1. NOTES ON MOLLIFIERS

Our objective is to evaluate
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We are interested in mollifiers with coefficients
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Here y = T so that logy = 0L; in the end any 6 < 4/7 is admissible. Also
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By Mobius inversion we have the approximate identity

Spvlap) ~ Y5 | 30 2L BV ) (g bl B V)

Blta L1+8
d<y h<y/d k<y/d
Now
bma(f, P, V) ay p(md) log" -5 p(md)h(md) log" -t
Z mita - log" Z T plta Zlog y Z mlta :
m<y/d r m<y/d m<y/d

1



2

The first term 1is

Z md) log /r'ar / /d)s y
PV 7 md s
10 gy mlte og y 2mi @) m5+1+‘)‘ srtl
Z rla, / (s + a)(y/d)* s
log" y 2mi @) Clas

/(logy/d
~ M(d) (aP(logy/d)+P< logy )) ‘

log y logy

We use the notation x = 4 and further z = y* to rewrite this as
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Proposition 1. using the notation u = 11(())gg§ we have
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The right side here can also be written as p(d)/logy times
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We have a lemma to help with the summation over d.

Lemma 1. Let v =c¢/L;

A= [ A0 de B = [ofePd = [ ) do

0
and

logy
Also, for any function G, let (T.G)(u) = e="“G(u). We have

P (M) 1

}wd)::%;j’(bgp>.

1 logy —cf(1—u
gy 2= e~ J, € TP du= (P T0)()
d<y
M@P(%ﬂﬂ | -
1 1ogy _9(1_)
~Y ¢ u d d = TCF 1
oo~ R ([ A ar) = ey
Finally

P () | 1w
Z ~ / P(u) (/ vfi(v) dv + // Ji(v1) fi(va) dvy dv2) du
logy d<y d 0 0 vitve<l—u
We multiply out the sum over d and apply the lemma. Let’s first consider
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By the lemma, this is asymptotic to
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Next let’s consider the cross terms
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The following lemma is useful for the next step.
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The contribution from the terms of ¥; have the shape fo G(u)R(u+€)S(u+n) du (applying
the above with £ and 7 replaced by ¢ and 0n); they give
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In the case that R =S =P and G = 1 we get
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There are two copies of this expression. In the case that R = S =V and G(u) = Fy(1 —
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We turn to ¥, and calculate (using the corollary with £ = —fv and 7 replaced by 6n) to
get
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2. ADDING IT ALL UP

We get
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Then we can write the above as
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3. PROOF OF LEMMA 2

Proof. First note that
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which can be rewritten as
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