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§ 1. Statement of results
We prove an asymptotic formula for
1
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where { is Riemann’s zeta-function and

A@E) = Y amym™*

msM

2 2
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is a Dirichlet polynomial. Our work is motivated by that of Iwaniec [5] who considers
upper bounds for 1. Our result is

Theorem 1. Let I be defined as above and suppose that a(m) < m*® for any ¢>0
and log M < logT. Then

a(h) ak) ( T(h, k)* )
I=T ———= M, k)log——"—+2y—-1]|+&
. h K 8 onhk 7
where & =&, + &, with &, <T(logT)™® for any B>0 and, in general,
(A) 8, < ,M2T

for any £>0. If Hooley’s Conjecture R* (see Hooley [4]) is true then for any ¢>0,
7
(B) &, < M*T"

3
Further, if M < T3 and a(m) has the special form
a(m)=p(m) F(m)

1
where F(x) <1 and F'(x) <<—; for 1 Sx <M (abbreviated by F € ¥,,) then

17
2

(C) & < M'T

1
4+e

for any ¢>0.
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1_
Note that we have asymptotic formulae in general if M <« T2 * for some >0 or,
4_
assuming R*, if M < T” ? for some 8> 0. If a(m) = u(m) F(m) where Fe %,,, then we

9 _
have an asymptotic formula if M < T ? for some §>0.

We can also prove that if a(m)=1 for 1 <m <M, then Theorem 1 holds with
(D) 6+ 8, <, gT(logT) B+ MT*

which gives an asymptotic formula if M < T" % for some § >0. Moreover, we can show
that, in this case, the asymptotic formula fails if M= T"*° for any 6 >0. We conjecture
that for general a(m) <, m® the formula

_ a(h) a(k) T(h, k)’
1_TM§M o (h,k)(log Sk

holds provided that M =T"'"? for some > 0.

+Q2y— 1)>+0(T)

As an application of Theorem 1 we have

Corollary. As T — oo,

C(—%+it> > u(m) (1_logm)m—%-n

mM log M
5,
uniformly for M<T'? ~ for any ¢>0. If p=f+ iy denotes a zero of {(s), then

T

|

0

2

2 logT
dt~T|1
( +logM>

> (ﬁ - %) <(0.0845+0(1)) T

0<y<T
8>3

as T— oo.

This gives an explicit estimate for a well-known result of Selberg [6], Section 7.

It is likely that a further application of the method could be made to improve
the constant « in the relation

No(T)Z (x+o(1)) N(T)

where, as usual, N(T) is the number of zeros of {(s) with 0 <o <1 and 0 <¢<T and

1
No(T) is the number of zeros of C(—2—+i t) with 0 <t <T. The best known result is

a=0.3658 due to Conrey [1] which corresponds to Theorem 1 with the error term in (A).
17
If the appropriate mean-value theorem were proved with the estimate 9 in (C), then

one could show a=0.38. Thus this result should be accessible unconditionally. If R* is
assumed (see estimate (B)) then «=0.4077 could be obtained. If our conjecture is
assumed (see estimate (D)) then «=0.55 follows.

The estimate (C) depends on the Riemann Hypothesis for curves over finite fields
(via estimates for Kloosterman sums) and so the improvement in the value of « would
depend on the non-classical Riemann Hypothesis!
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Heath-Brown first considered these mean squares in the case where the polynomial

2 umym=*

ms<M

is

“ ”

_9_
and obtained an upper bound of T'*® with M =T!" (unpublished). (The 7 has

[ ”»

been incorrectly stated as 15 in various places.)

§ 2. Some lemmas

To prove our formula we need some lemmas.

Lemma 1 (Estermann [2]). Let

h ol nh 2ninx
(k)= Faoe(F)e
for Imx>0 and k=1 and let
h o nh\ _,
()= E e ()

for Res>1. Let z=z(x)= —2mnix. Then
h . h*
S x,? (y—logz—2logk )+D {0 o

*2s—1 F h_*
—if (2n)‘2‘%k—7;;—<D< k*)+(cosns)D(s —F)>z"’ds

()

where h* h k*= k , h*h* =1 (mod k*), and 1 <c <2. Moreover

Tk kb
h*
2(%)

Next we evaluate an integral.

<k*(log2k*).

Lemma 2. Suppose that 1 <c <2 and, as usual,

x(1—=5)=22n)"*I'(s) cos Zrz_s

Let

J(y)=J (50, 4, )= [ et y(1—5) y~*ds.
l

T (c)
Then

< —A4%log? dv
J()") = j‘ Us° exp (_Z‘lg_f) (e—Zulyv+ e2niyv) _l_;_
0

for any y#0, sy, and 4>0.
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Proof. We write J=(id]/n)~" (J, +J,) where

Ji=| eC 50?47 () 2me? y) ™S ds
(c)

and

Jy=[ €747’ (s) 2ne 2
(c)

y)~*ds.

Now we use the fact from the theory of Mellin transforms (see Titchmarsh [7], for
example) that

—1— [ F(s) G(s) x*ds= ?f(%)g(xv)%
0

2mi
where
f(@) =2Lm' (_E) F(s) v=%ds
and
1 -
g[v) =5 (_s[) G(s) v™%ds.

We apply this formula to J;, with
Fy(s)=etm20"47%,

ni
2

G,(5)=T(s) Qme?e~')",
and x, =ye™ where ¢>0 and to J, with
Fy(s)=elsmsor 4™,

_mi
2

G,(s)=TI(s) 2me

and x, =ye " where we assume, for now, that y is real and positive. It is easy to see
that if |arg x| <=, then

eis)—s’

ds

1, 2
4% log? x (S—SO‘EA logx)
4 ({, cxp 4?

4% log? x)

[ et 4™ x=sdg = exp <—s0 logx —
©

=id)/nx"%exp (-— 2

and it is well-known that if |argx| <%, then

1
— |\ I'(s) x *ds=e™"*.
21”_(5) () x *ds=e
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Thus,
id)/n _ A4%log?v
S =1)= Pl exp(—._—“_—),
g, (v) =exp(—2mive ),
and

g,(v)=exp (Rmive™).
This proves the lemma for real y. It follows for complex y by analytic continuation.

Let L; denote the straight line path from 0 to e co.

1
Lemma 3. Let s0=?+iu, 0§5§—72i, and 0 <A <u. Then
. A4%log?v\ dv © A?log?v\ dv
veexp| — - o - =27
L{ p( 4 )v(v—1) LL”"""( 4 )v(v—l) 2mi
and if
A%log? v\ log(—i(v—1))dv —A%log? v\ log (i(v—1)) dv
K= voexp | — — | v
L{” ex"( 4 > ow—1) L&” °XP 4 ) o—1)

(with log(Fi(v—1)= i% at v=0> then

K=2mi (logu + N}il C, (ﬁj—>2n> +0 (<A>2N> 5
n=0 u u

where ¢, is a certain constant, N is any positive integer and c,= c,(4) <,1 uniformly for
A=1. Later it will follow that cy=7.

Proof. The first assertion follows immediately from the residue theorem since the
paths of the two integrals join together and the new path they form can be moved
arbitrarily far to the right (across the simple pole at v=1).

To prove the second assertion we change the paths of integration to the positive
real axis except for an indentation around v=1 with Imv>0 in the first integral and
Imv <0 in the second integral. Then we make the change of variable v=¢€* in the two
integrals. Thus,

2/2 _eX_1 2'2 ex_
K=jexp(iux—A * >log( i ))dx—jexp<iux—A Y )log(z( 1))dx
4 L X L. X
2smh7 23mh—2—

where the path in the first integral is from —oo to —eé on the real axis, then along a
semicircle C} in the upper half plane to +e¢, and then along the real axis to +oo.

8: Journal fir Mathematik. Band 357
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The path in the second integral is the same except that the semicircle C; is in the lower
half-plane. Let C, be the union of C; and the reversal of C;. Then

4*x?
N (cosux) exp (—- 3 )

2,2 _ .
K=— | exp (iux—A al )log(e" D dx—2mi | dx-2R,
c 4 Ly X ¢ Ly X 2
° 2smh—2— 2smh7

where the log in the first integral has its principal value and

A 2.2 3 -1
R= | exp (iux a7 ) (2 sinh —Y—) dx.
C¢ uCs 4 2

Thus,
1 .
K=—|2Y4x_R-2n jcos”d»c— niP,—Z R,
¢, X 2
where
2,2
exp (iux — ) log(e*—1)
/ log x
R”=£ x T x
. 2sinh — ’
sinh —
and

© 4% x? Cox\t 1)
P = { (cosux) {exp <— 3 )(251uh7> ——x—} dx.

It is easy to calculate that
logx

dx=2miloge
C.
and
© cosux °°cos, ! cosx— ® osx
[} = =—logu8+j—————— I
I3 ue X ue X 1

The loge terms cancel and we let ¢ — 0*. It is easy to see that R, and R, — 0 so that

1 -1 @©
K=2nilogu—2ni<j%——— Icosx )—ZniP
- 1

0

where P=P,. The middle term here is a constant which we call —c,.

By a change of variable,

P= ]? cos (i x) F(x)dx
o 4

x2
eXp| — *4— 1

24 sinh—
4 smth

where
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Now if f'is analytic at 0 and all of its derivatives vanish at co then we can integrate by
parts to obtain

(2N+1)
+( 1)N+1 I(Slna22.{;+l (Y) dx.

}) (cosax) f(x)dx= % M
0 aln

n=1

It is easy to verify that if f(x)=F(x) then

f(Zn—- 1)(0) <<"1
and

J 1Y) dx <,1.
0
This proves the lemma with ¢,=(—1)"*! F"~D(0),

Lemmad. If 4>0, then

1
Proof. Let x=—2— Alogv. Then
| exp <——x2 +%> dx

2

A4

2 8¢ S0\
——A—exp(A ) fm exp( (‘C—-—A——> )dx.

By Cauchy’s theorem the integral here is

oj? e dy=\/n.

.

This proves the lemma.

1 1 1
Lemma5. Let s0=7+iu, T<|ul £2T, 6=7, exp (5(log T)?) < 4 <I-5ET;T" and

c=n or c=1+n where n>0 is a small, fixed number. Let

w={ [ @a+Ish

Ls (0)

4% log? v\ I'(s) =gis dv
So — —_1)s—1 bt
v'oexp ( 2 ) Sinms (cosms)e 2 (v—1) ds

Then W<, 4 272" for any €>0. The same estimate holds if the cosms term is
—nis Ris

omitted or if Ly is replaced by L_; and e? bye?,
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Proof. Let v=xe”. Then

1 1 1
|v%o] = x2e % < x2e® « x2,

4% log? x 42682 -A% log? x
=exp | ——— Jexp(—— | <exp(————),

_1 _=
PG| <1+t Ze 2",

< Azlogzv)
exp | ————

COS TS
- <1,
sin 7ts
_mis n
le” 2| =e?,
1 1
_ (_’
|v| X
and
(v—=1y"t=|v—1|""te 28" D=gq (x, §) exp(—tb(x, 9))
where
c—1
a,(x, 8)=((x—1*+2x(1—cosd)) 2
and
xsind
b(x, (S) =arctan m
We also have the estimates
e t-n if x<1,

a.(x, 9) <<{

XTOCTITif x>,

and, for some positive constant C,

>0, x=0,
o4 log 4
R x—1]s=22,
>>logA’ e=1l= A
oA log 4
bx,8) § Sn=Cio, PRSI
1
<n—Cx), 0§x§7,
1
§7C“C5, —4—-§x
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We split the x integral into four pieces. Thus W= W, + W, + W,+ W, where W, is

. . 1
the integral with 0§x§7, W, is the integral with %§x§1-—%, W, is the
. . log 4 log 4
integral with 1———%— <x=1+ 8 , and W, is the integral with 1+1—0§—A§x§oo. It

is easy to see that
© 1 -3
fa+ e g < T2
0

as ¢ > 0*. Thus, by our estimate for b(x, d),

) log 4
5 2, sz"‘-—S——,
(E%ﬁ)ﬁg ‘Y_”<logA
? (1+|l|)c+%e§(t—"“e—rb(x.a)d,<< 46 ’ =4
Zw 5 T2, %§x§1_l_9§_4,
(6x) "2, 0<r§_i_.
Hence 1
-5, l—l—ofrd A? log2 x 5, logz 4
W,<d 2 { exp(—”4—>dx<<5 2 exp(— . )’
e
Ws <<$ (%)H% getom <<ZA~C_%T%+"+¢,
and

_5_ ) AZ] 2 _5_ 1 ZA
W,<dé 2" [ exp S OB ) v« Mexp (- % %),
iog 4 4 8

1+A

The lemma follows from these estimates and the range of 4.
A special case of Hooley’s Conjecture R* is that if v, —v; <k, then for any ¢>0,

Ih 101
V(vla Uz, Ia k) = Z e (7) <<zk£(v2 - vl)z (l> k)2

vy<hsSv,
(hk)=1

uniformly in all the variables, where hh=1 mod k.

82 Journal fiir Mathematik. Band 357
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Lemma 6. Assume Hooley’s Conjecture R*. Suppose that a(m) < ,m* for any ¢>0
and 1 Sm <M where logM < logT, and that s=1+n+it=c+it, where n>0 is small
and fixed. Then, for any >0,

3 ® d(n) a(hya(k) (h, k)!™%* (nh* Tizn+e
J{—m’ax »Ex n h,éM (hk)' s ¢ k* <<MM
k
* *
where h R and k )

Proof. First of all, we note that

dn)*n™ ' "< 1
n=1

for any n>0. Thus, it suffices to prove that

Y a(h)a(k) (b, k)" (k) e (n_h;) <,d(n) M

h k=M k

uniformly in n. We group pairs # and k according to their greatest common divisor g.
Thus, it suffices to show that

> a(hg)a(kg) (hk)* e (%) <, ,d(n) M%ﬂ”"

h,ks M,

M .
uniformly for 1 g <M with M, =; where Y indicates that the sum is for (4, k)=1.

We apply Cauchy’s inequality to the sum on h and see that the left side is

<( T lathg)? K77z
hs=M;

l+,,+£ 1

< M? " 22

where

5= % | 5 awmee()

hsM; | k=M,

2

Now it suffices to show that

5
2+2q+c

2, dn) M
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To estimate X,, we interchange the sums on h and k. Thus

_ e o (nR\ [ nk

Zi=Y atk,gak,g) kiKY e(k—>e<—z—)
ki k2 h 1 2

where Y” indicates that the sum on h is for (h, k, k,) = 1. Note that 4 in the first instance

is the inverse of A modk, and in the second instance it is the inverse of # mod k,. Now

we have
Zn e (nh—(kl -k2)> ‘

> o< M?*nte
1 3 Z . k1k2

ki, k2

since if ha=1 (modk,), hf=1 (modk,), and hy=1 (modk, k,), then

ak,—pk,=vy(k,—k,) (modk, k,).

Thus, by R*,
1 1
MM, Y 1+ ME T (nky =k, kR M
kik2 <M, kik22 M, ksM,
24+2n+ L+an+e 1
< M?*rinteg M * (n(k, —ky), kyk,)
ki, k2

where Y * indicates that the sum is for k; +k,. The sum on k, and k, is

N

1
< 2* (n, k1k2)2 (ky—ky, kyks)

ki, k2
1 1
<{X (m kiky)2 {X* (ky—ky, K,y kz)}2
ki, k2 ki, kz

by Cauchy’s inequality. The first sum is

<M: Y (mk<MY: 3 1

ksM? tin ksM2t|k

2
<MYt <MT> < M?**ed(n).

tin

Since (k, —k,, k,k,) = (k; —k,, k3) we have

M
>* (ky—ky, kikp)s¥ ¥t X* 1<y 3 I(T)

ki, k2 k2 t|k} ky=ka(mod1) k2 1|k}
<MY dk3) <M?**e
k2
Hence,

é+2q+z

Z <, d(n) M?

which is what was required.
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Lemma 7. Suppose that a(m) = u(m) F(m), where Fe ¥,,. Let 1= U, V= M, where

3
MZST5 Let Nx1, n>0, and take s=c+it, with c=n for UV=TN and c=1+1
otherwise. Then for any ¢>0 we have

MN, U V)=3% dmn™* 3 3 a(ug)a(vg) (uv)™! e(ﬂ l—)
n~N u;li))v;ll’ v

2n+1—7 -3
<, (+]s) MNy M*" 2773 N
uniformly for all t and for all g< MV~

Proof. We have

MAN,U, V)< Nyl y» 3

n~N v~V

S p) Flug) wte (n i) l
u~U v

(u,vg)=1
u
2 #(u)e<n—> ’
u~U v

by partial summation. Here ' denotes summation for (4, vg) =1 with u running over
u~U

some subinterval of (U, 2U]. Now we use the following identity, which corresponds to

Vaughan’s identity for the function u(n):

<(A+[sh NUV)FTI X X

n~N v~V

1

pw)=— Y p@puB), u?<x<u

afy=u
a,fSx

1
Taking x=(3U)?, we obtain

M(N, U, V)< +]|s)) (MNY N (UV)~!S,
where

S T S u@ue(n2)).

a~A p~B y~C

S§=2% X

n~N v~V
1
Here A4, B, C satisfy U< ABC <« U and 4, B< U2

We estimate S in two different ways. Firstly, using Weil’s bound for the Kloosterman
sum it follows that

5 1
e (ll> < v?(vg) (I, v) (1+Cv71).
r~C v
Here (vg)* < M?, and (I, v) = (nap, v) = (n, v), whence
1
S<ABMVI1+CVY) T ¥ (,0).
n~N v~V

The v-sum is O(Vd(n)), and so

(1) S <AB(MNY NV%(C+ V).
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The second estimate will treat a, B, y symmetrically. Thus we illustrate the method

by writing
o )
> u(a)e(nﬂ ’
a~A v

The treatment would be analogous if we wished to isolate B or y in preference to a. Let

Tom=¥{n,B,y:n~N, B~B,y~C, nfy=m (modv)},

S u(x)e (m 1) i .
a~A v
By Holder’s inequality we have

S<(Zraf (T rz,m)%(z

v,m v,m

S<x2X ¥ ¥ X

n~N v~V g~By~C

whence

S< Y X rym

v~V m=1

& 4\ 4
> y(a)e(m——) ) .
a~A v
The first sum on the right is
< Y 1<«BCNYV.
nfg,v,v
Moreover

Sr2.=3% 3 X #{v;o~V,vln By —nyB7,)

v,m ny,ny B, B2 V1,72

Here the condition on v is v|n, f,y, —n,B,7,. If ny By, =n,B,7, there will be O(V)
solutions v, and otherwise O((BCN)?). However n,f,y,=n,p,7, has O((BCN)'*¢)
solutions, so that

T 12, <(MNY (BCNV+B*C?N?).

Finally

4

KRy

>

v,m

<

S p) e (m —)
a~A

=2 233 uloy) ulay) ulas) play) z Xe

ay az a3 a4 v~V m=1

m(oy + o, — a3 —0y)

. .

The innermost sum is v if v|a, + o, — a3 — &, and zero otherwise. Writing
Y= a2a3a4 + al (X3a4 - a1a2a4 _al a2a3

this condition becomes v|Y. Hence

(7
2 u@e (m 7)

a~A

4

)3 <V?#{a,...,0,: Y=0}+A*M°V.

v,m

However Y =0 requires

“12 0‘22 ={az( +a)—y oy} {og (o) +ay) —oyap}. -

83 Journal fiir Mathematik. Band 357
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Thus each pair a, «, produces O(M*) possible factors a,(a, +a,)—a,a,, and each
factor determines a, and «,. Hence there are O(42M°®) solutions of Y=0. It now
follows that

1 1 1
S < {BCNV}2 {(MN):(BCNV + B2C*N?)}* {M(A*V? + A*V)}*
3 _t1 11 1 111 11
) <(MNYE(NUV)* (A *V2+A*V*+ A IN4U*V*+ N*U*).
We shall show that .
S < (MN) max(TN, UV) M2T
Lemma 7 will then follow, with a different value of & The estimate (1) suffices, if

_17 1 3 :
CzM 2T 4UV2, for then

._l

1 3
S <(MN)Y (NUV?+C-INUV?)

3 17 _3
<(MNY (TN) (M2T~ '+ M2T" %),

(]

.Z -3 3
Here MzT V<M T % since MST3<T? We now apply (2) with “4” chosen as
the largest of 4, B, C. We may therefore suppose that

17
2

1 1 1
U3 <A <max(U3, M 2T “UV?),

whence (2) yields

__l_.l. 1 1 17
12

2 U8V4+M 48T 1

|

|

|
as""

S «<(MN)* (NUV)4 U
Then

= _3
4

(NUV)“U ‘2V2—(TN)4(UV)“ 12T % <max (TN, UV)M—

1 5 11 3

(NUV)“ UsYE = (TN)“(UV)“ BT 4<max(TN UV)M® T 4,

1 17.

here 3§ <13;

1 5
V8

3 17 _1
(NUV)AM 48T 16 4

1

Vi (TNY (UVY* M s

3 8

utys

_3
16

a\l:

<max (TN, UV) M T

73 _13 H -3
6

here M*8T 16 < M12T 4 gince MST3~

L

3 1 _
(NUV)* N*UZV* =(TN) T~ L U8 ¥ <max (TN, UVyM® T,

Pl

11 17 _
where M6 T ' <M2T * since M < T5; and lastly

3 1 1 3 7
(NUV)* N*U*=(TN) T"'UV* <max(TN, UV) M*T"!,

17 _3 3
with M4 T Y'<M'2T * since M <T*. This completes the proof of the lemma. It may
17

be worth noting that the term M12T
1
A=B=C=M?3 and TN=M2

-3
4 arises only when, roughly speaking, U=V=M,
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§ 3. Proof of Theorem 1

We can easily deduce Theorem 1 from the following

Theorem 2. For A>0, define

2 2

1 . 1 1
u)= g mwraze —+it) A <—-+it> dt.
7N C<2 2
Then for large T and log M <« log T we have
a(h) a(k) u(h, k)? 4\?
= — — é
g(u) hzkézM WK (h, k)| log Y ahk +by,+0 ” + &,

1 5.4,

(A1) 8y <, A4 2T? M?,
assuming conjecture R* we have

1 54, 1

(B1) 6y <, 4 2T? M*,

3
and if a(m) = u(m) F(m) with Fe #,,, and M XT3, then

1 5, 111
(C1) 8, <, 4 IT? " MIZT?

for any ¢>0.

175

1
uniformly for T<u<2T and exp(5(logT)?)SA<T(logT)™' where b, is a certain
constant. Assume a(m) < ,m*® for any ¢>0. Then

4\? .
Remark. It is possible to replace the b, + O (—u—) term above by an asymptotic

N-1 A 2n A 2N
series ). b, <—> +0 (—) . It will follow later that by =2y.
u

n=0 u

1
We begin by proving Theorem 2. Let s, =7+ iu. Then

_ ! =304 ()2 y(1—5) A(s) A(1—5) ds
g(u) idﬁ(i)e C(s)* x(1—15) A(s) A(

where

A@)= X a(mym™.

msM

R=%—Al/—;t e1=50472r(0) A(0) A(1) <,exp(—log?T) 4 ' M'** < T71°.

We move the path of integration to the line from c—ico to c+ico where c=1+41.
The contribution from the residue at s=1 is
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Then g(u)=I— R where [ is (i4 [/1;)‘l times the integral on the new path. By Lemma 2,

=¥ a(h) a(k) Z d(n )J(nh>

nksM k
alk) = © —A? 1 2 - nivnh nwn
_ a(h) a(k) d(n) | voexp A% log*v (e 2 "+e2 )dv
hksM k n= 0 4 v

We express the integral as a sum of two integrals and use Cauchy’s theorem to move
one path to L; and the other to L_; where L; is the half-line whose points have J as
their argument. We interchange summation and integration and have

h) a(k)

I= ZZ L)kai_)(ll"'lz)
h k<M
where
. —Azlogzv dv
Ii=I(h, k)= | voexp "—4“— ( —1)
Ls
and

i — 4% log?v h h\ dv

L_s

By Lemma 1 we have

where
h* . — 4% log?v\ dv
RI—D(O,’F)I:‘;U exp(———4—-—>7,
( lo( 2ni—}i(u 1))—210gk*>
R Yl A S dv
1—3;” °xp 4 —2rih*(v—1) v’
and
— 4% log? d
E, =k* | voexp Gﬂ) Fl(v)-g
Ls 4 v
with

Y L1 4 AL PR TR S

© sinms
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Similarly,
where
h* — A% log?v\ dv
R,=D - So _Z 5 7y IZ
5 <O, k*)LLv exp( 2 )v ,
( lo (2n'h(v 1)) 21 k*)
- i—@w-1))-2lo
. — 4% log?v TR k &%) dv
M,= [ v*exp _ —,
Les 4 2mih*(v—1) v
and
_ 2] 2
Ezzk* [ v‘%exp <__A_o_g_l_))pz(v)€9
Ls 4 v
with

s T'(®) * - ,
Fz(v)=(£) 2m~2 QIIE:E(D (s, —kE;>+(cosns)D<s,£—:>) (2mik*k* (v —1))~1 ds.

By Lemma 3,
1 u(h, k)? 4\?
M1+M2—F(logm+y+co+0 ” .

By Lemma 4 and Cauchy’s theorem,

4 2 h*
R1+R2=——A@exp <%) ReD< ’I:"—‘)

<A 'exp(—log? T) M(log M)?

so that
sy 4™k g L ryl<T 0
hksM k
The other error term is
a(h) a(k)
z 00 ik,
hksM

which we write as a sum of four terms of which a typical one is

Z=[ [ G, sy, 4,5) M(s)dsdv

Ls (o)

where ¢> 1,

Qm)~* (=2riw—1)yF 1o},

. — A% log?v\ I'(s)
G(v, 59, 4, 5) =V €Xp 4 sinms

and

© h) a ()
ae=3% 0 5 “(ili)‘ffs’ , k)"z’e(nlg——:).

n=1 hksM
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The trivial estimate for .#(s) is (with s=1+n+it),

.//l(S) <<£M2+a+2y]
which by Lemma 5 yields

+n+e

1 5
272 2+e+2y
Z < A T M .

This leads to part (A1) of the theorem, on taking n=¢ and redefining e.

Assuming conjecture R*, we have

7 ¢
M (5) <<£M4+2"+

by Lemma 6; and then by Lemma 5,

+n+te %+2q+e

1, 3
Z<, A 2T M

This shows part (B1).

Finally, if a(m)=u(m) F(m) with Fe &#,, then we rewrite . (s) as

AO=F L T 4N, UV, g

9sM 8 UVN

where

dn
MW, UV, =3 2 5 5 dB)a®
N 1 u<y o~y (uD)
(u,v)=1

v

aug)avg) <n ﬁ)

where the notation x ~ X means X <x <2X, and the sums on U and V have «logM

M
terms with U, V<<E and the sum on N is for N=2L, L =0,1,2,.... Now Z is a sum

of terms of the shape
ZIN, U, V)= [ G(v,50,4,5) M(N, U, V,g,s)dsdv.

Ls (o)

If UV=TN then we move the s path of integration to s=n+ it; otherwise we leave it
at s=1+n+it. In moving the path of integration, we cross a pole at s=1 with residue

-1 — 4% log?v\ d
= M(N,U,V,g 1) [ voexp <ﬂ>%)<<M“‘A'l exp(—log?T) < T,

4

p
2n Ls

by Lemma 4. Thus, by Lemmas 5 and 7,

z=s L v aw,uv

s & Nuyv
7 5 17 1
-1 Siop+e | 2n+e+dil L _ _
272 1 4 e—n 1
<,,4 °T M T ¥ N7+ ¥ T
N,UV N,UV
NT<UV
7 5 17 1
-1 5i3¢  3e+ll 1
<A 2T? .M 1274

on taking 11=%. This proves (C1) and completes the proof of Theorem 2 with

bo=7+c¢,.
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We now deduce Theorem 1 from Theorem 2 (as in Heath-Brown [3], § 4). First
we note that it suffices to prove that

2T 1. a(h) a(k) ( T(h, k)?
I(T,2T)= | [¢4[= dt=T h, k) (1
(T2D=[ 1L <2+n> (=T 2T = b (log 50

3

&
+(2’)’-—1)+210g2>+i0—g—i,

where & is as in Theorem 1. For it is easy to deduce Theorem 1 from this by replacing T

T
here by %> 1< k<logT, and summing. To prove this estimate we use Theorem 2 and

. - . T
the following trivial estimates. Let > ST, <T,<3T and

1T
w(t, Ty, T,)=4 2 [ exp(—(t—u)? 47%)du.
T,

Then
0sw(, T,,T,) =1
always;

w(t, Ty, T,) < exp(—log? T)
if t<T;—A4logT or t>T,+A4logT; and
w(t, Ty, T,) =1+ O(exp(—log? T))
if T,+A4logT<t<T,—A4logT.

Now by these estimates and Theorem 2,

27 2
IT,2T)< | w(, T—AlogT,2T+AlogT)lCA (—;—+it> dt+0(1)
T
2T+410gT 2T 2
= [ d'n 2) j exp(—(t—u)?47%)|¢ < +lt> dtdu+0(1)
T—A4logT
2T+4logT
< | gwdutO0(1)
T—-A4logT

+ Alo; () 2
I "_@i@(h,k)(l ubh " |y 0T )du

T-AlogT hksM hk 2nhk
+0(&,T)
a(h) a(k) a(k) u(h, k)?
- ; r3 G k)( R by)du

+0(8,T) +0(A log?T ¥ |a(h) a(k)| (hk)~*! (h, k)).
h, k



180 Balasubramanian, Conrey and Heath-Brown, Asymptotic mean square

Here

):(hk)“(h Y t(X i)Y < X 1t logM)* <log® M,
tsM ht<“1'tl tsM

so that the final error term above is O(47T*). Similarly

2T

I(T,2T)= | w(t, T+41logT,2T—4 1ogT)ch (%—+it>

T
it
2 i

2

dt

2T-AlogT 1 2T

= | @'z ? [exp(—(t—w?4a7?)
T+A4logT T
2T—-A4logT

= | gwdu+0(Q)

T+4logT

2

dt du

which leads to the same lower bound as our upper bound. The fact that b, =27y follows
5

from these equations, the choices M=1, a(1)=1, A=T7, and Ingham’s well-known

1.
C(—2*+11>

Then the choice 4= T"'"2¢ proves (3) and so Theorem 1.

result about the mean square of (see Titchmarsh [8], Chap. 7 for example).

To prove the first part of the corollary it suffices, by Theorem 1, to show that

u(h) uck) logh logk T(h, k)? logT
1“ 1‘— _ ~ .
ZZ Tk iog M) \! Tlogar) " I\ l8 S 2y )~

This can easily be done using, for example, the techniques in Conrey [1], section 6.
The second part follows as in Selberg [6]. Briefly, by Littlewood’s lemma and the
arithmetic-geometric mean inequality,

1 17 1
5 p—-—=)= T p_...I_ =— |log —+it)|dt+0(ogT)
X 2 1 2] 2my 2
8>3 8>3
0<y<T 0<y<T
{B+in)=0 AL(B+iy)=0

T T
S5 log ( (j) ( +1t)
_ T lgT

T 26
=in log —9—+ o(T)

2
dt) +O0(logT)

which gives the result.
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