-s)ir(s-2S)f(l-s)C'(s) ,, . .'ds. (12)
1>Jl-a+iT XIX\S)

We simplify this expression via the relation

^-logjfU^), (13)

which holds uniformly for bounded a. Therefore,

for T < t < T+ U and bounded a, so that by (1)

^j^) ^ ^ ) (15)

for t in the same range, where

^P (16)

Now^(l-s) -^ lfors = 1-a + it, T ̂  t < T+U, and

/•T+C7
|C(<r + ft)|«dM ̂ ^ 4 ,

fT+C7
\£(a + it)\idt<$Ug'8, (18)

J z1

^{(j + it^dt^ U&\ (19)
for (T = \ + 0{^C~x). (The first two of these are classical and the third follows from the
mean-value theorem for Dirichlet polynomials

(20)r'\-Zann«\*dt = X(T2-T1 + O(n))\an\*.
J T, n n

https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0305004100062940
Downloaded from https://www.cambridge.org/core. Stanford Libraries, on 05 Mar 2021 at 19:14:08, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004100062940
https://www.cambridge.org/core


A simpler proof of Levinsori's theorem 389

Alternatively, they are consequences of Lemmas 2 and 3.) Therefore, by (12), (15),
and Holder's inequality,

_ 1 ri-a+HT+U)
I = ̂ \ x(l-s)ft(s-28)4r(l-s)£'(s)H(s-28)ds + O(U&-a). (21)

*»* Jl-a+iT

Now we want to move the line of integration to the right of 1. Let F be the path
consisting of the three line segments {cr + iT: 1 — a < a < c}, {c + it: T < t < T+ U},
and {cr + i(T +U): c ̂  cr ̂  1— a} where

(22)

By Cauchy's theorem, the integral in (21) is equal to the integral taken over the path F.
On the horizontal segments of F we have the trivial estimates

X(l-s)<^T"-t, (23)

f(s) <g yx-"Se, (24)

whence by (4), (7), and (21),

I = ̂ \ T + x(l-s)f(s-28)i/r(l-s)g(s)H(s-28)ds + O(U&-«). (26)

Now we apply Lemma 1 with

A(s) = i/r(s-28)£'{s)H(s-28) = 2a(/i)n-s (27)

for (X > 1 + 25. (Note that H(s) = ~Lh(n)n~s, h(n) = l—^C^logn, is absolutely con-
vergent for cr > 1.) Thus,

so that by Lemma 1,

), (28)

where the inner sum is for all products jmn such that j < y and

< * . <

where if(a;,fc)= 2 ft(i)jMA(w)mMlog«e(-jmTC/Jfc). (31)

We evaluate Jf (a;, &) by Perron's formula. Thus, we consider the generating function

(a > 1 + 25). We will show that F(s, i) is meromorphic with a double pole at s = 1,
a double pole at s = 1 + 25 and no other poles. The main term for M{x) arises from the
residues at these poles. To exhibit Levinson's main term as soon as possible, we
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390 J. B. CONREY AND A. GHOSH

calculate the principal parts of V(s, k) and determine the main parts of M(x, k) and
/ now, and later we treat the error terms which arise from the use of Perron's formula.

We have

V{a,k)= ZbAw(s,J/K) (33)
J*iVJ

where j/k = J/K, (J,K) = 1, and
^ l ^ (34)

It is clear that a pole of V is also a pole of W. To determine the poles of W we let

Z(s,a,K)= 2 n - (35)
n=atnodK

and recall that £(s, a, K) is analytic everywhere except for a simple pole at s = 1 with
residue K-1. Thus,

Wt,a,K)-K-£{8) (36)
is entire. Now

W(s,J/K)= 2 e(-abJ/K) 2 h(m)m2"-s £ n~slogn
a, 6 = 1 m=a(.K) nb(K)

J.1(T0(4i)-*-*'>5a*»^ (37>
whence, by (36),

(38)
is entire. Since £(s,K,K) = ifT~s£(s) and

v ^ _ ^ - / Z i f

\ K)-

it follows that the expression in (38) is

= W(s,J/K) - K (l +1AJ (Jf«-.«s-2«))^(Z-««)) (39)

= W(s,J/K)-Z(s,K),

say. Thus the principal parts of W{s,J/K) are the same as the principal parts of
Z(s, K). In particular, we see that W has double poles at s = 1 and s = 1 + 28 and no
other poles.

Now, by Perron's formula, with x < T and c as in (22), °U = T10,

r s i [ V(s'k)
 W T + W

 (40)

where ^ is the rectangle with vertices c ± i^, \±i°ll and P consists of the three line
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A simpler proof of Levinson's theorem 391

segments {cr-i^l: c^a-^\}, {\ + it: -<% < t sj %}, and {cr + i<%: £ <k cr < c}. The
integral over F is the error term to be treated later. By (33) and (38),

= Ŝ fi(res+ res) ( % ! ) & ) . (41)
i<ivJ s=i 8=1+2* \ \3 I I

We compute these residues. By (39),

Thus,

Z(a, K) = Z»+»-«»((l - ^ ) «« - 25) + ! £ ' ( « - 2*)) (g'(«) - ««) lQg Jf )• (42)

8 = 1

-xK™

(43)

and

Res Z(s,K)(zK/J)°s-1

= 1 + 21

(X/J),1+2*

1 + 2S

-(log*) U'{l + 28)-i

+ (logJ?)(logJ)^(l + 25)J. (44)

Now by (41), (43) and (44),

>

^ I ^ (45)
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where

J. B. CONREY AND A. GHOSH

and ^ = ^

We will later show that

(46)

S (47)

If we assume this for now, then we have, by (40) and (45), that

(48)

where we have used the notation of the Theorem. We consider the difference of this
expression when x = (T + U)/2n and when x = T/2n. Note that by the mean-value
theorem,

T+U
2n

1+2i

T T _U

y+2t jj

T+U

2*

T

2*

(49)

Thus, by (30), (40), and (45)-(49), and since £(s) = (s- I)-1 + C + O(\s- 1\) for s near 1
and some C, we have the Theorem as soon as we validate the claim made in (47).

4. Large sieve estimates

We first illustrate the proof of (47) by an argument which leaves out complicating
details. We have, by (32),

V(s,k) = Sa( J) e(-l/k) l~° (51)

where a{l) = £ b(j)j-2lh(m)m-2llogn. (52)

= l , t h e n

<53>
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A simpler proof of Levinson's theorem 393
Thus, aside from the I which have a prime factor in common with k, V(s, k) is essentially

i*,X)> (54)

where B(s,x) = ^HJ)xU)J~s- (55)
Now by Holder's inequality and since

|T(X)| < «*. (56)
we have, with °U = T10,

If the large sieve estimates of Lemmas 2 and 3 were valid for sums taken over all
characters instead of primitive characters then the above would be <̂  xiySC* as
required. Unfortunately, the details to be filled in (i.e. the inclusion of terms with
{I, k) > 1 and the reduction to primitive characters) are a bit complicated.

Instead of (53), we use the formula (5-12) of Conrey, Ghosh, and Gonek[l],

«(-*/*) = 2 2* #)Ef&(},M,f) (58)
l ^ d d\l W

d\k

where \e(q, k,d, rlr)\ ̂  6\ , 7 , . . I . (59)

Then, by (51),

Via h\ V V * Tt7Jr\ V ' > Y / ^ \ I Y \ I /AA\
¥ \o> Kj — ZJ 2u *\Y) 2a ~JZ 2u i^ • \ ^ ^ /

Now, by (52) and Lemma 4, the sum over I is

_, / ™ Mmd,)ilr(m)\ ( ™ xlrim)logmd2\ (
= d^^aXvBi—^*—)\ vBi m? )\

-2o,\j/',d^d2,d3), (61)

where O(s, f, d) = n (! - ft(P)P~s) < r{d) (62)

for (T > 0, and
B(s,r/r,d,e) = £ b{rne)\}r{jn)m-B.

(m,d) = l
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Thus

J . B . CONBEY AND A. GHOSH

Ti(d)log2d(\L(s,ft)\ + \L'(s1

38(8, \jr) = max
P m*

\a{a-28,^)\, (64)

(65)

and the max is to be taken over uniformly bounded complex numbers fi(m).
We now bound the integral in (47) taken over the horizontal segments of F. We have

for a -1), t = ^ ; also

Thus, by (60) and (64),
yx-°logy.

(66)

(67)

whence

k Kq\k d\k

V(s, k) ^ — 1.

(68)

(69)

Now we consider the integral on the J-line. Note that for cr = \, by (59) and (60),

•• v
d-i

krk 2 2* 2 d-i

Now,
^r d\kq<l>{kqf{d,k)) 1=1

• (70)

say. Thus, for tr = J, by (64), (70), and (71).

where

(72)
k<v

(73)
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A simpler proof of Levinsori's theorem 395

By Holder's inequality, for s = £ + it,

P ^(, ,G)£«(2&£S*P (|X(,,*)|« + |L'(,f*)|« * )*
J-« s Wo0(?) t J-<u t+n/

say. By Lemma 3,
(75)

and • / , $ ) « £/2(g)2( logW5, (76)
8«Q

while by Lemma 2 and (65)

A(Q) < £ (w + 61og^)n-1+4i < y + Q\og2<%. (77)

Now, by (71),
H = S

( £ ) S (S
e|d q^Q/d e\q

T(d) £ «-* S 1
e^Q/d q^Q/de

* < C» (78)

the second Une following by the submultiplicativity of a_j, which is trivial to verify.
Hence, by (75)-(78),

.ds
) 7 <

(79)

Thus, by (72) and (79), for s =

S W |FM)C

and since/^fc) <̂  fci trivially by (71), this is <̂  xiySC5, which proves (47).
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