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The power spectrum line shapes for oscillators undergoing a continuous modulation of the
vibrational frequency are investigated. It is shown that the single, sharp line normally characteristic
of such systems broadens and exhibits a wealth of fine structure components. The characteristic fine
structure pattern is one of decreasing amplitude and spacing. This continuous frequency modulation
~CFM! effect has been examined for a series of model oscillators that includes harmonic systems
with linear and exponential variation of the frequency without amplitude damping, a harmonic
system with exponential damping of both the resonant frequency and the amplitude, and a Morse
oscillator whose kinetic energy is being exponentially damped. An analytic expression for the power
spectrum of a harmonic oscillator whose frequency is varying linearly with time is derived. This
result demonstrates that the position of the fine structure extrema depends linearly upon the initial
oscillator frequency and the square root of the absolute value of the modulation rate. The
peak-to-peak spacing is shown to be proportional to the square root of the absolute value of the
modulation rate. It is suggested that the CFM effect is the fundamental explanation of many
previous empirical observations concerning power spectra. The CFM effect for a harmonic system
with an exponentially modulated frequency is very similar to that observed for linear modulation.
When amplitude depression is included, there is a significant intensity decrease of many of the
spectral lines. Investigation of a Morse oscillator shows that energy transfer in an anharmonic
system produces a CFM effect. By assuming that the analytic result for a harmonic oscillator with
a linear modulation is transferable to the anharmonic case, an expression is obtained that relates the
peak-to-peak fine structure spacing to the Morse potential parameters, the initial oscillator energy
and the IVR rate coefficient. An experimental example of a CFM effect is presented by taking an
NMR spectrum of H2O and HCCl3 in DCCl3 while the mainB0 field is varying with time. The CFM
effect is used to extract energy transfer rate coefficients for a diatomic molecule isolated in an argon
matrix at 12 K and for total IVR rate coefficients for relaxation of the NvO and O–H local modes
in cis-HONO. It is also shown that instantaneous energy transfer rates in small molecules can be
determined by using local frequency analysis to compute the temporal variation of the CFM band
spacings. It is concluded that line shape analysis can be effectively used as a probe of energy
transfer rates. ©1996 American Institute of Physics.@S0021-9606~96!00131-6#

I. INTRODUCTION

Trajectory and molecular dynamics~MD! methods are
the most frequently used and powerful methods for the in-
vestigation of the dynamical behavior of many-body sys-
tems. These techniques have been employed to calculate re-
action rate coefficients, cross sections, diffusion rates,
product energy partitioning, inter- and intramolecular energy
transfer rates, and relaxation rates in both gas and condensed

phases.1 When combined with Monte Carlo procedures, MD
methods frequently permit complex reaction mechanisms to
be determined in detail.2

A great deal of the dynamical information available from
the results of an MD calculation is contained in the com-
puted power spectrum. A power spectrum for a given coor-
dinate,q, may be computed by taking the Fourier transform
of either an autocorrelation function,Cq(t), or by transform-
ing the coordinate itself.3 The autocorrelation function is
given by

Cq~t!5 lim
T→`

F ~T!21E
0

T

q~ t !q~ t1t!dtG . ~1!

The power spectrum ofCq(t) is then obtained from
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I c~v!5~2p!21U E
2`

`

Cq~t!exp$ ivt%dtU2. ~2!

A power spectrum obtained from a direct transformation of
the coordinate is given by

I q~v!5~2p!21U E
2`

`

q~ t !exp$ ivt%dtU2. ~3!

In principle, I c(v) andI q(v) contain the same informa-
tion. However, this is not always apparent.I c(v) and I q(v)
differ in that I c(v) is the square ofI q(v). This difference
means the two quantities emphasize the features of the dy-
namics in different ways. The magnitude ofI q(v* ) is pro-
portional to the modulus of the Fourier component ofq(t)
with frequencyv* , whereas the magnitude ofI c(v* ) de-
pends upon the square of this modulus. As a result, a power
spectrum obtained fromI c(v) will emphasize the major fre-
quency components of the spectrum at the expense of the
smaller peaks. If the objective of the analysis is to obtain the
major fundamental frequencies associated with the dynam-
ics, this result is ideal. If, however, the objective is to moni-
tor the onset of smaller frequency components,I q(v) is a
more useful diagnostic tool.

In their original investigations, Noidet al.3 examined
power spectra for two model Hamiltonians and demonstrated
that sharp line spectra for fundamentals, overtones, and com-
bination bands result whenever quasiperiodic dynamics ex-
ists. In contrast, ergodic dynamics was shown to lead to
more broadened spectra containing many smaller peaks.
Smith and Shirts4 computed averaged power spectra for
state-specific excitation of HCN and found that the
ensemble-averaged spectra do not exhibit the expected
broadening and grassiness with increasing internal energy,
but that the spectra of individual trajectories do. Dumont and
Brumer5 have pointed out that the observation of simple vs
complex power spectra provide distinguishing characteris-
tics. For a Henon–Heiles model and for the three-body
NaClK system, the statistical analysis of power spectra at a
fixed energy were shown to provide an adequate method for
distinguishing chaotic and quasiperiodic motions. Chang
et al.6 were able to demonstrate that the qualitative appear-
ance of the power spectrum can be used as a diagnostic tool
to assess the statistical character of a system. The presence of
a diffuse spectrum exhibiting a nearly complete loss of iso-
lated structures indicates that the dissociation dynamics of
the molecule will be well described by statistical theories. If,
however, the power spectrum maintains its discrete, isolated
character, the opposite conclusion is suggested.

In this paper, we demonstrate that the above observa-
tions are a consequence of a general interference phenom-
enon that exists for all systems whose resonant frequencies
are a continuously varying function of time. In Sec. II, we
treat a simple, modified harmonic model system for which it
is possible to compute the power spectraI q(v) analytically.
The results demonstrate the nature of the power spectra ex-
pected for a continuous frequency modulated~CFM! system.
We infer that it is the CFM effect that gives rise to the
qualitative observations made by Noidet al.,3 Smith and

Shirts,4 Dumont and Brumer,5 and Changet al.6 The analysis
shows that the band spacings of the CFM interference pattern
can be used to extract the frequency modulation rate. Section
III reports similar numerical studies on a CFM Morse oscil-
lator. In Sec. IV, we provide direct experimental verification
of the CFM effect. The results of MD simulations of the
vibrational relaxation of a matrix-isolated diatomic molecule
and of intramolecular vibrational relaxation~IVR! of cis-
HONO are presented in Sec. V. The relaxation rates are com-
puted from the band spacings produced by the CFM effect.
The accuracy of the method is assessed by direct comparison
of these rates with results obtained from first-order decay
plots of the vibrational energy. In Sec. VI, we demonstrate
how local frequency analysis can be used in conjunction with
the CFM effect to investigate energy transfer rates in small
molecules. The paper concludes with a summary of our find-
ings.

II. HARMONIC MODELS

It is well known that the shapes of spectral lines often
contain important information about the system under con-
sideration. Recent articles by Miller7 and by Wood and
Strauss8 describe the connection between the absorption line
width and the IVR and reaction rates. Following Kubo,9 both
Wood and Strauss,8 and Saven and Skinner10 have discussed
the modulation process in terms of a dimensionless param-
eter,k, called the ‘‘Kubo parameter.’’ These reviews show
that the form of the absorption function is well known for the
extreme valuesk@1 or k!1. However, for intermediate val-
ues of k, these studies state that complicated line shapes
result.

Kubo considers an oscillator having angular frequency
v(t) such that

v~ t !5v01V~ t !, ~4!

wherev0 is a constant andV(t) is a random variable with
zero mean that is described by the stationary Gaussian prob-
ability distribution

P~V!5~2pD2!21/2 exp@2V2/~2D2!# ~5!

and the time correlation function

^V~0!V~ t !&5D2 exp@2utu/tc#. ~6!

Thus D is the ‘‘modulation amplitude,’’ that is, the root
mean square of the angular frequency fluctuations whiletc is
the ‘‘modulation time,’’ that is, the characteristic time that
frequency fluctuations persist. The dimensionless Kubo pa-
rameter is defined to be

k5tcD. ~7!

Saven and Skinner10 have shown that for the conditionk@1,
the absorption line shape becomes Gaussian,

I ~v!5~2pD2!21/2 exp@2~v2v0!
2/~2D2!#. ~8!

This gives a half width at half height of the order ofD. In the
limit k!1, a Lorentzian line shape results,

I ~v!5~tcD
2/p!/@~v2v0!

21~tcD
2!2#. ~9!
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The half width at half height for this line is on the order of
tcD

2 or kD which is considerably less thanD. The analysis
presented by Saven and Skinner10 states that for intermediate
values ofk, more complicated line shapes result.

In MD simulations, bonding potentials are always anhar-
monic. Frequently, Morse functions,

V~r !5D@12exp$2b~r2r e!%#2, ~10!

are employed to represent such interactions. In Eq.~10!, D,
b, andr e are parameters which determine the potential well
depth, curvature and potential minimum, respectively, andr
is the bond length. The fundamental vibrational frequency
for a Morse oscillator is given by11

v5b~2D/m!1/2@12~E/D !#1/2, ~11!

wherem is the reduced mass of the oscillator. Consequently,
if intra- or intermolecular vibrational energy transfer occurs,
we would see a continuous modulation of the oscillator fre-
quency. To be certain, the variation in frequency would not
be described by a Gaussian distribution as assumed by
Kubo.9 However, we still might expect to see simple line
shapes for the limiting casesk@1 andk!1 and more com-
plex shapes for intermediate values ofk. In many MD simu-
lations of intramolecular energy transfer, we find that the
angular frequency variations are on the order of 600 cm21.
These variations usually occur on a time scale of 1 ps. We
therefore expectk to be about 18. For this intermediate
value, we would expect complicated line shapes.

To provide a simple model of the type of line shapes to
be expected in a power spectrum of an oscillator undergoing
continuous frequency modulation, we first consider a modi-
fied ‘‘harmonic’’ oscillator for which the displacement,f (t),
is given by

f ~ t !5r ~ t !2r e5A sin@v~ t !t# for 0<t<T

and f ~ t !50 otherwise, ~12!

whereA is a constant andv(t) is defined by

v~ t !52pn0~12kt!52pn022pat, ~13!

with n0, k, and T all positive. That is, we have a linear
modulation with time. The complex nature of the power
spectrum associated with the oscillator described by Eqs.
~12! and ~13! is shown in Fig. 1~B! for the caseA52.0 Å,
n052.0 t.u.21 and k50.0003 t.u.21 where 1
t.u.51.018310214 s. This power spectrum was obtained us-
ing a fast Fourier transform routine on a data set comprising
4096 values off (t) evaluated at equally spaced times from
zero to 500 t.u. As can be seen, the spectrum is a broad band
replete with fine structure components whose spacing first
decreases and then increases asv(t) decreases. Repeated
calculations show that the peak-to-peak spacings of the fine
structure increase asa increases. This suggests that the fine
structure spacing might be used as a probe of the rate at
which the frequency is being modulated.

An analytic expression for the power spectrum shown in
Fig. 1~B! can be obtained from the Fourier transform

F~x!5E
2`

`

f ~ t !e@xt#dt, ~14!

where we define

e@z#[exp@2p iz#. ~15!

We will assume thatx>0 as it is clear thatF(2x)5F(x).
Writing Eq. ~12! as a sum of exponentials gives

F~x!5~ i !21E
0

T

$e@~x1n0!t#e@2at2#

2e@~x2n0!t#e@at2#%dt, ~16!

provided we take the wave amplitudeA52 Å. The first part
of the integral in Eq.~16! is negligible relative to the second
part. This may be seen as follows: Supposep(t) is a con-
tinuous, differentiable real valued function on the interval
[ t1 ,t2] and thatp8(t) is either monotonically increasing or
decreasing on this interval. Ifup8(t)u>M.0 for t1<t<t2 ,
then it may be shown12 that

U E
t1

t2
exp@ ip~ t !#dtU<4/M . ~17!

We may apply this Lemma to the first part of the integral in
Eq. ~16! by taking

p~ t !52p@~x1n0!t2at2#. ~18!

FIG. 1. Power spectrum for the oscillator defined by Eqs.~12! and ~13! in
the text withA52.0 Å. n052.0 t.u.21, k50.0003 t.u.21 andT5500.0 t.u.~1
t.u.51.018310214 s!. ~A! Computed from analytic Fourier transform given
in Eq. ~27!. ~B! Computed with a fast Fourier transform~FFT! method using
4096 equally-spaced values ofr (t) from 0 to 500 t.u.
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This gives p8(t)52p[(x1n0)22at]. Since a.0, p8(t)
decreases monotonically with time. Thus if we taket to have
its maximum value ofT, p8(t) will be a minimum and we
are assured that up8(t)u>M.0 provided we take
M52p[(x1n0)22aT] and (x1n0).2aT. In physically
real cases, this latter inequality is expected to hold since
v(t) will always be positive. Consequently, we have

U E
0

T

e@~x1n0!t#e@2at2#dtU<4$2p@~x1n0!22aT#%21.

~19!

If T,C/2k where C.0, we have $2p[(x1n0)
22aT] %.2n0(12C). Hence, Eq.~19! can be written as

U E
0

T

e@~x1n0!t#e@2at2#dtU<4@2n0~12C!#21. ~20!

The second term in the integral of Eq.~16! is

F2~x!5 i E
0

T

e@~x2n0!t#e@at2#dt. ~21!

Since the derivative of the integrand of Eq.~21! increases
monotonically witht, to use the above Lemma, we would
need to takeM52p(x2n0) which becomes zero forx5n0 .
Consequently, no finite upper bound forF2(x) can be ob-
tained. If we define2b5x2n0 and complete the square on
the integrand for Eq.~21!, we obtain

F2~x!5 i E
0

T

e@a~ t2b/~2a!!22b2/~4a!#dt. ~22!

For convenience, letu5t2b/(2a). Substitution into Eq.
~22! gives

F2~x!5 ie@2b2/~4a!#E
2b/2a

T2b/2a

e@au2#du. ~23!

The substitutiong5a1/2u transforms Eq.~23! into

F2~x!5 ia21/2e@2b2/~4a!#E
2b/2a1/2

Ta1/22b/2a1/2

e@g2#dg.

~24!

Now let

h~y,U ![E
2y

U2y

e@g2#dg5E
0

y

e@g2#dg1E
0

U2y

e@g2#dg

5H~y!1H~U2y!, ~25!

where

H~z![E
0

z

e@g2#dg. ~26!

H(z) can be expressed in terms of the complex error func-
tion. In this notation, the Fourier transform off (t) may be
written as

F~x!5F2~x!1U@2n0~12C!#21

5 ia21/2e@2b2/4a#h~b/2a1/2,Ta1/2!

1U@2n0~12C!#21

5 ia21/2e@2b2/4a#$H~b/2a1/2!

1H~Ta1/22b/2a1/2!%

1U@2n0~12C!#21, ~27!

whereU is some number satisfying the conditionuUu<1.
If we ignore the final term in Eq.~27!, the power spec-

trum will be given byuF2(x)u
2. A plot of uF2(x)u

2 for the
specific case used above is shown in Fig. 1~A!. Comparison
with the FFT numerical result in Fig. 1~B! shows the two to
be nearly identical except for the arbitrary scaling of the
numerical result. The only significant difference between the
two transforms is the presence of a series of small, superim-
posed maxima on the major bands of the analytic transform.
It is shown in the following analysis that these small maxima
are due to theH(Ta1/22b/2a1/2) term in Eq. ~27!. These
features are lost in the FFT result due to the limited resolu-
tion of the numerical procedure.

The behavior of uF(x)u2 depends primarily upon
uh(y,U)u2 in the range 0<y<U since outside this range the
above Lemma may be used to show that the modulus of
F(x) is small. The fine structure seen in Fig. 1 demonstrates
that uF(x)u2 exhibits a series of extrema over the range of
frequencies sampled. These extrema will correspond closely
to those foruH(y)u2. We therefore need to determine the
location of these points. We begin by writing

uH~y!u25E
0

y

e@z2#dzE
0

y

e@2u2#du. ~28!

Application of Leibnitz’s rule13 gives

~d/dy!uH~y!u252RH e@y2#E
0

y

e@2u2#duJ
52RH E

0

y

e@y22u2#duJ
52E

0

y

cos@2p~y22u2!#du, ~29!

where the operatorR denotes the real part of the expression.
With the substitutionG5u2, Eq. ~29! becomes

S ddyD uH~y!u25E
0

y2

G21/2 cos@2p~y22G!#dG[g~y2!,

~30!

where

g~s!5E
0

s

G21/2 cos@2p~s2G!#dG. ~31!

Equation~31! may be written more compactly by defining

s2G[s ~32!

and

s[ds. ~33!

Substitution into Eq.~31! yields
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g~s!5E
0

s

~s2s!21/2 cos@2ps#ds

5s1/2E
0

1

~12d!21/2 cos@2psd#dd. ~34!

The extrema ofuF(x)u2 occur at the zeros ofg(y2)
which correspond to the zeros ofg(s). It can be shown14 that
if f (t) is a positive, increasing function defined on the inter-
val 0<t<1 such that the integral,*0

1f (t)dt, is finite, then
the function

E
0

1

f ~ t !cos~zt!dt

has only real zeros. It therefore follows thatg(s) has only
real zeros. It can be shown that the zeros ofg(s) are nearly
uniformly spaced~see Fig. 2!, with the distance between
consecutive zeros approaching 1/2. Thenth zero, excluding
s50, of g(s) is essentially at [n/221/8]. Therefore, the
number of zeros ofg(s) in the range 0<s<Y will be about
2Y and the number of extrema ofuH(y)u2 in this range will
be approximately 2Y2. Consequently, the number of maxima
exhibited by uH(y)u2 will be about Y2. The successive
zeros corresponding to maxima ofg(s) will be near 3/8,
11/8, 19/8,..., (n25/8), ..., so that the maxima ofuH(y)u2

will occur near y5M (n) where M (n)5(n25/8)1/2 for
n51,2,3,••• . The change in the peak position is

dM~n!5dn/@2~n25/8!1/2#, ~35!

which for largen approaches 1/[2n1/2] for unit change inn.
Therefore, the spacing between the successive maxima de-
creases monotonically withn1/2.

Figure 2 shows a plot ofg(s) as a function ofs over the
range 0<s<5. As can be seen, the zeros ofg(s) are nearly
equally spaced. If we denote the successive zeroes ofg(s) as
si( i51,2,3,•••), we find s150.365••• , s250.878••• ,
s351.373••• . Hence, the corresponding extrema foruH(y)u2

occur at~0.365•••!1/250.604••• , ~0.878•••!1/250.937••• , and
~1.373!1/251.171••• .

It is also instructive to consider the variation ofH(y)
with y. As y increases without bound, we have

lim
y→`

H~y!5~11 i !/4. ~36!

The graph ofH(y) for real y traces a curve that spirals
around the point (11 i )/4 getting steadily closer asy→`.
The distance betweenH(y) and (11 i )/4 is given by

D5U E
y

`

e@z2#dzU. ~37!

The derivative of the square ofD is13

dD2

dy
522RE

y

`

e@~z22y2!#dz

522E
y

`

cos@2p~z22y2!#dz. ~38!

Substitution ofu5z2 gives

dD2

dy
52E

y2

`

u21/2 cos@2p~u2y2!#du. ~39!

If we let u5wy2, Eq. ~39! becomes

dD2

dy
52yE

1

`

w21/2 cos@2py2~w21!#dw. ~40!

Replacement ofw with (v11) gives

dD2

dy
52yE

0

`

~v11!21/2 cos@2py2v#dv. ~41!

If Eq. ~41! is integrated by parts, we obtain

dD2

dy
52~4py!21E

0

`

~v11!23/2 sin@2py2v#dv. ~42!

Since (v11)23/2 is a monotonically decreasing function ofv
and sin[2py2v] is positive for 0<v<(2y2)21, the integral
is always positive for all values ofy anddD2/dy is negative
for y.0. Thus the distance fromH(y) to (11 i )/4 steadily
decreases. Figure 3 shows the variation ofH(y) in the com-
plex plane for positive values ofy.

Equation ~27! demonstrates thatF(x) depends upon
h(y,U)5H(y)1H(U2y). Therefore, we can deduce the
behavior ofF(x) from that ofH. Using Eq.~17!, we may
write

uH~y!2~11 i !/4u<4/~4py!51/py, ~43!

FIG. 2. g(s) as a function ofy for 0<s<5. g(s) is defined by Eq.~31! in
the text.

FIG. 3. Plot ofH(y) in the complex plane for real values ofy over the
range 0<y<3. As y increases,H(y) is seen to approach its limiting value
of (11 i )/4.
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where we have takenp(y)52py2 so that p8(y)54py
which is clearly>4py.0 for all y. From Eq.~43!, it fol-
lows that

H~U2y!5~11 i !/41U/@p~U2y!#, ~44!

where uUu<1. ThusH(U2y) makes a small spiral in the
complex plane very close to (11 i )/4 while H(y) makes a
large spiral around (11 i )/4. The sum of the two spirals
therefore makes a spiral around (11 i )/2 which is spiraling
closer to the target but has some zigs in it. The result is
shown in Fig. 4 for the caseU512. The main peaks of
uh(y,U)u2 therefore occur at the peaks ofuH(y)u2 with
smaller maxima occurring between the major peaks. These
smaller maxima are clearly seen in Fig. 1~A!.

For the system described by Eq.~16!, we have

y5b/2a1/25~n02x!/$2a1/2%. ~45!

The nth extrema foruH(y)u2 occurs aty5sn
1/2 so that the

corresponding frequency is

xn5n022~sna!1/2. ~46!

Since we expect themth maximum to occur very near
[m25/8]1/2, we have

xm'n022~m25/8!1/2a1/2 for ~m51,2,3,...!. ~47!

The spacing between successive maxima will therefore be

Dxmax
m 522a1/2~s2m11

1/2 2s2m21
1/2 !

'22a1/2@~m1125/8!1/22~m25/8!1/2#. ~48!

Equation~48! shows thatDxmax
m is independent of the total

time for the processT and that it scales witha1/2. Since
a5n0k5udn/dtu, the above analysis demonstrates that the
peak-to-peak spacing is a direct measure of the rate of
change of the vibrational frequency of the oscillator.

The largest fine structure spacing will be the easiest
to extract accurately. This corresponds toDxmax

1

5x(m52)2x(m51). The results given above show that

Dxmax
1 522a1/2~sn53

1/2 2sn51
1/2 !521.13•••a1/2. ~49!

Figure 5 shows a comparison ofuDxmax
1 u obtained from nu-

merical FFT calculations for different choices ofa and the

result predicted by Eq.~49!. As can be seen, the agreement is
good to excellent. Most of the deviations are due to the lim-
ited resolution of the numerical transform.

The CFM effect provides the explanation for the obser-
vations reported by Noidet al.,3 Smith and Shirts,4 Dumont
and Brumer,5 and Changet al.6 Noid et al.3 found that er-
godic dynamics leads to broadened spectra containing many
smaller peaks. Since the IVR rate in an ergodic system is
large, we expect the internal energy present in various modes
to vary rapidly. Since the bond potentials are anharmonic,
this will lead to a continuous frequency variation that will
produce the type of broadening and fine structure seen in Fig.
1. Smith and Shirts4 noted that ensemble-average spectra do
not exhibit the expected ‘‘grassiness’’ with increasing en-
ergy, but that the spectra of individual trajectories do. In the
next section, we will show that this observation is a result of
the CFM effect. The diagnostic tests proposed by Chang
et al.6 are also a direct consequence of the CFM effect that
produces very broad spectral bands each containing a wealth
of fine structure. Figures 3~b! and 7~b! of Ref. 6 provide
illustrative examples of power spectra in which several bands
simultaneously take on the general appearance of those
shown in Fig. 1.

Many physical processes are associated with first-order
rate laws rather than zero order. If these processes produce a
frequency modulation, we would expect an exponential
variation of n0 rather than the linear decrease in Eq.~13!.
That is, we expectf (t) to have the form

f ~ t !5r ~ t !2r e

5A sin@2pn0 exp$2kt%t# for 0<t<T

50 otherwise. ~50!

We have carried out numerous numerical experiments to
determine the shape of the power spectral band for a ‘‘har-
monic’’ oscillator described by Eq.~50!. Figure 6 shows one
result for the casek50.0005 t.u.21 andn052.00 t.u.21. The
qualitative appearance of the power spectrum is similar to
those seen in Fig. 1. The band is broadened and the fine

FIG. 4. Plot ofH(y)1H(122y) in the complex plane for real values ofy
over the range 0<y<2. As y increases, the sum ofH(y)1H(122y) is
seen to approach the limiting value of (11 i )/2. FIG. 5. uDxmax1 u5ux(m52)2x(m51)u as defined by Eq.~48! in the text as a

function of (n0k)
1/25a1/2. The solid line is the theoretical result from the

analytic Fourier transform, Eq.~49!. The points are calculated numerically
using a FFT method.
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structure components exhibit the characteristic spacing varia-
tions. However, the high and low frequency Fourier compo-
nents no longer have equal intensity. Equation~13! gives all
frequency domains equal weight, but the exponential varia-
tion in Eq.~50! weights the low-frequency components more
heavily since the weight is proportional toudn/dtu21.

If it is assumed that we may generalize the analytic re-
sult obtained for the oscillator described by Eqs.~12! and
~13!, we might write

Dxmax
m 522~s2m11

1/2 2s2m21
1/2 !udn/dtu1/252Kudn/dtu1/2,

~51!

whereK is a constant characteristic of the particular type of
oscillator being considered. When the oscillator is described
by Eq. ~50!, udn/dtu5kn. If we also assume that the fine
structure spacing is primarily determined by the maximum
value of udn/dtu, we would expectDxmax

1 to be given by

Dxmax
1 52K~kn0!

1/2. ~52!

Figure 7 demonstrates the extent to which Eq.~52! holds for
an exponentially varying frequency. The level of agreement
between the spacing obtained from the FFT of Eq.~50! for

different values ofk and Eq.~52! is generally good. The
slope of the least-squares fit to the data givesK51.26, which
is slightly larger than the theoretical result for the linear
variation ofn0 given in Eq.~49!.

When the CFM effect is the result of IVR, we expect an
attenuation of the oscillator’s amplitude as well as a variation
of its frequency. A simple harmonic model reflecting this
expectation is

f ~ t !5r ~ t !2r e5A exp$2k2t%sin@2pn0 exp$2k1t%t]

for 0<t<T

50 otherwise. ~53!

The power spectrum band for the oscillator described by Eq.
~53! may lose its low-frequency components due to the am-
plitude attenuation. Figure 8 shows a typical example.

III. CFM EFFECTS FOR A MORSE OSCILLATOR

For any anharmonic potential, the vibration frequency
will be a function of the oscillator energy. As a result, energy
transfer to or from the oscillator will produce a CFM effect
and a complex power spectrum for a large molecule.6 To
simulate internal energy transfer for an anharmonic potential,
we consider a Morse oscillator whose kinetic energy decays
exponentially with time. That is, we write the Hamiltonian as

H5T exp$22kt%1V~r !, ~54!

whereV(r ) is given by Eq.~10!. Such an oscillator will
exhibit both a CFM effect and an attenuation of amplitude.
Fourier transforms ofr (t) for two specific cases are shown
in Figs. 9~A! and 9~B!. The effect of the amplitude attenua-
tion is obvious in the plots. It is also clear that the fine
structure spacing is increasing with increasing values ofk in
Eq. ~54!.

A useful expression for the fine structure spacing of a
Morse oscillator can be obtained from Eq.~51!,

FIG. 6. Power spectrum for the oscillator defined by Eq.~50! in the text
with A52.0 Å, n052.0 t.u.21 andk50.0005 t.u.21 ~1 t.u.51.018310214 s!.
The power spectrum was computed with a fast Fourier transform~FFT!
method using 4096 equally spaced values ofr (t) calculated using Eq.~50!.

FIG. 7. uDxmax1 u5ux(m52)2x(m51)u as a function of (n0k)
1/2 for the oscillator

defined by Eq.~50! in the text withA52.0 Å, n052.0 t.u.21 andk50.0005
t.u.21 ~1 t.u.51.018310214 s!.

FIG. 8. Power spectrum for the oscillator defined by Eq.~53! in the text
with A52.0 Å, n052.0 t.u.21, k250.001 t.u.21, and k150.0005 t.u.21 ~1
t.u.51.018310214 s!. The power spectrum was computed with a fast Fourier
transform~FFT! method using 4096 equally spaced values ofr (t) calculated
using Eq.~53!.
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Dxmax
1 52Kudn/dtu1/252Ku~dn/dE!~dE/dt!u1/2.

~55!

From Eq.~11!, we obtain

dn

dE
52~b/4p!@2/m#1/2@D2E#21/2. ~56!

Since many IVR processes are first order and Eq.~54! sug-
gests a first-order energy transfer rate, we have for the total
energy

dE

dt
52kE. ~57!

Combination of Eqs.~55!–~57! gives

Dxmax
1 52K$~kEb/4p!@2/$m~D2E!%#1/2%1/2. ~58!

If we again assume that the fine structure spacing is primarily
determined by the maximum value ofudn/dtu, E may be
replaced withE0 , whereE0 is the initial energy of the oscil-
lator.

Equation~58! provides the explanation of the observa-
tion made by Smith and Shirts4 that ensemble-averaged
power spectra do not exhibit the grassiness seen in the spec-
tra of individual trajectories. The IVR rate constants associ-
ated with individual trajectories differ. Consequently,Dxmax

1

will vary from trajectory to trajectory. As a result, destruc-
tive interference between the spectral lines will tend to re-
move the grassiness from ensemble-average power spectra.

Table I gives a comparison ofuDxmax
1 u values obtained by

taking the Fourier transform ofr (t) computed using Eq.~54!
with those predicted by Eq.~58! with E set equal toE0 . The
table reports results for a wide range of the variables: 1
kcal/mol<E0<40.0 kcal/mol, 40.8 kcal/mol<D<115.0
kcal/mol, 0.05 ps21<k<1.0 ps21, 2.1364 Å21<b<4.2728
Å21, 0.95 amu<m<7.47 amu. A least-squares fit ofK to the
results of 125 sets of computations in these ranges gives
K52/3. With this value forK, uDxmax

1 u varies from 2.7 to
144.5 cm21, where 1 t.u.21 corresponds to 3278 cm21. The
ratio of the Fourier transform result to that given by Eq.~58!
varies from 0.51 to 1.98 with an average value equal to 0.99.
The distribution has a standard deviation of 0.21. Conse-
quently, we might expect that the use of Eq.~58! to extract

energy transfer rate coefficients from the spacing of the
power spectrum fine structure components would lead to er-
rors on the order of625%.

IV. AN EXPERIMENTAL EXAMPLE OF THE CFM
EFFECT

Since the CFM effect is dependent only upon the exist-
ence of a time-varying resonant frequency, any system satis-
fying this condition should, in principle, exhibit spectral line
shapes similar to those seen in Figs. 1, 6, 8, and 9, provided
that the frequency variation occurs on a time scale compa-
rable to the data acquisition time. These conditions suggest
that an obvious place to look for CFM effects is nuclear
magnetic resonance~NMR! spectroscopy.

In a pulsed NMR experiment, the system is placed in a
strong, uniform and constant magnetic field. The interaction
of the field,B0, with the nuclear magnetic moment splits the
otherwise degenerate nuclear spin states. Transitions be-
tween these states are induced by the frequency components
of the electromagnetic pulse whose energy matches the split-
ting between the states. Fourier analysis of the transmitted
pulse permits a determination of the frequency components
that have been absorbed. Since the state splitting is propor-
tional to the externally applied field, care must be exercised
to ensure thatB0 remains a known constant throughout the
experiment. This is generally accomplished by means of an
electronic field/frequency lock.

The foregoing discussion describes the normal procedure
used in taking an NMR spectrum. For example, consider a
mixture of slightly soluble H2O in HCCl3. Since the two
water protons are equivalent, a standard NMR1H spectrum
would be expected to exhibit two sharp single absorption
lines separated by the internal chemical shift produced by the
different electronic environments about the H2O and HCCl3
protons. If, however,B0 varied during the experiment, the
splitting between the spin states would change continuously.
As a result, the resonant frequencies would exhibit a CFM
effect.

We have conducted such an experiment on a sample of
neat DCCl3 containing a small amount of H2O and HCCl3.
The data were taken on a Bruker WP-200 spectrometer via a

FIG. 9. Power spectra for a Morse oscillator whose Hamiltonian is given by Eq.~54! with D540.7985 kcal/mol,b52.1364 Å21, r e51.3776 Å.k and the
initial energyE0 as given in the figures. The reduced oscillator mass is 7.47 amu.
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single scan with the field/frequency lock off but the field still
scanning. The resulting FID~free induction decay! signal
and power spectrum are shown in Fig. 10. The bands labeled
A2 andA3 are the FID signals obtained from the HCCl3 and
H2O protons, respectively. Their qualitative appearance
bears a very close resemblance tor (t) obtained from Eq.
~53!. The signal labeledA1 is an electronic transient. If the
field is locked, theA2 andA3 bands each appear as a single
sharp line very similar in appearance to theA1 band. The
bands in the power spectrum corresponding to the FID bands
are labeledB1 , B2 , and B3 , respectively. Figure 10 also
shows an expanded view ofA2 andB2 . The resemblance of
theB2 band to the band shape shown in Fig. 6 is remarkable.
In both cases, there is an attenuation of the importance of the
frequency components at one end of the pattern. Each power
spectrum exhibits the characteristic fine structure with de-
creasing peak-to-peak spacings. TheB3 band shows many
points of similarity to the power spectrum seen in Fig. 8.
Clearly, a CFM effect is present. We could determine the
rate at whichB0 is being varied from the fine structure spac-
ing Dxmax

1 .
In a standard NMR spectrum, the normalT2 decay dur-

ing acquisition results in the FID being attenuated at longer
times—the signal decays with time. This is seen in both the
peaks labeledA2 andA3 in Fig. 10. The relaxation time of
A2 is sufficiently long that the FID has not completely de-

TABLE I. Comparison ofDxmax
1 values obtained from the FFT ofr (t)

calculated using Eq.~54! with those predicted by Eq.~58! with E replaced
with E0 andK52/3.

Energy
~kcal/mol!

k
~ps21!

Dxmax
1 ~cm21!

FFT Eq.~58!
Energy

~kcal/mol!
k

~ps21!
Dxmax

1 ~cm21!
FFT Eq.~58!

D5115.0195 kcal/mol,
b52.6228 Å21

m57.47 amu

D578.8310 kcal/mol,
b52.4459 Å21

m50.948 amu

40.0 1.00 69.55 70.98 40.0 1.00 144.54 135.38
40.0 0.50 50.45 50.19 40.0 0.50 109.09 95.73
40.0 0.20 34.09 31.74 40.0 0.20 80.45 60.55
40.0 0.05 10.91 15.87 40.0 0.05 60.00 30.27

20.0 1.00 43.64 47.31 20.0 1.00 90.00 86.29
20.0 0.50 32.73 33.45 20.0 0.50 68.18 61.01
20.0 0.20 21.82 21.16 20.0 0.20 49.09 38.59
20.0 0.05 10.91 10.58 20.0 0.05 34.09 19.29

10.0 1.00 25.91 32.63 10.0 1.00 57.27 58.67
10.0 0.50 20.45 23.07 10.0 0.50 45.00 41.48
10.0 0.20 15.00 14.59 10.0 0.20 31.36 26.24
10.0 0.05 8.18 7.30 10.0 0.05 21.82 13.12

5.0 0.50 13.64 16.13 5.0 1.00 36.82 40.76
5.0 0.20 9.54 10.20 5.0 0.50 28.64 28.82
5.0 0.05 5.46 5.10 5.0 0.20 20.45 18.23

5.0 0.05 13.64 9.11
2.0 0.20 4.09 6.41
2.0 0.05 4.09 3.20 2.0 1.00 13.64 25.52

2.0 0.50 16.36 18.05
2.0 0.20 10.91 11.41
2.0 0.05 8.18 5.71

1.0 1.00 10.91 17.99
1.0 0.50 6.82 12.72
1.0 0.20 8.18 8.05
1.0 0.05 5.45 4.02

D540.7985 kcal/mol,
b52.1364 Å21

m57.47 amu

D540.7985 kcal/mol,
b53.2046 Å21

m57.47 amu

20.0 1.00 61.36 62.43 20.0 1.00 72.27 76.45
20.0 0.50 43.64 44.14 20.0 0.50 54.55 54.06
20.0 0.20 27.96 27.92 20.0 0.20 34.09 34.19
20.0 0.05 15.00 13.96 20.0 0.05 19.09 17.10

15.0 1.00 47.73 51.23 15.0 1.00 60.00 62.74
15.0 0.50 35.46 36.22 15.0 0.50 43.64 44.36
15.0 0.20 23.18 22.91 15.0 0.20 28.64 28.06
15.0 0.05 12.27 11.46 15.0 0.05 16.36 14.03

10.0 1.00 34.09 40.02 10.0 1.00 43.64 49.01
10.0 0.50 26.59 28.30 10.0 0.50 34.09 34.65
10.0 0.20 18.41 17.90 10.0 0.20 21.82 21.92
10.0 0.05 9.55 8.95 10.0 0.05 12.27 10.96

5.0 1.00 17.73 27.25 5.0 1.00 25.91 33.37
5.0 0.50 16.36 19.27 5.0 0.50 21.82 23.60
5.0 0.20 12.27 12.19 5.0 0.20 15.00 14.93
5.0 0.05 6.14 6.09 5.0 0.05 8.18 7.46

2.0 1.00 10.23 16.89 2.0 0.50 10.91 14.63
2.0 0.20 6.14 7.55 2.0 0.20 8.18 9.25
2.0 0.05 3.41 3.78 2.0 0.05 5.46 4.63

1.0 0.50 5.46 8.39 1.0 0.20 5.46 6.50
1.0 0.20 2.73 5.31 1.0 0.05 2.73 3.25
1.0 0.05 2.73 2.65

TABLE I. (Continued).

Energy
~kcal/mol!

k
~ps21!

Dxmax
1 ~cm21!

FFT Eq.~58!
Energy

~kcal/mol!
k

~ps21!
Dxmax

1 ~cm21!
FFT Eq.~58!

D540.7985 kcal/mol,
b54.2728 Å21

m57.47 amu

D560.000 kcal/mol,
b52.1364 Å21

m57.47 amu

20.0 1.00 84.55 88.28 20.0 1.00 49.09 53.01
20.0 0.50 62.73 62.42 20.0 0.50 36.82 37.48
20.0 0.20 40.91 39.48 20.0 0.20 24.55 23.71
20.0 0.05 21.82 19.74 20.0 0.05 12.27 11.85

15.0 1.00 69.55 72.44 15.0 1.00 39.55 44.57
15.0 0.50 53.18 51.23 15.0 0.50 31.36 31.52
15.0 0.20 34.09 32.40 15.0 0.20 20.45 19.93
15.0 0.05 17.73 16.20 15.0 0.05 10.91 9.97

10.0 1.00 53.18 56.59 10.0 1.00 27.27 35.45
10.0 0.50 40.91 40.01 10.0 0.50 23.18 25.07
10.0 0.20 27.27 25.31 10.0 0.20 16.36 15.85
10.0 0.05 13.64 12.65 10.0 0.05 8.18 7.93

5.0 1.00 32.73 38.54 5.0 0.50 13.64 17.31
5.0 0.50 27.27 27.25 5.0 0.20 10.91 10.95
5.0 0.20 17.73 17.23 5.0 0.05 5.45 5.47
5.0 0.05 9.54 8.62

2.0 0.20 5.45 6.83
2.0 0.50 13.64 16.89 2.0 1.00 9.55 15.28
2.0 0.20 10.91 10.68 2.0 0.05 4.09 3.42
2.0 0.05 5.46 5.34

1.0 0.50 4.09 7.61
1.0 1.00 10.91 16.78
1.0 0.20 6.82 7.51
1.0 0.05 4.09 3.75
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cayed at the end of the acquisition. The net result is the fine
structure at the right of end ofB2 and its absence inB3 .

As an added note of interest, it is of some importance to
note that the electronic transient,A1 , is unaltered by the
variation ofB0. Since its origin is electronic rather than a
splitting of the nuclear spin states, it exhibits no CFM effect.
This observation suggests a method for identification of such
transients in a complex NMR spectrum. One simply removes
the field lock and takes an NMR spectrum withB0 varying.
All the NMR lines will broaden and split, but the electronic
transients will be unaffected. Once identified, they may be
safely subtracted from the NMR spectrum.

V. APPLICATIONS: ENERGY TRANSFER IN A
MATRIX AND IVR

As a first test, we have used the CFM effect to extract
the rate of energy transfer from a diatomic molecule to a
surrounding matrix cage of argon atoms at 12 K. This system
is sufficiently simple to permit a straightforward interpreta-
tion of the computed power spectrum. It also allows the en-
ergy transfer rate to be determined by standard methods15

unrelated to the CFM effect. This provides a benchmark
against which the CFM results may be tested.

The matrix model used in the calculations is a face-
centered cubic argon lattice containing 125 unit cells~666
atoms! in a 53535 arrangement along the principal axes of
the crystal with the center of mass at the origin. The center of
mass of the diatomic molecule is placed at the origin and the
molecule is randomly oriented relative to the lattice. The

matrix is then allowed to relax around the molecule to its
nearest local potential minimum by execution of a damped
trajectory15 of the matrix atoms. The diatomic bond potential
is described by a Morse potential, Eq.~10!, with D52.514
eV, b52.002 Å21, r e51.988 Å, andm517.4844 amu. The
potential energy of the matrix is taken to be a sum of pair-
wise Morse potentials whose parameters are taken from the
literature.2~b! The molecule-matrix interaction potential is
also written as a sum of pairwise Morse terms with param-
eters obtained using standard combining rules.16 Interactions
with the matrix bulk are simulated using the velocity reset
procedure developed by Riley, Coltrin, and Diestler.17 Ref-
erence 15 describes the procedures in more complete detail.

To investigate energy transfer rates from molecular vi-
bration to the phonon modes of the lattice, the diatomic mol-
ecule is given an initial vibrational energyE051.5 eV and
zero rotational energy. The initial vibrational phase is se-
lected randomly. Energy loss rate coefficients,ktraj , are ob-
tained from the slope of a decay plot of ln(E) versus time for
an ensemble of trajectories. Power spectra for the diatomic
are computed using an FFT method with 2 cm21 resolution.
The corresponding energy loss coefficient,k, is extracted
from the power spectrum of individual trajectories using Eq.
~58!. These rate coefficients are then averaged to obtain the
ensemble result which may be compared directly withktraj .

Figure 11 shows a typical power spectrum of the di-
atomic Morse oscillator for one trajectory. The CFM effect
produced by energy transfer to the lattice is obvious. The
general pattern of the fine structure is more complex than
that seen in the model spectra shown in Figs. 1, 6, 8, and 9.
This is due to the more complex potential of the matrix sys-
tem and to the fact that energy flow to the lattice is not
rigorously a first-order process. If we extractDxmax

1

from Fig. 11 and use Eq.~58! with K52/3, we obtain
k5(4.661.8)31024 t.u.21, where the error limits are com-
puted from the uncertainty in the spectral resolution. An
ensemble average of 20 trajectories yieldŝk&
5(3.361.6)31024 t.u.21. The slope of the energy decay

FIG. 10. Fourier transform NMR signals illustrating the CFM effect pro-
duced by varying the mainB field during the experiment. Trace labeled~A!
is the FID signal. Trace~B! is the corresponding power spectrum. Top:
Results obtained from HCCl3 (A2) and water (A3) in DCCl3. The signal
labeledA1 is an electronic transient. Bottom: An expanded view of the
HCCl3 signal.

FIG. 11. Power spectrum of a diatomic Morse oscillator matrix isolated in a
face-centered cubic argon lattice at 12 K. Potential parameters and model
description are given in the text.
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plot for these 20 trajectories givesktraj5~4.660.25!31024

t.u.21. The agreement between^k& andktraj is not surprising
since the error expected from the use of Eq.~58!, 625%, is
less than the uncertainty due to the limited spectral resolu-
tion.

We have also utilized the CFM effect to compute IVR
rate coefficients forcis-HONO. The potential surface devel-
oped by Chambers and Thompson18 is used in all calcula-
tions. The IVR rate subsequent to excitation of the NvO or
the O–H local mode is investigated by computation of an
ensemble-averaged energy decay plot and by averaging indi-
vidual rate coefficients obtained from the fine structure spac-
ings using Eq.~58!. Since the average IVR rates depend on
whether or notcis→trans isomerization occurs, the averages
are performed only over those trajectories which do not
isomerize.

Energy transfer out of a local NvO stretching mode was
studied by the computation of a batch of 100 trajectories.
The initial HONO internal states were prepared by random
insertion of zero-point energy into each of the six vibrational
modes with the rotational energy set to zero. Four additional
quanta of vibrational energy were then partitioned into the
normal mode corresponding to the NvO stretch. Phase av-
eraging was incorporated by a random selection of phase for
each normal mode. Subsequently, the vibrational energy was
scaled to a final value of 31.6 kcal/mol. At this stage, the
energy in the local NvO stretching mode was 17.6 kcal/mol.
Each trajectory was propagated for 12.82 ps or until
cis→trans isomerization occurred. A total of 47 trajectories
did not isomerize.

Figure 12~A! gives a typical power spectrum of the
NvO stretching coordinate. The average separation between
the first two fine structure peaks is 5.2 cm21 which corre-
sponds to a frequency of 0.001 59 t.u.21 or 0.156 ps21. This
spacing is marked by arrows in Fig. 12~A!. The NvO bond
potential is a Morse function withD5115.0195 kcal/mol
andb52.6228 Å21. The use of these values in Eq.~58! with
K52/3 gives an ensemble-averaged energy transfer rate co-
efficientk50.014 ps21. The energy decay plot obtained from
the 47 trajectories that did not isomerize is shown in Fig.
12~B!. The slope of the least-squares line givesk50.011
ps21. The difference between the results of the two methods
corresponds to 27% of the result obtained from the decay
plot.

Similar studies of IVR out of the local O–H stretching
coordinate were also executed. Energy transfer rate coeffi-
cients were computed from the results of 511 trajectories of
which 218 did not isomerize. In each trajectory, the total
energy in HONO was scaled to 32.6 kcal/mol with 22.0 kcal/
mol partitioned into the local O–H stretching mode. The
Morse parameters for the O–H bond areD578.8310 kcal/
mol andb52.4459 Å21. The ensembled-averaged IVR rate
coefficient obtained from the fine structure spacing using Eq.
~58! is 0.040 ps21. The slope of the energy decay plot yields
a value of 0.036 ps21.

The above results demonstrate that power spectrum line
shapes can be effectively used as probes of IVR rates. Com-
parison of rates extracted from line shapes and the slopes of

energy decay curves agree to within 27% for NvO relax-
ation and 11% for energy transfer from the O–H stretching
mode. These differences result from a combination of the
approximations made to obtain Eq.~58!, the limited spectral
resolution and the statistical errors present in the decay plots.

VI. APPLICATION: IVR IN SMALL MOLECULES

Equations~57! and ~58! will usually provide a suffi-
ciently accurate description of energy decay from a local
mode in systems possessing a heat bath or for large mol-
ecules containing many internal modes. In such systems, en-
tropy effects minimize the back transfer of energy to the
decaying mode. The result is a near exponential decay of
energy from the relaxing mode as predicted by Eq.~57!.
However, this type of relaxation is not expected for small,
isolated molecules containing only two or three vibrational
modes.

The internal energy in two or three mode systems gen-
erally exhibits a complex, oscillatory behavior. As the trajec-
tory explores phase space, the energy and instantaneous fre-
quencies evolve in a complex pattern that depends upon the
intramolecular potential and the initial conditions of the tra-
jectory. Under these conditions, Eqs.~57! and ~58! will not
provide a useful description of the energy transfer rates. Nev-
ertheless, we still expect to observe a CFM effect with the
band spacings related to the instantaneous frequency varia-
tions by Eq.~55!. This observation suggests that the present
methods can be effectively combined with the technique of
local frequency analysis developed by Martens, Davis, and

FIG. 12. ~A! Power spectrum obtained from a fast Fourier transform of the
time dependence of the NvO bond distance incis-HONO. The totalcis-
HONO internal energy is 31.6 kcal/mol of which 17.6 kcal/mol is initially
partitioned into the local NvO stretching coordinate. The arrows indicate
the two fine structure peaks considered in the calculation.~b! Ensemble-
averaged energy decay plot for the local NvO mode energy. The initial
local NvO mode energy is 17.6 kcal/mol. The totalcis-HONO internal
energy in all trajectories is 31.6 kcal/mol.
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Ezra19 and by McDonald and Marcus20 and Marcus, Hase
and Swamy21 in which fast Fourier transforms are performed
over short sequential segments of a long trajectory. These
transforms provide the temporal variation of the power spec-
trum band spacings which can then be directly related to the
instantaneous energy transfer rates using Eq.~55!.

As a simple illustration, we have applied these methods
to the analysis of energy transfer in the simple four-atom,
three-mode collinear system shown in Fig. 13. The Hamil-
tonian for this system is taken to be

H50.5(
i51

4

Pi
2/mi1V1~r 1!1V2~r 2!1V3~r 3!, ~59!

whereV(r ) is the Morse potential given by Eq.~10!. The
potential parameters and masses are given in Table II. In
effect,V3(r 3) functions as a coupling potential between two
local stretching modes. IfD3 is set to zero, the system re-
duces to two, independent Morse oscillators with no energy
transfer. We may therefore conveniently discuss the energy
flow in terms of two local mode energies,E1 andE2, where
we define

E250.5@P4
2/m41P3

2/m3#1V2~r 2! ~60!

with a similar definition forE1.
The energy transfer and power spectrum evolution have

been examined for a single trajectory in which the initial
state has Pi50 for all i , V1(r 1)5V3(r 3)50 and
V2(r 2)52.5 eV. Hamilton’s equations of motion were inte-
grated for a period of 2000 t.u.~1 t.u.50.010 19 ps!. The
temporal variation of the power spectra ofr 2 was computed
using a fast Fourier transform of a sliding window of 102.2
t.u. ~1.04 ps! that was moved along the trajectory in incre-
ments of 10 t.u.~0.1019 ps!.

Figure 14 shows the variation ofE2. For the first 1680
t.u. ~17.12 ps!, E2 oscillates rapidly about a mean value of
about 2.3 eV with very little net energy transfer out of the
mode. Around 1600 t.u.~16.30 ps!, the kinetic coupling has
increased sufficiently to facilitate energy transfer to mode
E1. At 1700 t.u.~17.32 ps! and beyond, we observe the large

amplitude, complex oscillations of the internal energy that
are frequently characteristic of small molecules.

Figures 15~A!–15~D! show computed power spectra for
the coordinater 2 obtained with the sliding window spanning
the time range shown in the figures. Figure 14~A! shows that
the power spectrum ofr 2 over the range 1019.6–1121.8 t.u.
is a single band centered at 0.225 t.u.21 ~737 cm21!. There is
no CFM splitting since there is effectively no net energy
transfer from the mode during this period of time. Figure
15~B! shows the power spectrum over the range 1638.6–
1740.8 t.u. during whichE2 varies from about 2.4 eV to
nearly zero. The CFM splitting of the power spectrum in-
duced by this energy transfer is obvious. Figures 15~C! and
15~D! illustrate the type of changes one sees in the power
spectrum as the system evolves.

Figures 16~A! and 16~B! illustrate how the temporal
variations of the band spacings resulting from the CFM ef-
fect may be used as a probe of the instantaneous energy
transfer rates. Figure 16~A! showsE2 over the time range
1700 to 1820 t.u. Figure 16~B! gives the computed values of
DXmax

1 over this same range. In this figure, the calculated
band spacing,DXmax

1 , is plotted as a function of the time
corresponding to the leading edge of the temporal window
across which the FFT is computed. Equation~55! indicates
that we expectDXmax

1 to vary with [dE/dt] 1/2. Consequently,
we expect to observe large band spacings over time intervals
during whichE2 is either increasing or decreasing rapidly
and small band spacings in ranges whereE2 remains rela-
tively constant. A straightforward comparison of Figs. 16~A!
and 16~B! shows that this correspondence is clearly present.
This is particularly true if the accuracy limits due to spectral
resolution~60.01 t.u.21! and the fact that the method effec-
tively averagesDXmax

1 over the spectral window are taken
into account.

Obviously, the CFM method is not as well suited to the
analysis of energy transfer in small systems as is the case for
large molecules or systems with large heat baths. Neverthe-

FIG. 13. Four-atom, collinear model and definition of coordinates.

FIG. 14. Temporal variation of the local mode energy,E2, defined by Eq.
~60! for the four-atom model shown in Fig. 13 with initial conditions as
described in the text. 1 time unit~t.u.! is 0.010 19 ps.

TABLE II. Potential parameters and masses for the four-atom, collinear
modelillustrated in Fig. 13. Masses:m15m25m35m4512.0 amu.

Parameter Mode 1 Mode 2 Mode 3

D 3.925 eV 3.925 eV 1.000 eV
r e 1.570 Å 1.570 Å 1.570 Å
b 1.6864 Å21 1.810 Å21 1.6864 Å21
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less, useful information can still be obtained by examination
of the CFM splittings computed using local frequency
analysis.19–21There is one caveat associated with the use of
local frequency analysis that should be considered. The spec-
tral window used to define the instantaneous power spectrum
must be long enough to yield sufficient spectral resolution
but short enough to ensure that the important dynamic events
occur on a time scale longer than the window length. If the
IVR rates are extremely large, it may not be possible to
simultaneously satisfy both of these conditions.

VII. SUMMARY

We have shown that a continuous frequency modulation
~CFM! of an oscillator produces a broadening of the corre-
sponding power spectrum band and the appearance of a
wealth of fine structure components. The characteristic fine
structure pattern is one of decreasing amplitude and spacing.
The CFM effect has been investigated for a series of model
oscillators that include harmonic systems with linear and ex-
ponential variation of the frequency without amplitude
damping, a harmonic system with exponential damping of
both the resonant frequency and the amplitude, and a Morse
oscillator whose kinetic energy is being exponentially
damped.

We have derived an analytic expression for the power
spectrum of a harmonic oscillator whose resonant frequency
is varying linearly with time. Excellent correspondence be-
tween the analytic transform and the numerically computed
power spectrum is demonstrated. Analysis of the CFM fine
structure using the analytic transform shows that the fine
structure peak-to-peak spacing scales with the square root of
the absolute value of the modulation rate and is independent
of the integration time. We suggest that the CFM effect is the
fundamental explanation of several previous empirical
observations3–6 concerning power spectra. The CFM effect
for a harmonic system with an exponentially modulated fre-
quency is found to be similar to that obtained for linear
modulation. The peak-to-peak fine structure spacing scales
approximately with the square root of the absolute value of
the modulation rate. However, the proportionality constant is
slightly larger than that obtained for linear modulation. Ex-
ponential damping of the oscillator amplitude is found to
produce a significant decrease in many of the power spec-
trum bands.

By using a Morse oscillator as a representative system,
we have shown that inter- or intramolecular energy transfer
can be expected to produce a CFM effect. We have devel-
oped an analytic expression relating the peak-to-peak fine
structure spacing to the Morse potential parameters, the ini-

FIG. 15. Power spectra of theE2 coordinater 2 defined in Fig. 13 for the trajectory whose initial conditions are defined in the text. 1 time unit~t.u.! is 0.010 19
ps. ~A! Spectral window is 1019.6 to 1121.8 t.u.~B! Spectral window is 1638.6 to 1740.8 t.u.~C! Spectral window is 1741.0 to 1843.2 t.u.~D! Spectral
window is 1843.4 to 1945.6 t.u.
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tial internal oscillator energy and an assumed first-order en-
ergy transfer rate coefficient. This expression is obtained by
assuming that the analytic result for a harmonic oscillator
with a linear modulation is transferable to the anharmonic
case. Numerical calculations suggest that the result has an
expected error of about625%.

An experimental example of the CFM effect is presented
using a modified NMR measurement. By removing the field/
frequency lock of the spectrometer and varyingB0 during the
experiment, a continuous variation in the resonant NMR fre-
quency is produced. NMR spectra of H2O and HCCl3 taken
under these conditions are found to exhibit the characteristic
CFM pattern. It is also shown that this method can provide a
useful tool for identifying electronic transients in an NMR
spectrum.

We have used the CFM effect to calculate the energy
transfer rate coefficient for a diatomic molecule isolated in a
cryogenic Ar matrix at 12 K. A 666-atom model of a face-
centered cubic argon matrix is used with pairwise Morse
potentials. The interaction between the diatomic and the lat-
tice is also represented by a pairwise sum. The diatomic
potential is a Morse function. Energy transfer rate coeffi-

cients for each trajectory are extracted from the fine structure
spacing of the numerically computed power spectrum of
r (t). These individual rate coefficients are averaged over an
ensemble of 20 trajectories for comparison with the en-
semble average obtained from the slope of a standard energy
decay plot. The two results differ by about 28%, which is
well within the combined error limits of the two calculations.

Similar results are obtained when power spectrum line
shapes are used to extract IVR rate coefficients for energy
transfer out of the NvO and O–H bonds incis-HONO. In
this case, the ensemble-averaged rate coefficients obtained
from line shapes agreed with those calculated from the
slopes of energy decay plots to within 27% and 11% for the
NvO and O–H stretching modes, respectively. We con-
clude that line shape analysis can be effectively used as a
probe of energy transfer rates in systems undergoing con-
tinuous frequency modulation.

It is noted that although IVR in small molecules is gen-
erally not exponential, CFM methods may be combined with
local frequency analysis to obtain a measure of the instanta-
neous energy transfer rates from the CFM band spacings
provided the time scale of the important dynamic events is
not short compared to the spectral window that must be em-
ployed to compute the power spectra. Application of this
combined procedure to a simple, four-atom collinear system
demonstrates that there is good correlation between the local
energy transfer rates inferred from the computed band spac-
ings and those obtained by direct computation of the tempo-
ral variation of the local mode energy.
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