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Moments of zeta and correlations of divisor-sums: V

Brian Conrey and Jonathan P. Keating

ABSTRACT

In this series of papers we examine the calculation of the 2kth moment and shifted moments
of the Riemann zeta-function on the critical line using long Dirichlet polynomials and divisor
correlations. The present paper completes the general study of what we call Type II sums which
utilize a circle method framework and a convolution of shifted convolution sums to obtain all of
the lower order terms in the asymptotic formula for the mean square along [T, 27T of a Dirichlet
polynomial of arbitrary length with divisor functions as coefficients.

1. Introduction

This paper is part V of a sequence devoted to understanding how to conjecture all of the integral
moments of the Riemann zeta-function from a number theoretic perspective. The method is to
approximate ((s)* by a long Dirichlet polynomial and then to compute the mean square of the
Dirichlet polynomial (c.f. [13]). There are many off-diagonal terms and it is the care of these
that is the concern of these papers. In particular it is necessary to treat the off-diagonal terms
by a method invented by Bogomolny and Keating [1, 2]. Our perspective on this method is
that it is most properly viewed as a multi-dimensional Hardy—Littlewood circle method.

In previous papers [5, 6] we have developed a general method to calculate what were called
type-1 off-diagonal contributions in [1, 2]; these are the off-diagonal terms usually considered
in number-theoretic computations, for example, in [13]. In parts II [7] and IV [8] we considered
the simplest of the type-II off-diagonal terms (in the terminology of [1, 2]). These, somewhat
unexpectedly, give a significant contribution in certain cases. They have not previously been
analyzed systematically. Our purpose here is to develop a general method for computing all
type-1I off-diagonal terms.

The formula we obtain is in complete agreement with all of the main terms predicted by the
recipe of [4] (and in particular, with the leading order term conjectured in [14]).

2. Shifted moments

Let A and B be two sets of cardinality k containing ‘shifts’ which may be thought of as
parameters of size < ﬁ where T is the basic large parameter near where we want to know
the average of a product of (-functions. Let

Da(s) = [ cls+a) = > A0,
n=1

nS
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this implicitly defines the arithmetic functions 74(n). A basic question (the moment problem)
is to evaluate

1o = [0 () DaeIDe1 -9 a

where 1) is a smooth function with compact support, say ¢ € C*°[1,2], and s = 1/2 + it. The
technique we are developing in this sequence of papers is to approach the moment problem
through long Dirichlet polynomials. To this end we let

Da(six) = Y T
n<X
be the truncated Dirichlet series for D 4(s). By Perron’s formula for ®s > 1/4 we have

1

Da(s;X) = Gy "

XZ
Da(s+ 2)7 dz

z

1 X
DA(S)—i—RA(s;X)—i—f,/ Da(s+z) dz
21 J e z

where

z

X
Ra(s;X) = Z ZZ{{iessiaDA(s—I—z) ;

acA
Xl—s—a
= Z DA\{Q}(l — 01)7(1 e _ a).
acA

In this sequence of papers we consider
> t
IX’B(T;X) = / P <T> (Da(s;X) — Ra(s; X)) (Dp(1 —8;X) — Rp(1 —s; X)) dt
0

for various ranges of X. The expectation is that if X > T then this will be asymptotically
equal to Ijﬁ (DT

We calculate this average in two different (conjectural) ways: the first is via the recipe and
the second is via the delta method applied to the correlations of shifted divisor functions. We
show that these two methods produce identical detailed main terms.

To use the recipe of [4] to conjecture a formula for Iﬁ_ 5(T; X), we start with

1 Xw

so that

» 1 Xz+1u ’
I T:X)= —— Iy T) dwd
AnT5 %) = iy //(a,(e) 7 T (D) du &2

where

Ay ={a+w:ac A},

TIn the earlier papers we did not include the terms R4 and Rp because their contributions were negligible
since X was not large. In general these terms do not create extra difficulties and so they will be ignored here
as well.
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that is, the set A but with all its elements shifted by w. From the recipe [4] we expect that

(tT) —Zggg (a+B)

o BA-U+V ,B=—V +U",1)dt+o(T)

LipM=T[ wt) Y,
0 UCA,VCB
[Ul=IV|

where

B(A, B, s) iTA

n=1

We have used an unconventional notation here; by A — U + V'~ we mean the following: start
with the set A and remove the elements of U and then include the negatives of the elements of
V. We think of the process as ‘swapping’ equal numbers of elements between A and B; when
elements are removed from A and put into B they first get multiplied by —1. We keep track
of these swaps with our equal-sized subsets U and V of A and B; and when we refer to the
‘number of swaps’ in a term we mean the cardinality |U| of U (or, since they are of equal size,
of V). We insert this conjecture and expect that

Xz+1u 1T\~ > aeu (a+w+pB+2)
1Y (T; X) s pev 1
. B / w 27” //‘) (€) W UC;CB <27T) ( )

U=V

XB(Aw —Uyw+V, ,B, =V, +U,,1) dw dz dt + o(T).

w

We have done a little simplification here: instead of writing U C A,, we have written U C A
and changed the exponent of (t7'/27) accordingly.

Note that there is a factor (X/T1V1)“*# in the previous equation. As mentioned above we
refer to |U| as the number of ‘swaps’ in the recipe, and now we see more clearly the role it
plays; in the terms above for which X < T!Y| we move the path of integration in w or z to 400
so that the factor (X/T!V1)“*+* — 0 and the contribution of such a term is 0. Thus, the size
of X determines how many ‘swaps’ we must keep track of. To account for this we introduce a
parameter ¢ defined by

T < X < T

Then the above may be rewritten as

Xz+w 1T\ ~ 2= acu (Gtw+pB+z)
Y (T; X) (t)— — pev 2
4, 5 _/ V() 271'@ //6) Zw Z (277) @)

UCA,VCB
IUl=lvi<e

XB(Ay —Uyw+V,,B, =V, +U,,1) dw dz dt + o(T)

where we have restricted the sum to at most ¢ swaps.

Now we turn to the second approach via divisor correlations with the goal of obtaining this
formula in a completely different way. In [5, 6] we accomplished this in the situations where
there were 0 or 1 swaps (that is, when X < T?). In [7] we considered two swaps but in a special
case. In [8] we looked at the general case of two swaps. In this paper, which is the final paper
of the sequence, we look at the general case with any number of swaps.

As an extension of the ideas in these papers, we have also begun to explore the analogous
calculations for averages of ratios of the zeta function, specifically in the context of zero
correlations [9, 10].

The second method to obtain a conjecture for If‘ p(T) will involve an intricate study of
convolutions of shifted divisor problems and will occupy the rest of this paper. We begin that
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calculation by integrating term-by-term to obtain

1~ /4 . . _ Ta(m)75(n)¢ (57 log 1)
7 v () Pats 0ops(1 -5 x) w“= 3 Vo ®)

=: 04.5(T; X)

where {(z) = [*7_(t)e(—at) dt (= [;°(t)e(—xt) dt because of the support of ). Now
let us assume that ¢ < k where ¢ is defined above. We partition A and B into ¢ non-
empty sets A=A UAy---UA;and B= By UBy---UBy. Then 74 and 75 are convolutions:
TA=TA, *Ta, *---%Ta, and 7g = Tp, * Tp, * - - - * Tg,. For any such partition, the right-hand
side of (3) is equal to

OA17-~,A£;B1,--~7BZ (T; X)

_ Z TAl(ml)...TAé(m[)TBl(nl)...’TBZ(TL[)'L[) <T ml.‘.mg> ‘

— log
VMmoo myny . ng 2w niy...Ng

mimg..my<X
ning..np<X

In other words Oa.p(T;X) = 0Oa,,.. a,:B:,..8,(T;X) as long as A and B are the disjoint
unions of the A; and B;. Now we want to define a refinement of this sum. We impose a pairing
A; with B; and analyze this sum according to rational approximations to m;/n;. In this way,
the ordering of the sets A;, B; now matters. The eventual evaluation of O4 g(T'; X) will involve
a sum of these pairings, which we describe in detail in the next section.

3. Type Il convolution sums

There are various ways to decompose A and B and various ways to ‘pair’ divisor functions 74,
and 7p; in preparation for the delta method.

More importantly, however, it turns out that there are various stratifications that also
present themselves; basically one for each rational ‘direction.’” If we ignore these then a simple
application of the expected main terms from the delta-method analysis will lead us to the
wrong main terms.

At first sight it seems that when we do this we are counting the same terms repeatedly.
However, we believe that our situation is an example of Manin’s stratified subvarieties wherein
counting solutions to high-dimensional diophantine equations often involves identifying a
collection of subvarieties on each of which the solutions are counted separately (by the delta
method for example). The point is that the main terms of the delta method do not always
count all of the solutions. This phenomenon was first identified in [12]; see, for example, [3,
15] for reviews of the subject.

Given Aq,...,A; and By, ..., By, the number of ways to pair each A,, with a B,,, so that all
are paired off is ¢!. Let us consider the pairing of A; with B;. Now we think of m;/n; as being
approximated by a rational number M, /N; with a small denominator for each of j =1,2,...,¢
where (M;, N;) = 1. In this way we get subvarieties indexed by the rational directions M /N;
with 1 < j < £. We will use all directions M /N; subject to the natural conditions (M;, N;) =1
and

My...M,=N,...N,. (4)

We sum over all of the terms with m;/n; close to M;/N;. We introduce variables h; where,
for a given m;,n;, M; and N;, we define

hj = ’I’I’Lij — anj-

The rapid decay of 1[) governs the ranges of all of the variables; see below.
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We have
1 ..TL[Ml...M[:(mlNl—hl)...(mgN[—hg)
so that for M, ... M, = Ny ... N, we have

ny...Ny —(1- hl 1— h@
my...my miNy ) me Ny

h h hih;
log ny (7 _ _ 1 L 4 +O ity )
mi...my m1 N, meNy mi...myNy...Ny
The error term is negligible so we can arrange the sum as

Z Z Z TAl(ml)...TAf(mg)TBl<n1)...TB,Z(’H,@)’L/A}
(Mj,N;)=1 h1,...hg m1...mp<X \/ml L0 R
My...My=Ny...N; (%1),-+-(kp)

Thy Thy
27rm1N1 27ngNg

(*j) : ijJ n;M; = h;.

and

where

We can replace n; i

OLl,...,Ag;Bl,...,Bg (T7 X)

— Z Z Z TAl(ml)...TA[(mg)TBl(nl)...TB[(ng)

mi...My
(JU N ) 1 h[ mp...mp<X
Mz N[ (*1> - (ep)
- Thy Thy
et BT L 5
Xw(Q’]TmlNl + +2’/TTIL[N[) ( )
Also, we define
1
OelT5 X) := wie Z OLI)“N,AZ?Bhu-yBZ (T X), (6)

where the weight factor
wp = £!2£2k‘—2€

in Oy(T; X) will be explained in a later section. Note that ¢ is defined in terms of 7' and X, so
its inclusion in the notation is redundant. Now we can state

CONJECTURE 1. Suppose k < £+ 1 and T¢ < X < T**'. Then for some § > 0,
I (T X) = TOWT; X) + O(T* ).

One way to view this paper is that it gives evidence for this conjecture. In particular, in the
next few sections we will conjecturally understand (’);1"__7 Ag:By.... By (T; X) by replacing the
shifted divisor sums by what the delta-method leads us to expect for them. Then we evaluate
the result and prove the rigorous theorem that our evaluation is precisely the quantity on the
right-hand side of (1).
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4. The case where hy ... hy #0

Let us first look at the situation where none of the hj; is 0. The idea is to evaluate
OL,...,A[;BL...,B@(T§X) by replacing the m; by real variables w; while the M;, N; and h;
remain integer-valued variables (and the n; are determined by the equations x;).

To do this we will replace the convolution sums by their averages, that is,

(ra(m)7(n))L, *Z?‘q m)e(mN/q))m=u(Tp(n)e(nM/q)), _ ux (7)

where r4(h) is the Ramanujan sum (usually denoted ¢,(h)) and

ametmN/ e = 5 [ D (we () )t

oa(ve (7)) - S

(In the above few lines we have replaced a sum anm ar, f(n) by an integral ff fw){an)n=y du
where (in the handy physics notation) (a,),—. denotes the average of a, when n = u (the
instantaneous rate of change of a good approximation to > an with respect to u).

where

n<u
In our context this may be expressed using A(s) => ", a,n~* and defining (a,)n—u =
Res|s_1|< u®" T A(s) where we sum the residues at all of the poles of A(s) near s =1.)

Thus, we believe that

Z S s ) fa bm) 7 ()i
LU

Mj,Nj,(M;j,Nj)=1 hy,....
Nf le My hi-. hz¢0

- Th The du;  dug
27TU1N1 QWUgNg

Uy up

is, up to a power savings, equal to

1
- - Tq(h1) .. .rq, (he /
Z My...M, qu’h:j a (M) ac () Tur . ue <X

M;,N;,(Mj,N;j)=1
Ny...Ny=Mj.".M,

E 1
], )
1 |w;—1]=e 4q;

Jj=

Mk Uka #e—1
d . — d
can T [, o (e (5)) (52) o

~ h1 he duy duy
XY ( (27ru1N1 + + 27TUgN5>> uq Uyp

To further analyze this quantity, we make the changes of variable v; =

Th;] :
Sruy N and bring the

sums over the h; to the inside; u; ... u, < X implies that

(QW)ZX”Ul...”Ule...Ng

|h1...h1g|< T
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We detect this condition using Perron’s formula in an integral over s. Then the above is

/ Y e Y oy (h) g, (he)
0<vy,.. Ml...Mg27TZ' (Q)qj.,hj ‘hl...hgls

V<00 SN (M, N.)=
Ve M N, (Mj,Nj)=1
Ny...Nyg=My...M,

¢ wji—1
1 N, T|h; ’
X | I 7/ Da, (wj,6<‘7)> ( 1] ) dw;
j=1 2mi |w;—1]=e q; 27’("1}ij

‘ zp—1
[] = M Tlhe| ™"
k=1 2mi /IZk—ll—e o (Zk,e ( dk >) <27‘1’1};€Z\l]C %k

(27T)€X01 . ..UgNl .
X T

LN - d dv, d
z) Dlervr + - - + eqve) au a4t as
U1 V¢ 8

where €; = sgn(h;). We simplify this a bit. We combine the middle two lines into a single
product over j and gather together all of the like variables (note that the sums over h; below
are now restricted to the positive integers):

1 T —ls R
LHS, := i X° <2> g / P(ervy + -+ + €vy)
™ J(2) 4 (My,Np)==(My,Ng)=1 7 O0<V1,...,0,<00
Ny...Np=M ... M,
jel-1,41}
4
H 1 M_ZJ Ns—i—l—wj Z rqj' (h7) v.s+1—wj—zj
LLT )2 | frw-u=c 70 7 pot2wi—z
Jj=1 |25 —1|=¢ hj,q; "7

N; M, T\ Wit ds
o (e () (o () () o ]

At this point we can rigorously identify LHS, with the terms on the right of (1), through
our key identity:

THEOREM 1.

1 00 TEN\ >aeu (6+B+s)
LHS, = — X? t E — BEVH)
£ om /(2) /0 () (%)

U@)CA
V(e)CB
_ d
<B(A,~U(D, + V(0™ B=V(O)+U(D),” 1) dt —
where U (¢) denotes a set of cardinality ¢ with precisely one element from each of Ay, ..., A; and
similarly V (£) denotes a set of cardinality ¢ with precisely one element from each of By, ..., By.

5. Preliminary reductions

LEMMA 1.

oo o ¢ L
Z / . / P(ervy + - - €pvp) H UJS-Jr TYITE Qe L doy
0 0 4

e e{-1,+1} J=1
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o ¢

= lb(t) H X(’wj —+ Zj—8— 1)twj+z_j*572 dt.
=1

Proof. The case £ =1 of this identity may be found in [5]. We may prove the general case
by working our way from the inside out and using the technique of that proof. For example,
with fixed v1,...,vp_1,€1,...,€/—1 we have that the integral over vy is

o0
/ Y(t)e(tervy + - teg—1ve—1)(e(tve) + e(—tve))vg "% dt duy
ve=0 Jt=0

We split this into two double integrals, one with e(tvy) and the other with e(—tv,). The first
we rotate the vy-path onto the positive imaginary axis, and the second we rotate the v, path
onto the negative imaginary axis. By absolute convergence, we may now interchange the order
of integration to arrive at a sum of two wv-integrals inside a t-integral. We evaluate the vy
integrals using the definition of the gamma-function. Then we repeat the process to evaluate
the sum over €;,_; of the integral over v,_; for a fixed vy,...,v/_9,€1,...,€/_2. And so on. [

6. Poles

We have
11 o vt p
rametm/ane~ oz [ TGt (1) .
where G is a multiplicative function for which

T L\ S )
GA(l —a,p ) — H (1 - p1+da) Z 2(7(175*)

aeA’ 7=0

with A’ = A — {a}. With * : mN — nM = h, this leads to

{Ta(m)7p(n))nl, N*qu m)e(mN/q))m=u(Tp(n)e(nM/q)), _wy

~ D uT T IMT N Z(AL) Zap Py
a€A d|h
BeEB

1u(q)(qd, M) (qd, N)'~ qd gd
Z 2o -G (1_a’ (qd,N))GB (1_ﬂ’ (qd,M))’
where
acA

Inserting this into LHS, we have

—ls
1 T A
LHS, = Xs () E / Y(eqvr + -+ + €vy)
27” (2) 27 0<V1,...,0 <00

(Mq,Np)=---=(My,Ny)=1
Np...Ng=Mj...M,
ejE{—1,+1}

L
O | (ECEREREIEN IR S Y

U cA j=1
V(£)CB
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" Z 1(q;) gz, My)' =P (qidy, Nj) =
s+a;+6]d1+q 2—a;—f;
hj,q;,d qj

—a;—pB;
s—14a;+p; . . qjdj d z . . @
Ui Ga, (1 “ (qjdjaNj)> ( b (qjde ) 21 i S

where U(¢) = {ou, ..., ¢} with a; € A; and V(£) = {B1,..., 8¢} with 8; € B;. Now we sum
over the h; to get factors ((s + a; + ;). Thus,

—ls
1 T R
LHS[ = — X° () E / d)(flvl + - EZUZ)
2mi Jz)  \2m 0<vrmmn vy <00

(M1 ,Ny)=-=(My,Ny)=1
Np...Ng=Mj...M,
eje{—1,41}

l
S I [Z«Aj)'aj>Z<<Bj>'ﬂ,.>Mff‘1N;*“jc<s o+ 5)

U(ycA j=1

V(e)CB
> 1 plgy)(qdy, My) =" (qid;, Nj) =
d1+s 2— aj— ﬂj
qj,d; 7 J

-
s—1+a;+6; 44, q;d; ry ds
; ITEIGA 1 — . —2 2 R i dv. | —
Y AJ( %@jdj,Nj)) < = g, M))(% vl s

If we move the path of integration in s to the line with s = €, then we cross the poles of the
C(s+ o+ B;) at s=1—; — ;. These contribute an amount that cancels the contribution
of the Ra.p(T; X).

Next, we apply the lemma of Section 5 to evaluate the integral over the v; and obtain a factor
of x(1 —a; — ; —s). Then using the functional equation for ¢ we have ((1 —s—a; — 3;).
Thus, the s-integrand without the Xj in LHS becomes

o) —{s YA
/0 ¥(t) <§r> Z Z H C(1—s—a;— Bt
(M1,Ny)=

c=(My,Np)=1 U()CA j=1
Np...Ny=My...M, v(e)cB

7 - s+a 1 ( )( od; M;)l_ﬁj( -d.; ,)1—04‘7

A Z((B i1 j 2 : B g;)\q;44, qid;, N

|: (( j)/_aj) (( j)/_ﬂj)Mf Nj JL+s S éfaj*ﬂj] —
q;j,d; J qj

q-d- d T —a;—f;
G“‘-f(laj’<qjd2,§vj>> ( BJ’(dM))(%) }dt’

our goal is to prove that this is equal to

->a (6+f+s)
o S (1) T
2
U(/)CA

V() CB
XB(As —U)s + V()" ,B-=V{)+U({)s ,1) dt.
This further reduces to proving for each U(£), V' (¢) that

L
> [Tca-s—a;-5)

(My,Np)=--=(My,Ny)=1 j=1
Nip...Np=M;q. .M,
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i —1 arstay 1 (g, qd7M 1-8; qd’N 1—aj
A 23 e 3 L )
q;,d; I [

q;d, q;d;
1 2% (1B, 2%
Ga, < “ (Q;‘dijj)> G, < b (qg‘d.wMj))]

= B(A, ~ U(0), +V(0)", B~ V() + U(£),",1).

7. Local considerations

We shall find it convenient to state our main theorem as an identity of the Euler factor at a
prime p. We begin by introducing a set-theoretic notation. First of all, since p is fixed for this
discussion we will often suppress it. In fact we write X for 1/p and mostly consider power series
in X. We take the unusual step of suppressing not only the prime p but the divisor function
and so we write A(n) in place of 74(p™). Also, for a set A we let

Ay ={a+a:ac A}
A further piece of notation: AT = AU {0}. We have two important identities. The first is
AT(d) = A(d) + AT (d —1).

This is a special case of
(AU{—a})(d—1) = X° ((A U {—a))(d) - A(d)).

The other identity is
R
> A(r+ M) =AY (R+ M) - AT (M - 1)
r=0

which follows by repeated application of the first identity.
For arbitrary sets A, B we let

C(A,B) := i A(M)B(M)XM.
M=0

Also, we let

Z(A) = iA(j)Xj =[[a-x"n

7=0 a€A

We begin with sets A;, B; and numbers o, 8; for j =1,2,...,¢. We consider

Y4
Q= Y TI%a 500 (M, Nj)X MO0 Ney
min(Mj,N;)=0 j=1
£y My=Ti_,
where
SaBasMN) =Y (-1)1XUFTDA_,(j+ q+d—min(g+d,N))

d,j,k
q<1

% B,ﬂ(k +q+ d— mln(q 4 d7M))X2q+d+j+k'—min(q+d,M)—111111(q+(l,N)

Our identity is
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THEOREM 2.

0
Q=JJa-X"")C(A U UAU{-B1,....,—B},BiU---UB U{~a,...,~a}).

By the results of the previous section, Theorem 1 follows from Theorem 2 with (A4; \ {a;})s
in place of A;, B; \ {f;} in place of B; and «; + s in place of ¢;.

7.1. Some lemmas

Because of the condition min(M;, N;) = 0 we consider ¥4 g o,3(M,0) and ¥4 p,q,5(0,N). We
have

LEMMA 2.

e a(04,0) = X (B U{-a))()AGK +20)X5 ~ 3 BUOA(KE +30) X"
K K

+ ZB Y(AU{— 6})(K+M)XK>

and
YA B.as0,N XN“(Z AU{-BN(K)B(K + N)X* = " A(K)B(K + N)X*
K K
+ Y AK)(BU{-a})(K + N)XK> .
K
We defer the proof to later.
The result of the lemma leads us to consider
‘
F(Ar,...,ApBi,....B) = > ] Aj(K;+ M;)B;(K; + Nj) X5+,

Y M;=xN; j=1
min(M;,N;)=0
Ky

We will prove

LEMMA 3. We have
.F(Ah...,Ag;Bh...,Bg):C(A1U"'UA£,.81U"'UBE).

The right-hand side of Theorem 2 may be expanded. This leads to

LEMMA 4. For J C {1,...,¢} let

—By={-Bj:j€J} —a;={-a;:j€ ]}
We have
J4
H(l - Xliajiﬁj)C(Al U--- UAZ U {_ﬁla .. '7_5(}731 u---u BZ U {_alv .- '7_al})
j=1

=" > (~pHEleau-g,,BU-ay,)

J1,JoC{1,...,0}
JiNJdgy=0

where A=A, U---UAy and B=B{U---U By.
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The combination of these three lemmas easily leads to a proof of Theorem 2.

7.2. Proof of Theorem 2
Proof. By Lemma 1 the left side of the identity in Theorem 2 may be written as

¢
Z H S4;.8,.0,,6, (M, Nj)XMj(lfﬁj)*NjOéj
Jj=1

min(M;,N;)=0
£ =y )
o1 M=X5_4 Nj

14
= % [T (00 U BB MBI + )X

I/min(le .,N{/)=O j=1 K
T M=%t N

— > Aj(K + Mj)B;(K + N;j)x*
K

£ Y A(K + M;)(B; U {—aj}><K+Nj>XK).
K

By Lemma 2 this is

= (_1>Z Z (_1)‘J1|—HJ2|C(AU_5J1aBU_O‘J2)

and by Lemma 3 this is

’
= (1 - Xliajiﬁj)c(Al u---u AZ U {_517 RN} _ﬁé}7B1 U---u B@ u {_0117 R _O‘[})
j=1
which is the right side of the identity in Theorem 2.

7.3. Proof of first lemma

Proof. Expanding the g-sum, we have

= 3" XU A (j + d)Bs(k + d — min(d, M)) X Thmin(dM)
d,j,k

_ Z Xd(o‘+ﬁ)A_a(j +14 d)B_g(k‘ +14d— min(l +d, M))X2+d+j+k-—min(1+d,M).
d.j.k

We split this into the terms with d < M and those with d > M. We have
ST(M,0) = Y XUHDA(j+d)B_g(k)XTHF
g,k
d<M

_ Z Xd(a-l-ﬁ)A_a(j F14+ d)B_g(k)X1+j+k

ik
a<M

= Z(B_ﬁ)< > XUADA_ LG+ d)XT = Y XNTIA G+ 1+ d)Xlﬂ').

J J
d<M d<M
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The sum over j telescopes so that this is

¥ (M, 0) 5) > XU AL (d)
d<M
) D> Ap(d) = Z(B_3)(Ap) " (M —1).
d<M

Next we consider

Z Xd a+/5 (x(.j + d)B_ﬁ(kJ +d— M)XdJerrkaW

d>1v[

- Z XUHBA_ (G +1+d)B_g(k+1+d— M)X>H+ith=M,
d>1\[

We replace d by d + M and have

sHM) = Z X(d‘*‘M)(a*"@)A,a(j +d+ M)B_p(k + d)Xd+j+k
j.k.d

= > XWEMEED AL (j+1+d+ M)B_g(k+ 1+ d) XTI+,
7,k,d

Now the sum over j and k telescopes and we have

s (M ZX(d-&-M)(w-&-ﬁ)A oG +d+ M)B,g(d)Xd'H

J,d

+ 3 XEIDOED A (d+ M)B_g(k + d) X

= N XM A (d+ M)B_s(d) X"

We recognize a convolution in the first term and rewrite this as

(M) = ZXJM(OH-ﬂ)A_a(r + M) (B,)"(r)X"

T

+ S XEIDOED A (d+ M)B_g(k + d) X
k,d

= N X MDA (d+ M)B_s(d) X"

The middle term here may be written as

Y Bs(E)XE Y Ag(d+M) = ZB B ((Ap) (K + M) = (A4p) " (M - 1))

d<K

= 32 B-alF ) (K + M)X™ = 2(B-)(As)"(M = 1)

The second term of this cancels with 37 (M, 0) and so we have

Sa.B.0,6(M,0) = XMOFONB)T(K)A_o(K + M)XK — xM(tF)
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XZB o K+ M)XE
+ZB )H(K + M)XE.

This may be rewritten as

Z4,8,0,6(M, 0) XW(Z BU{—a})(K)A(K + M)X* = > " B(K)A(K + M)X*

+ZB JAU{- B})(K+M)XK) 0

By symmetry

Y4B.as(0,N) = XN (Z(A U{-B})(K)B(K + N)X¥ — Z A(K)B(K + N)X¥
K K

+ Y AK)(BU{-a})(K + N)XK> .

K

7.4. Proof of second lemma

Proof. We prove more generally that

E Al(Kl—l—Ml)Bl(Kl—‘er)...Ag
My 4+ My=Nq+-+N,
min(My,Np)=:--=min(My,N;)=0
Ki,...K,

x (K¢ + Mp)By(Kp + Np) XKt Kot Mut 4 M
N:O

where the A; and B; are any functions on the natural numbers (that is, sequences) and * just
means the usual Cauchy convolution one encounters when multiplying power series together.
It suffices to prove

> A (K + M) By (K, + Ny) ... Ag(Ky + My)By(K; + Ny)

min(M7p,N1)=---=min(My,Ny)=0
1, Ky

% y2(K1+-~+Kf)+Ml+~~+M[+N1+~-+Nee(g(Ml + 4+ My — Ny —---Np))

S (Apwex A)(M)(By # - % Bo)(N)Y MV e(9(M — N))
M ,N=0

as then our desired result follows upon integrating # from 0 to 1 upon taking X = Y. But
now the left-hand side is a product

H > Aj(M+ EK)Bj(N + K)Y* P HNe(9(M + K) — (N + K)))

K,M,N
mm(M N)=0
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and the right-hand side is a product

l o o
T[> AR (Ye)? S Bi(S)(Ye(~0))°.

j=1R=0 5=0
Therefore, it suffices to prove that
> AM + K)B(N + K)Y KM zKeN — Z AR)Y"™Y " B(5)2°
K,M,N
min(M,N)=0

To do this, we consider the right-hand side and order the double sum according to the minimum,
call it K, of R and S. The right-hand side may be rewritten as

Z Z A(R)Y"B(S)Z°

rn]n(R S) K

Replacing R by M + K and S by N 4+ K, we see that this is exactly the left-hand side. O

7.5. Proof of third lemma
Proof. Recall that

PAU{-B)(n) = (AU{-BH(n+1) = A(n +1).
Using this we see that

oo

(1=X"77P) Y (Au{=BN(m)X % (BU{-a})(n)X*

m,n=0

= Y (Au{-BHmX*%(BU{-a})(n)X?

m,n=0

oo

S X"’"J“+“‘¥“((Au{—ﬁ})(m“)—A(m“))

m,n=0

X ((B U{—a})(n+1)—B(n+ 1)).

In the last line we can replace m + 1 and n 4+ 1 by m and n since (AU {—45})(0) = A(0) =1
and similarly for B. Multiplying out the last line and combining it with the line above we
have

ST (Au{-BH(m)XFBM)XF + Z A(m)X% (BU{-a})(n)X?

m,n=0 m,n=0

Now the idea is to apply this to each A;, Bj, a;, 8;. We have
(1—-X'To=Py (1= X" B C(A U{-B}U---UA U{-B},BiU{-ai} U...

% UByU{—as})
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1
- / D= XTI (A U{=B1 1) (ma) (X Ze(6))™ (By U {—an})(n) (X2 e(—0))™

mi,ni

F D0 (1= XTI (A U {= e} (me) (X 3 e(60))™ (By U {=a})(me) (X 2 e(—0))" db.

me,ne

We end up with

1 /£ S
/0 I > (X%ew))mf(X%e(—e))"f((Aju{—/sm(mj)Bj(nj)

j=1m;,n;=0

A5 (m)(B; U {—a;})(ny) Aj<mj>Bj<nj>)do,
which is equal to

(71)6 Z (71)|J1‘+|J2|C(AU76J17BU70[J2)' 0

8. Terms with some h; = 0
Suppose that we are in the situation where
hi...hpy #0 and hpig=---=hy=0.
Then for each j > ¢ we have
m;Nj =n;M;.
Since (Mj;, N;) = 1 this implies that
m; = k;M; and n; = k;N;

for some ;. Then, our sum is

Z TAp, (Res1 Mo 1)1, (Ko g1 Neg1) - 7a, (keMe) 75, (KeNp)
M N, <@ KJ[/_H...K,gMg/_,_l ...Mg
(Mj,Nj)=1
M;y...My=Nj...Ny
e Myr g Mp<X

2 by

Byl 0 mymy < e X
1 [/7é mq 7”[/\mel+11\{5/+1,..l‘£[1\/1£

(#1) (1)

XTAl(ml)~~~TAZ/(mZ/)TBl(n1)-~-7_B@/(n£/)1[} Thy Thy
my ... My 2mmq Ny 27myer Nyr

where
(%7) = m;Nj —n; M; = h;.

Now, as before, we replace the convolution sums (%) by their averages, that is,

/ . (T (ma) s, (M)t L, - (Tay (e )78, () e,
1. Upr X !

% Thl T Thg/ du1 dUg/
2mu1 Ny 27w Ny Uy Uy
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where X' is defined by
, X

)
H@/+1Mgl+1 . KlgMg

here % : mN — nM = h. We expect by the delta-method [11] that
OIS
{ra(m)7e(n))mu ~ 37 D ra()(Ta(m)e(mN/q)) men (5 (n)e(nM/q))
qg=1
with
(ralm)elnN @) = 5 [ Dt ()
lw—1|=€ q

So, we are led to

Z Tay oy (o1 Me1)78, , (Kes1Ner) .. Ta, (keMe)Tp, (ke Ne)
M, N, <@ Ko 41 .../Qng ...Mg
(Mj,Nj)=1
]\Il My=Njp...Ny
Fpl gy Myrq-mg My X
I
1 N; ~1
E rql(hl)...rqg,(he/)/ / HT Dy, |wj,e —j u}”j dw;
aj:h; T Sun g KX 527 2T Jjw;—1]=c 495
o -1
1 uka.
X H T D By, Zk, € de
k=1 ™ ‘Zk—llie
~ hl u d’LLp/
XY | T| —————+-- _—
2mu1 Ny 27rszp/ Uy

We make the changes of variable v; =

2:1[}311\‘0 for 1 < 7 < ¢ and bring the sums over the hj

to the inside; uy ...up < X' implies that

(ZW)K/X/’Ul e ’Ug/Nl - NZ/
Té/ .

We detect this condition using Perron’s formula in an integral over s. Then the above is

|h1...hg/‘ <

/ Z TAp, (Res1Me 1), (Ko g1 Ney1) -« 7a, (keMe)TE, (KeNp)
0< V1 yevey Vs <O M N, <Q Rer41--- /ﬁngl [N Mg
(M ,Nj)=1

Mj...My=Ny...Ny
Kgr g Myry g My<X

wji—1
’I“ql hl ’I“q(, hg/ / Nj Thj /
. g : dw.
27r2 /2) che)s H 270 Sy, —1]=c Wir€ q; 2mv; N; Wi

qj,h;

H / e (M _The Zk_ldz
27 |z —1|=¢ Bk ks qk QWUkMk r

(QW)ZIX/’Ul A ’UélNl A N[/ ) ° . dvl dvg, ds

8 Z ¢(€101+-~-+64/v¢,) _ ... e
0! /

< ! e €{—1,+1} U1 Ve S
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where the €; = sgn(h;) arise from taking account of the signs of the h;. We now simplify this
a bit. We combine the middle two lines into a single product over j and we gather together all
of the like variables:

s = [ e (D)0 y T e i)
e 2772 ) 27 ;)its s

(My Ny ==(Mg,Np=1 Kpr oy ek i=£/+1
Ni...Ng=Mj...M,

eje{—1,+1}

h — 1—
/ 1/;(611)1 4+ GZ/W’ [ // J Zj Ns-‘r w;
0<v1,..., v <00 27” lwj—1l=c

-—1\,
% Z TqJ 5+1—wj—2j
s+2 wj—z, ]

]qJ

N, M; T\ vitei—2 ds ds'
Du (wiel=2))Dp (2:.e 2 - dz: dv.| &2
o (e (G)) oo (e () (35) sy )

Now we have another key identity:

THEOREM 3.
T\ ~ 2 acu(e) (6+B+s)
Res LHSgr = —/ / 1/) () Bev (')
2) U'YCA 27T
v('ycB
_ d
X B(Ay — Uy + V)", B-V () +U),",1) dt i
where U (¢') denotes a set of cardinality ¢" with precisely one element from each of Ay,..., Ay

and similarly V({') denotes a set of cardinality ¢’ with precisely one element from each of
By,...,By.

9. Preliminary reductions, again

The result of Section 5 implies that

V4

1_ PPV
E / 611)1 + . EZ’W’) H Uj+ wj—Z; dvj

e;€{—1,+1} -0 =0 j=1

oo 4
= [ w0 TL x4 55 = s = newrs 2 ae
0 ’
7j=1

10. Poles, again
As before we use

(ralm)ms ()L~ 3w MNP (A )Z(BL ) s

acA dlh
BeB
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p(q)(qd, M)' P (qd, N)' qd qd
> P 6 (1= iy ) @5 (179 5 )

Inserting this into LHS, we have

1 ’ T —ls TA 7'B (N /57)
LHS) = —— x5t [ —
S = i [, (57) )3 DR et

(M1, Ny)=--=(Mg,No)=1 FKprq,...,kiq i=L'+1
Np...Ny=M;y...M,
eje{—1,+1}
el
/ Ylervr + -+ epvp) H { Z U;*1+aj+5jM]@le;+aj
0<vy,...,vp <00 fricl ey
B;€B;
1 w(q) (g d;, M) =P (qjdj, N;j)' =
Y Y j)\45 %5, M5 Qg5 IV
8 Z((AJ)_(”)Z((BJ)_BJ') Z h8+aj+ﬁjd1+s 2—a;—[f;
hj.qj.d; *°3 j q;

q4;d; q;d; T\ % ds ds
1—ay, 8% __ _ad (T .| 848
Ga, < “ (QidfaNj)) ( P (qydy,M )> <27T Yl s Ty

Now we sum over the h; to get factors ((s + a; + f3;); these pair up with the factors x(w; +
zj —s — 1) which turned into x(1 — aj — B; — s) after collecting the residues w; =1 — a; and
zj = 1 — B; that arose from the integral over v;. Then using the functional equation for ¢ we
have ((1 — s — a; — ;). Thus, the s-integrand without the XT in LHS;» becomes

—0's
e
vz [ X (3 O |
0 270 J(9) 27 Jits'+s
(Mq,N1)=-=(My,Ny)=1 Kpl 415 LRe i=0"+1
Ny...Np=My...My

)
Y] [Z<<Aj>'aj>2<<3j>'ﬁj><<1 5=y — B

UeHca j=1
v('ycB

MY T 3 1 plqy)(qdy, My) =P (qid;, Nj)t =

J dl+5 2—a;—fB;
q5,d; 7 q;

7&7/3 ’

qjdj d T J J dS
(1—a,, L% __ 4% ) (L Rl
XG/*( O‘]’(qjdj,zvj)) < 5J’<q]d],M>>(2w a

where U(¢') = {an,...,ap} and V(¢') = {f1, ..., Be }. Our goal is to prove that the residue of
this at s’ = 0 is equal to

— Y acuv(en (@+B8+s)
* o0 TH) ")
2T
U(/z’)cA

vHcB

X B(Ay —U(l)s + V()" B - V() + U, ", 1) dt
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This further reduces to proving that

Res Z Z H TA Esﬁm HCl_s—O‘J Bi)

(My,Ny)=--=(My,Ng)=1 Kgr 4 1,....,5¢ i=0"+1
Ni...Ng=Mj...M,

J d1+s 2—o;— P
qj,d; J J

|:Mﬂ7 Ns+a, Z 1 M(%)(%d M) BJ(de N) Y

=BA;—UW)s+V({')",B-V{Y+U{)s ,1).

11. Local considerations, again

Again we convert the above to an identity about the Euler factor of each side at a prime p.
With arbitrary sets A;, B; and numbers «;, 5, for j =1,2,...,¢, we consider

14
/ ]\/Ii i
Q= E H Al(.]\42 + Iil)BZ(NZ + Iﬁ?l)X T
gl pqoe Y =01
min(M; . N;)=0
Ty M=ty N

X H Y 4;.85.0,.8, (Mj, Nj)XMj(liﬁj)iNjaja

where
YA,Bas(M,N) = Z (~1)9XUH+D A (j+ g+ d —min(q + d, N))
d,j. k
g<1
x B_g(k + q+d — min(q + d, M)) X 2a+dFitk-min{gtd M)=min(g+d.N) |
as before.

Our identity is

THEOREM 4.
el
Q=J[a-x"")CA U UAU{-B1,....,—Bu},BiU - UB/U{—a1,...,—ap}).
j=1

By the results of the previous section, Theorem 3 follows from Theorem 4 with (4;)s in place
of A; fori=0"+1,...,0 and with (A4; \ {¢;})s, Bj \ {B;} and a; + s in place of A;, B; and
o, respectively, for j =1,...,¢.

11.1. Recall lemmas

Our earlier lemma implies that if min(M, N) = 0 then

Sa5.08(M,N) = XMP+Na ( S (AU{-B}(K + M)B(K + N)X<
K
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— Y A(K + M)B(K + N)X*
K

+ Y AK + M)(BU{-a})(K + N)XK>.
K

So, we can replace the Xs in the formula for @' by this expression.
Thus, we have

J4
g = Z H Ai(Mi + Ki)Bi(Ni + K@)szi‘i"‘%
Cerpr ot =gl
min(}w]‘«Nj):U
Sy My=xt_ ) N,
Z/
<1l [XMjﬂj+Nj% <Z<Aj U{=B; (I + M;) B (K + Nj) X ™

j=1 K;

— Y Aj(K + M) By (K + Nj) X

J

=

+ Y A + M) (B U {—a })(K; + Nj)XKj>]XMj(1B’)Njaj-
K
Now, the critical observations are that
¢
S JTAE; + My)B;(K; + Nj) XM = C(A U~ U A, By U---UBy),
Kq,.. K j=1

S M=% N;
min(IW7 ,Nj):U

as before, and

él
H(]‘iniajiﬁj)C(AlU"'UAZU{fﬂla"'afﬂZ’}aBl U“'UBgU{*Oél,...,*Oég/})

j=1

= Z (_1)\J1|+|J2\+€/C(AU_BJUBU_O[JZ)’

J1,JoCH{1,..., ey

where A=A, U---UAy; and B= By U---UBy.
These together imply Theorem 4.

12. Multiplicities

12.1. How many times is a given { swap repeated?

Now we need to give an accounting of what we have so far. Each time we split A and B up into
subsets A=A, U---UA; and B= By U---U By we accumulate terms that correspond to all
swaps of a; € A; and 3; € B;. For a fixed decomposition of A into ¢ subsets we clearly do not
get ALL swaps of /-sized subsets of A and B. Our solution to this dilemma is that we consider
all decompositions of A into £ disjoint non-empty subsets and similarly for B. Then every pair
of ¢ sized subsets will indeed appear in the swaps. However, now two different decompositions
will often lead to the same swap. So how do we account for the overcounting?
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How many times will a given f-sized swap S for T occur? This is equivalent to asking how
many ways can A be split into ¢ subsets where A; contains o7 If A has k elements then
there are k — £ elements that can be distributed arbltrarlly into ¢ sets. This can happen in

=8 ways. Similarly for B. Taking into account permutations we end up with a multiplicity
of 012¢2(k=8)

12.2. How many times does the same (m,n) lead to a solution of a (*)-system?
Our original problem is to evaluate
> Ay (g™
m,n<X \/ﬁﬂ & n
Note that if A = {ay,...,ar} and B = {f1,...,0;} then
Ta(m) = Z p e )= Y Ty

U= Vi...Vg=n

We split A into AjU---UAp, and B into B;U---U By; this is equivalent to splitting
{1,2,...,k} into L U---UI, where A, ={«; :i € [;} and also {1,2,...,k} =J,U---UJp
where B; = {f3; : j € J;}. Then 7a,(mi) = [L; e, py " and 73, (n;) = Il e, u;ﬁj/. Now after
this splitting we count the m; and n; according to our (*)-system:

(*1) : N1m1 = M1n1 + h1

(*4) : Noemy = Myny + hy

where My ... M; = Ny ... Ny. Now let us say we have a solution of the (x)-system as above and
let us take a collection of divisors of the m; and n,. For simplicity, let us suppose that u; | m;
and v; | n; for 1 < 4,5 < £. Let us write

my = p1fl1, ..., Mg = fgfly N1 = V1D1, ..., Ny = Vply.
The question is: How many ways are there to do this? If we multiply the jth equation in our
system by piv;, where szl pjp; = m and Hle vjv; =n, then we have a new equation
Nj’ﬁ’Lj = Mj’ﬁj + hj
where

mj = pip; = viv; My = Mupiv; Nj= Njjiv; hj=hjuv;.

It (Mj, Nj) > 1 then the common factor can be divided out and out of izj. Note that

4 4 4
[T, =TT Mywiy = mn T 2 =TT .
j=1 j=1 j=1

Thus, we have a new (x) system but it corresponds to exactly the same m = p; ... pu, and
n =wvy ...V as in the old one. The number of ways to construct these (x)-systems is just the
number of ways to compose the fi; as products of the available {41, ..., } and the ©; from
the {vy41,...vx}. But this is exactly ¢¢~¢ for the fi; and the same for the ©;. Then we take
into account the ordering of the p1,...,ue and of the vq,..., v this gives a factor of £12. In
this way we arrive at a multiplicity £1202(*=) for each solution of our (x)-system which is the
same as the multiplicity counted in the swaps of ¢-sets.
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Note that the same argument applies whether any of the h; are 0 or not. We need to divide
out this multiplicity.
This explains the weight factor w, in (6).

12.3. Conclusion

We have found that T ﬁ. 5(T; X) can be conjecturally evaluated by two different methods which
produce the same answer. One way is to use the recipe of [4]. The other way is to let £ be
defined by T < X < T'*!. Then partition A and B into £ subsets and evaluate a convolution
of ¢ shifted divisor sums

Yo Ta(m)rs(n)

my<uy
myNyj—n; M;=h;

by a conjectural approach that involves the delta-method of [11]. A rigorous theorem identifying
two Euler products proves that the result of the above agrees with some of the terms arising
from the recipe. The terms with all h; # 0 correspond to f-swap terms from the recipe. The
terms with ¢ of the h; non-zero and £ — ¢’ of the h; equal to 0 give ¢/ swap-terms. Finally,
if we sum over all possible partitions of A and B into non-empty subsets and account for
multiplicities we achieve the desired equality between the two approaches.

A natural direction for further research is to consider other families of L-functions, for
example quadratic Dirichlet L-functions, and to determine an arithmetic basis for the relevant
moment conjectures.
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