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§ 1. Statement of results

We prove an asymptotic formula for

o \ *· / \ 2
— + it

2
dt

where ζ is Riemann's zeta-function and

)= Σ

is a Dirichlet polynomial. Our work is motivated by that of Iwaniec [5] who considers
upper bounds for /. Our result is

Theorem 1. Lei I be defined s above and suppose that a(m) <zEmE for any ε>0
and log M <$c log T. Then

where $> = $i+£2 with δ^ <^BT(logT)~B for any 5>0 and, in gener al,
(A) ^2«:εΜ2Γ£

for any ε>0. If Hooley's Conjecture R* (see Hooley [4]) is true then for any ε>0,

(B) ^2«εΜΓ£ .

er, if Μ^Ττ and a (m) has the spedal form
F(m)

where F(x) «: l and F'(x) <z— for l<*x<^M (abbreviated by Fe ^M) then
11 Ι

(C) ^2

for any ε>0.
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i-<5
Note that we have asymptotic formulae in general if M <^c T2 for some δ > 0 or,

4_3
assuming R*, if M <z T1 for some δ > 0. If a(m) = μ(ηϊ) F(m) where Fe ̂ M, then we

_9__^
have an asymptotic formula if M <^T17 for some <5>0,

We can also prove that if a (m) = l for l<^m^M, then Theorem l holds with
(D) ^+f2 <^βΓ(1ο§2ΤΒ + ΜΓε

which gives an asymptotic formula if M <$: T1 ~d for some δ > 0. Moreover, we can show
that, in this case, the asymptotic formula fails if M= Τ1+δ for any δ>0. We conjecture
that for general α (m) «:gm£ the formula

,.r Σ & 2n hk
holds provided that Μ=Τ1~δ for some <5>0.

As an application of Theorem l we have
Corollary. As T—> oo,

mZM \ lOg M/

uniformly for M^ for any ε>0. If p = + iy denotes a zero o

log M)

, //*£·«

as T—* oo.

This gives an explicit estimate for a well-known result of Seiberg [6], Section 7.

It is likely that a further application of the method could be made to improve
the constant α in the relation

where, as usual, N(T) is the number of zeros of ζ($) with Ο <σ < l and 0 <t <T and

N0(T) is the number of zeros of C ( — - H f l with 0 < / < T . The best known result is

α ̂ 0.3658 due to Conrey [1] which corresponds to Theorem l with the error term in (A).
17

If the appropriate mean-value theorem were proved with the estimate — in (C), then

one could show α i^O.38. Thus this result should be accessible unconditionally. If R* is
assumed (see estimate (B)) then α ̂ 0.4077 could be obtained. If our conjecture is
assumed (see estimate (D)) then α i^0.55 follows.

The estimate (C) depends on the Riemann Hypothesis for curves over finite fields
(via estimates for Kloosterman sums) and so the improvement in the value of α would
depend on the non-classical Riemann Hypothesis!
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Heath-Brown first considered these mean squares in the case where the polynomial
is

Σ

JL / " 9 "
and obtained an upper bound of Γ1+ε with Λ/=Γ1 7 (unpublished). (The — has

u g »

been incorrectly stated s — in various places.

§ 2. Some lemmas

To prove our formula we need some lemmas.

Lemma l (Estermann [2]). Lei

for Imx>0 and k^\ and let

\ k

for Re^>l . Let z = z(x) = —2nix. Then

(Ο
_

where A* = - , fc*= , , , A* A* Ξ l (mod/c*), αηί/ l <c<2. Moreover
(A, /c) (A, /:)

Next we evaluate an integral.

Lemma 2. Suppose that l < c < 2 and, s usual,
ns

2
Let

*> ^o» <*-> ?)— , r ji A]/n (c;
Then
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Proof. We write J=(iA J/π) ~ * (Λ + Λ) where

7i = j e(*-*o)2*-2
r(s) (2ne^y)-5 ds

(c)

and

(c)

Now we use the fact from the theory of Mellin transforms (see Titchmarsh [7], for
example) that

1 f -l (^\ dv

where

(c)

and

We apply this formula to Jj with

and Λ1=>'βιε where ε>0 and to J2 with

and x2
==ye l£ where we assume, for now, that y is real and positive. It is easy to see

that if | arg χ | <π, then
i ^2

-s0—-Δ2 log.x

\ 4 /(c) \ ^ / (c)

and it is well-known that if |arg,x| <-^-, then

j_ f2nil



2ni 4
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Thus,

, Μ]/π _ s / /!2log2t
/i («) =/20>) = -~r- v s° exp

and

This proves the lemma for real y. It follows for complex y by analytic continuation.

Let Lb denote the straight line path from 0 to eidoo.

Lemma 3. Let s =-~ + iu, Ο ̂ δ <; — , and G<A <u. Then

, So / J2log2iA dv s l· zJ2log2iA dv „ .JV°exp -- -f— — - -- l i;s°exp -- ~~ — - -=-2τπ,
L \ 4 /Φ-1) Λ V 4 /φ-Ι)

- J
t-,

with log( + /(r- l))= ±— αί t> = 0 then

c0 w a certain constant, N is any positive integer and cn — cn(A) «:„! uniformly for
Δ^\. Later it will follow that c0 = y.

Proof. The first assertion follows immediately from the residue theorem since the
paths of the two integrals join together and the new path they form can be moved
arbitrarily far to the right (across the simple pole a t t> = l).

To prove the second assertion we change the paths of Integration to the positive
real axis except for an indentation around υ = l with Im v > 0 in the first integral and
lmv<0 in the second integral. Then we make the change of variable v = ex in the two
integrals. Thus,

A2x2\log(-i(ex-\)) f / J 2*2\ log (/(** -1))
- — ̂ - f expl mx -- " -X \ 4 7 X2sinh— v x 2sinh —

where the path in the first integral is from — oo to -ε οη the real axis, then along a
semicircle Ce

+ in the upper half plane to -l· ε, and then along the real axis to +00.
8t Journal f r Mathematik. Band 357
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The path in the second integral is the same except that the semicircle C~ is in the lower
half-plane. Let Ce be the union of C~ and the reversal of C*. Then

Λ(cos M x) exp l —

2sinhy

where the log in the first integral has its principal value and
A2x2

dx-~R

Re= J exp l iux
Thus,

where

2\/ x\~l

) l 2sinh — l dx.
/ V 2 /

Cc

exp Δ2χ2

log (**-!)
log*

2sinhy

and

It is easy to calculate that

and

dx

J 2JC 2 \ / xV1 12sinh- ~ —
L

J —— dx = 2ni log ε

cosux
χ

_
dx= -

COS.V— l °^COS,Y
dx+ J - dx.

The l ge terms cancel and we let ε — >0 + . It is easy to see that RE and R'E—+0 so that

— l__ . ., . fΑΓ=2π/^Μ-2π/ f f - dx]-2niP

where P — P0. The middle term here is a constant which we call — c0.

By a change of variable,
« / M

P= Jcosi —

where

expH),
2 Δ sinh —
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Now if/is analytic at 0 and all of its derivatives vanish at oo then we can integrale by
parts to obtain

2.
Ο n = l α

It is easy to verify that if /(,x) = F(x) then

/«'-»(O)
and

Jl/'2«-1^)!
0

This proves the lemma with cB = (-l)n+1 /*2"-«(0).

Lemma 4. T/" /l > 0, f Ae«

= J ,-exp

Proof. Let x = — A log . Then

9 oo
-- f exp(-.v2 + dx

A -00

By Cauchy's theorem the integral here is

This proves the lemma.

l l L TLemma 5. Let s0= — + iu, T£\u\ ^2Γ, δ = —, exp(5(logr)2) < Δ <-.—Ί

c = η or € = 1 + η where η > Ο is a small, fixed number. Let

..._i . dvw=ll
,-«-4^4·»·»»+«

l l _

Then W^.£ Δ 2Τ2 η for any ε>0. The same estimate holds if the οο8π5 term is
-nis nis

omitted or if Ld is replaced by L_6 and e 2 by e2 .
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Proof. Let v = xeio. Then

i i i

exp - A2log2v 22Δ2δ

cos ns
- -smns

nis it
2 = 2
-

l l

and

where

and

(v-l)s-i\ = \v-l\c-1e-tar*(v-» = ac(x, δ) exp(-tb(x, δ))

ac(x9 δ) = ((χ-l)2 + 2*(1-cos
c-l

i? (.v, o) = arctan

We also have the estimates

ac(x, δ) <

and, for some positive constant C,

χ sin δ
χ cos δ — l

if jc^l ,

-* if x^l ,

JogJ
log A

<π-€χδ,~~ —4

x.
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We split the χ integral into four pieces. Thus W=W1 + W2 + W3+Wi wl»ere W^ is

the integral with O^.x^—, W2 is the integral with ^-^x^\-1^-, W, is the
4 4 Δ

• , . logzl logzl log/1integral with l _g*gi+_-* and w± is the integral with l-f-4-^x^oo. It
ZI /3 23

is easy to see that
_ c_l

s e —> 0+. Thus, by our estimate for i?(,x, o),

Hence

ί < ι ·

and

_ c _ 3

«

ί exp - dx

-5 „
J exp -

l-f logj

zl2log2x

10g/d

4 sr "· s= * , jΔ
c=|-

J2log24

exp -
4 /'

-f-, / log2/!2 exp -- —
\ O

The lemma follows from these estimates and the r nge of Δ.

A special case of Hooley's Conjecture * is that if v2 — v1 ^k9 then for any ε>0,

(vl9v29l,k)= Σ e

uniformly in all the variables, where A£=l modfc.
82 Journal f r Mathematik. Band 357
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Lemma 6. Assume Hooley's Conjecture R*. Suppose that a(m) <zeme for any ε>0
and l^m^M where log M «: log Γ, and that s= 1 + f /H- i ' f = c + /f, where η>0 is small
and fixed. Then,for any ε>0,

Σ
(1 = 1

«ΑΛΙ J«,+.
l^) ε·<Κ / Ι

Α* = (h, k) (H, k)

Proof. First of all, we note that

Σ

for any η > 0. Thus, it suffices to prove that

Σ e(

uniformly in Λ. We group pairs A and k according to their greatest common divisor g.
Thus, it suffices to show that

Γ a

uniformly for l^g^M with M < = — where Σ' indicates that the sum is for (A, k) = 1.
£

We apply Cauchy's inequality to the sum on A and see that the left side is

«( Σ \a(hg)\

where

- Σ Γ

Now it suffices to show that

Σι <
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To estimate Σ19 we interchange the sums on h and k. Thus

ki ,k 2

where Σ" indicates that the sum on h is for (A, k^k2) = 1. Note that in the first instance
is the inverse of A mod^ and in the second instance it is the inverse of A mod&2. Now
we have

Σι <^εΜ2η+ε

k i , k 2 h \ "-1^2

since if Aa = l (mod/^), h =l (mod^2)?
 and A y = l (modklk2), then

Thus, by R*,

Σ 1+^f Σ* (n(ki-k2)9k1k2)* + M1 Σ 1]

where Σ* indicates that the sum is for £, φ k2. The sum on fct and k2 is

«Σ* (^^^(k.-k^k.k^
*1,*2

«{Σ («,*ι*2)}ΜΣ*(*:,-*2^ιΜ}*
k i , f c 2 ^1.^2

by Cauchy's inequality. The first sum is

<^Με Σ (n,

« Με Σ
l|n

Since (^i - k2, k^ k2) = (fcj - k2, k\) we have

k2

Hence,

Σ1 «V/i/i) Af*

which is what was required.

Σ ^ Σ* ι «Σ
r l k} ki=k2(modi) k2

+2"+'
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Lemma 7. Suppose t hat a (m) = μ(ηί) F(m), where Fe ̂ M. Lei l ̂  (7, F^ Af, where
l

M <^T5. Lei ΛΓ^Ι, ^>0, 0w/ tafce s = c + iX with € = η for UV^TN and €=
otherwise. Then for any s > 0 we have

Jt(N9 t/, V) = Σ </(*) «~s Σ Σ *("*) a(vg) (t/ί;)5-1 * «
n~N u~U v~V

ll c _ 3

uniformly for all t and for all

Proof. We have

, U, V Σ Σ
n~Nv~V

(M, t;^) = l

-1 Σ Σ
n~N v~V

Γ
M~C/

by partial summation. Here Σ' denotes summation for (w, v g) = l with u running over
«~17

some subinterval of (U, 2 1/]. Now we use the following identity, which corresponds to
Vaughan's identity for the function μ(η):

(κ)=- Σ

Taking χ = (3 i/)2, we obtain

^(7V, (7, l
where

5= Σ Σ Σ' Γ Σ'μ(«)μ(0)β(ιι·

ΙHere Λ, 5, C satisfy U^ABC'KU and ^, 5«t/2.

We estimate S in two different ways. Firstly, using Weil's bound for the Kloosterman
sum it follows that

y-C
« v(vgy (/, t;) (l + CtT1).

Here (i?g)£ ̂  Af ε, and (/, v) = («a , v) = (n, t?), whence

-1) Σ Σ (η, ν).
n~Nv~V

The v-sum is O(Vd(ri)\ and so

(1) S <c 1̂ B(M Νγ NV2(C+V).
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The second estimate will treat a, , y symmetrically. Thus we illustrate the method
by writing

s«Σ Σ Σ Σ Σ μ(*)e\n
Λ~Α

The treatment would be analogous if we wished to isolate β or γ in preference to a. Let

whence

: Σ Σ rv>,
v~V m = l

Σ

By H lder's inequality we have
Ι /

υ, m \tf,m
Σ μ(*)e(m-

Ι4\4

The first sum on the right is

Moreover

Σ Σ *{v9v~V9v\ni lVi-n2 2y2}.

Here the condition on v is v\ni 2y2~n2 iyi· If η\$ιΊ2=η2$\Ί\ there will be O(V)
Solutions v, and otherwise O((BCN)E). However ni 2y2=n2 iyi has O((BCN)i+s)
Solutions, so that

Σ r2
Vtm<z(MNY(BCNV+B2C2N2)

v, m

Finally

Σ
v, m

Σ Σ

The innermost sum is i; if t;| ^ + α£-α3 -α4, and zero otherwise. Writing

this condition becomes v\Y. Hence

K2 # {a l5..., a4 : F=0}

However 7=0 requires
α?α| = {α3(α1 + α2)-α1α2} {α4(α1 + α2)-«1α2}.

83 Journal f r Mathematik. Band 357
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Thus each pair a,, a2 produces O (M') possible factors α3(α! + α2) — «ια2, and each
factor determines <x3 and a4. Hence there are O(A2MC) Solutions of 7=0. It now
follows that

S<*:{BCNVY {(MNY (BCNV+B2C2N2)}4 [M* (A2 V2 + A4 V)}*

4 ~4 2 * * ~(2) <z (ΜΝγ (NUV)4 (A ~4 V2 + A* V* + A ~N4 U* V* + N* U*).

We shall show that
S <sc(M7V)£ max(7W, UV) "

Lemma 7 will then follow, with a different value of ε. The estimate (1) suffices, if
C^M~T2T~4UV2, for then

S «: (ΜΝ)ε (NUV2 + C~1NUV2)

<^(ΜΝ)ε (ΤΝ) (M2 T'1 + M12 Γ~4).
I 12 _3 3

Here M2T~l^M12T 4, since M£T5^T3. We now apply (2) with "A" chosen s
the largest of A, B, C. We may therefore suppose that

i2T 4UY2),
whence (2) yields

5 «: (MN)e (NUV)4 (U 12V2 + U*V* + M 48Γ
Then

', UV)

(NUV)4 U8V4 = (TN)4(UV)4 U*V4T~4^riia*(TN, UV)M~8~T~4,
AI <·12.8 < j 2 ,

3 _12 __ L 11 i l _H _H 3 *
(NUV)4 M 48T 16U4V8 = (TN)4(UV)4M 48T 1

, UV) ~
13 _li 12 _3 3

here M48 Γ 16^Λ/12Γ 4, since M^T5;

(NUV)4 N4 U*2 V4 = (TN) T-1U*V^ max (TW, UV) M~* T~ \

where M^T~l ^M^T~4, since M-ZT*; and lastly

(NUV)4 N4 U4 = (TN) T~ 1 UV4 g max (TN, UV) M4 T'1,
2 12 _3 3

with M4T~l^Mi2T 4, since M<,T4. This completes the proof of the lemma. It may
12 _3

be worth noting that the term M12 T 4 arises only when, roughly speaking, U=V=M,
and TN=M2.
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§3. Proofof Theorem l

We can easily deduce Theorem l from the following

Theorem 2. For Δ > 0, de ne

/ 1 \ |2 / 1 \ 2
<//.

175

77ze« /or large

o

1 oo
£(w) f ^ -^- M > 2 ^" 2
6W ^ ι / ϊ ί - « "

/ l \ |2C U + I ' J I
/ i \

A \ 4 - 7 / 1
^U+"J

Γ and log M «c log T we have

i \ \~"^ \~* V / V / χ ι ι \ 1 \r\ci ' _L fi I /l 1 1

uniformly for T^u^lT and exp(5(logT)2)^ Δ <^T(\ogT)~l where b0 is a certain
constant. Assume a(m) <^£me for any ε>0. Then

(AI)
assuming conjecture R* we have

(Bl)
~ + £

and if a(m) = μ(™) F(m) wilh Fe &M, and M ̂  Γ5, then
_1 5 l

(Cl) ^ο«ε^ 2Τ2 'M12 T4

for any s > 0.
/J\2

Remark. It is possible to replace the b0 -h O l — l term above by an asymptotic

N-i /A\2n /A\2N

series Σ * (— l +O\ — ] - I t will follow later that b0 = 2y.
= " " w

We begin by proving Theorem 2. Let 50=— --f /w. Then

_L· J ̂

where
= Σ a(m)m~s.

m<,M

We move the path of Integration to the line from c-/oo to c + ίοο where c =
The contribution from the residue at s = l is
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Then g(u) = I— R where / is (ιΔ j/π)"1 times the integral on the new path. By Lemma 2,

We express the integral s a sum of two integrals and use Cauchy's theorem to move
one path to Ld and the other to L_0 where L0 is the half-line whose points have δ s
their argument. We interchange summation and Integration and have

where

and

By Lemma l we have

where

>, — l tf ° exp

\

2 2-2l2 log
-2nih*(v-l)

and

with



Similarly,

where
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/2 = A/2 -l· R2 - /£2

177

, „
2πΐΑ*(υ-1)

and

with

By Lemma 3,

sin ns

By Lemma 4 and Cauchy's theorem,

- log2 T) M (log M)2

so that
a(h)a(k)

Σ Σ —τ— (AI «r-10.

The other error term is

which we write s a sum of four terms of which a typical one is

Z= f
(c)

where l,

and
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The trivial estimate for M (s) is (with j =

which by Lemma 5 yields

This leads to part (AI) of the theorem, on taking η = ε and redefming ε.

Assuming conjecture Λ*, we have

by Lemma 6; and then by Lemma 5,

This shows pari (B 1).

Finally, if α(ηί) = μ(ηϊ) F(m) with FE^M then we rewrite M (s) s

= Σ — Σ Jt(N9U9V,g,s)
U,V,N

where

where the notation x~X means X^x<2X, and the sums on U and V have
Mterms with U, F<^c — and the sum on N is for N = 2L, L = 0, l, 2, ____ Now Z is a sum

of terms of the shape
Z(N, U, V) = J f G(t>, J0, J, 5) ^T(7V, i/, F, g, 5)

L (c)

If UV^TN then we move the s path of Integration to 5 = η + ίί·9 otherwise we leave it
at ί = 1 + η + ίί. In moving the path of Integration, we cross a pole at s = l with residue

,V,g,l) | p* exp ~ ̂  !°g2 U — « M^M"1 exp(-log2 Γ) « T'1,

by Lemma 4. Thus, by Lemmas 5 and 7,

ζ=Σ— Σ
g 8 N,VtV

,Μ—12Γ4 Σ Ν*-η+ Σ

Ν,Ι/,Κ N,U,V

17 1

ρ

on taking ^ = - · This proves (Cl) and completes the proof of Theorem 2 with
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We now deduce Theorem l from Theorem 2 ( s in Heath-Brown [3], § 4). First
we note that it suffices to prove that

(3)

I(T,2T) = "
r

α(Α) a(k)
log

T(h, k)2

hk v""·^ 6 2πΑΑ:

-l) + 21og2) + ̂

where δ is s in Theorem 1. For it is easy to deduce Theorem l from this by replacing T
T

here by -—^, l ^ k «: log Γ, and summing. To prove this estimate we use Theorem 2 and

Tthe following trivial estimates. Let — ̂ 7\ <Γ2 <3Γ and

t, Ti9 Τ2) = Δ-ιπ

Then

always;

if ί < 7\ - J log Τ οτ t > Τ2 + Α log Γ; and

w(f, 7Ί, Γ2) = 1

Now by these estimates and Theorem 2,

2Γ
/(Γ, 2Γ) ̂  f w(t, T- A log Γ, 2 ΓΗ- J log Γ)

r
2T-»-Jlogr _j_ 2T

= J (J~ 7t ) ^
r-jiogr :

Γ-J log Γ

T-JlogT .fcS

0 Γ) log2 T

0(\)

Λ, k

1 (A, A:)).
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h,k
^ Σ / ( Σ

t£M h£
t\h

so that the final error term above is Ο(ΔΤε). Similarly

2Γ
7(Γ, 2Γ) ̂  J w(t, Τ+ Δ log Γ, 2Γ- J log Γ)

r
_! 2Γ

*π 2) f exp(-(/-w)
r- ί ·

Γ + JlogT

2T-JlogT

Γ + JlogT
0(1)

dt du

which leads to the same lower bound s our upper bound. The fact that b0 = 2y follows
5.

from these equations, the choices M=l, a(l) = l, A = Γ7, and Ingham's well-known
lresult about the mean square of ζ — -l· ι'Μ (see Titchmarsh [8], Chap. 7 for example).

Then the choice Δ = Γ1 2ε proves (3) and so Theorem 1.

To prove the first part of the corollary it suffices, by Theorem l, to show that

.+
log Γ
log M*

This can easily be done using, for example, the techniques in Conrey [1], section 6.
The second part follows s in Seiberg [6]. Briefly, by Littlewood's lemma and the
arithmetic-geometric mean inequality,

'4
0 < y < T

l Σ
'4

0 < y < T

n j _ j
2π ο

4π

_ Γ .
:4^

(τ-)
log M

26-

dt + O(\ogT)

which gives the result.
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