
1. Notes on mollifiers

Our objective is to evaluate

H(f, P, V,Q) := Q
(
− 1

L

d

dα

)
Q
(
− 1

L

d

dβ

)
gf,P,V (α, β)

∣∣∣∣
α=0
β=0

where

α =
a

L
β =

b

L
L = log T ;

gf,P,V (α, β) :=
Σf,P,V (β, α)− e−(α+β)LΣf,P,V (−α,−β)

(α + β)

where

Σf,P,V (α, β) :=
∑
h,k≤y

bh(f, P, V )bk(f, P, V )(h, k)1+α+β

h1+αk1+β
.

We are interested in mollifiers with coefficients

bh(f, P, V ) = µ(h)

P( log y/h

log y

)
+
∑
p|h

f(γp)V
( log y/h

log y

)
where

γh :=
log h

log y
.

Here y = T θ so that log y = θL; in the end any θ < 4/7 is admissible. Also

P (x) =
M∑
m=1

amx
m V (x) =

N∑
n=1

bnx
n f(x) =

R∑
r=2

crx
r.

By Möbius inversion we have the approximate identity

Σf,P,V (α, β) ∼
∑
d≤y

1

d

∑
h≤y/d

bhd(f, P, V )

h1+α

∑
k≤y/d

bkd(f, P, V )

k1+β

 .

Now∑
m≤y/d

bmd(f, P, V )

m1+α
=

∑
r

ar
logr y

∑
m≤y/d

µ(md) logr y
md

m1+α
+
∑
r

br
logr y

∑
m≤y/d

µ(md)h(md) logr y
md

m1+α
.

1
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The first term is∑
r

ar
logr y

∑
m≤ y

d

µ(md) logr y
md

m1+α
=

∑
r

r!ar
logr y

1

2πi

∫
(2)

∑
m

µ(md)

ms+1+α

(y/d)s

sr+1
ds

∼ µ(d)
∑
r

r!ar
logr y

1

2πi

∫
(2)

(s+ α)(y/d)s

sr+1
ds

∼ µ(d)

(
αP
( log y/d

log y

)
+
P ′
( log y/d

log y

)
log y

)
.

We use the notation x = y
d

and further x = yu to rewrite this as

µ(d)

log y
(aθP (u) + P ′(u))

so that ∑
h≤y/d

µ(md)P (γmd)

h1+α
=

µ(d)

log y

d

dξ
eaθξP (u+ ξ)

∣∣∣∣
ξ=0

.

Next, we evaluate

∑
m≤ y

d

µ(md)h(md)V
(

log y
md

log y

)
m1+α

∼ µ(d)h(d)
∑
m≤ y

d

µ(m)V
(

log y
md

log y

)
m1+α

+µ(d)
∑
m≤ y

d

µ(m)h(m)V
(

log y
md

log y

)
m1+α

.

The first term is

µ(d)h(d)

log y

d

dξ
eaθξV (u+ ξ)

∣∣∣∣
ξ=0

.

The second term is

−µ(d)
∑
p≤ y

d

f
(

log p
log y

)
p1+α

∑
m≤ y

pd

µ(m)V
(

log y
pmd

log y

)
m1+α

∼ −µ(d)

log y

∑
p≤ y

d

f
(

log p
log y

)
p1+α

d

dξ
eaθξV

( log y
pd

log y
+ ξ
)∣∣∣∣∣
ξ=0

∼ −µ(d)

log y

d

dξ
eaθξ

∫ u

0

e−aθvf(v)V (u− v + ξ)
dv

v

∣∣∣∣
ξ=0

.

Proposition 1. using the notation u =
log y

d

log y
we have∑

h≤y/d

bhd(f, P, V )

h1+α
∼ µ(d)

log y

d

dξ
eaθξ
(
P (u+ ξ) + h(d)V (u+ ξ)−

∫ u

0

V (u− v + ξ)f(v)e−aθv
dv

v

)∣∣∣∣
ξ=0
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The right side here can also be written as µ(d)/ log y times

aθ(P (u) + h(d)V (u)) + P ′(u) + h(d)V ′(u)− V (u)f1(0)−
∫ u

0

e−aθvV (u− v)f ′1(v) dv

where f1(v) = f(v)
v

. We may assume that f1(0) = 0; this is then

µ(d)

log y

(
d

dξ
eaθξ
(
P (u+ ξ) + h(d)V (u+ ξ)

)∣∣
ξ=0
−
∫ u

0

V (u− v)f ′1(v)e−aθv dv

)
Proposition 2. We have Σf,P,V (α, β)

=
1

log2 y

∑
d≤y

µ2(d)

d

(
d

dξ
eaθξ
(
P (u+ ξ) + h(d)V (u+ ξ)

)∣∣
ξ=0
−
∫ u

0

V (u− v)f ′1(v)e−aθv dv

)
×
(
d

dη
ebθη
(
P (u+ η) + h(d)V (u+ η)

)∣∣
η=0
−
∫ u

0

V (u− w)f ′1(w)e−bθw dw

)
We have a lemma to help with the summation over d.

Lemma 1. Let γ = c/L;

F1(u) =

∫ u

0

f1(v) dv F2(u) =

∫ u

0

vf1(v)2 dv F3(u) =

∫ u

0

(f1 ? f1)(v) dv

and

h(d) =
∑
p|d

f

(
log p

log y

)
.

Also, for any function G, let (TcG)(u) = e−cθuG(u). We have

1

log y

∑
d≤y

P
(

log y/d
log y

)
d1+γ

∼
∫ 1

0

e−cθ(1−u)P(u) du = (P ? Tc1)(1);

1

log y

∑
d≤y

h(d)P
(

log y/d
log y

)
d1+γ

∼
∫ 1

0

e−cθ(1−u)P(u)

(∫ 1−u

0

f1(v) dv

)
du = (P ? TcF1)(1).

Finally

1

log y

∑
d≤y

h2(d)P
(

log y/d
log y

)
d

∼
∫ 1

0

P(u)

(∫ 1−u

0

vf 2
1 (v) dv +

∫∫
v1+v2≤1−u

f1(v1)f1(v2) dv1 dv2

)
du

= (P ? (F2 + F3))(1).

We multiply out the sum over d and apply the lemma. Let’s first consider

1

log y

∑
d≤y

µ2(d)

d

(
P (u+ ξ) + h(d)V (u+ ξ)

)(
P (u+ η) + h(d)V (u+ η)

)
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By the lemma, this is asymptotic to

Σ1(ξ, η) :=

∫ 1

0

P (u+ ξ)P (u+ η) du

+

∫ 1

0

(
P (u+ ξ)V (u+ η) + V (u+ ξ)P (u+ η)

) ∫ 1−u

0

f1(v) dv du

+

∫ 1

0

V (u+ ξ)V (u+ η)

(∫ 1−u

0

vf 2
1 (v) dv +

∫∫
v1+v2≤1−u

f1(v1)f1(v2) dv1 dv2

)
du

Next let’s consider the cross terms

1

log y

∑
d≤y

µ2(d)

d

(
P (u+ ξ) + h(d)V (u+ ξ)

) ∫ u

0

V (u− w)f ′1(w)e−bθw dw

and

1

log y

∑
d≤y

µ2(d)

d

∫ u

0

V (u− v)f ′1(v)e−aθv dv
(
P (u+ η) + h(d)V (u+ η)

)
The first is asymptotic to Σ2(b, ξ) and the second to Σ2(a, η) where

Σ2(a, η) :=

∫ 1

0

∫ u

0

V (u− v)f ′1(v)e−aθv dv

(
P (u+ η) + V (u+ η)

∫ 1−u

0

f1(w) dw

)
du

Finally we have

1

log y

∑
d≤y

µ2(d)

d

∫ u

0

V (u− v)f ′1(v)e−aθv dv

∫ u

0

V (u− w)f ′1(w)e−bθw dw

By the lemma this is asymptotic to

Σ3(a, b) :=

∫ 1

0

∫ u

0

V (u− v)f ′1(v)e−aθv dv

∫ u

0

V (u− w)f ′1(w)e−bθw dw du

The following lemma is useful for the next step.

Lemma 2.

ebξ+aη − e−(a+b)e−aξ−bη

a+ b
= e−aξ−bη

∫ 1

0

e−(a+b)x dx+ (ξ + η)

∫ 1

0

ea(η(1−x)−ξx)+b(ξ(1−x)−ηx) dx

Corollary 1.

Q

(
− d

da

)
Q

(
− d

db

)
ebξ+aη − e−(a+b)e−aξ−bη

a+ b

∣∣∣∣
a=0
b=0

=

∫ 1

0

Q(x+ ξ)Q(x+ η) dx+ (ξ + η)

∫ 1

0

Q(ξx− η(1− x))Q(ηx− ξ(1− x)) dx
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The contribution from the terms of Σ1 have the shape
∫ 1

0
G(u)R(u+ξ)S(u+η) du (applying

the above with ξ and η replaced by θξ and θη); they give

Q

(
− d

da

)
Q

(
− d

db

)
1

θ

d

dξ

d

dη

∫ 1

0

G(u)R(u+ ξ)S(u+ η) du
ebθξ+aθη − e−a−be−aθξ−bθη

a+ b

∣∣∣∣
ξ=η=0
a=b=0

=
1

θ

d

dξ

d

dη

∫ 1

0

G(u)R(u+ ξ)S(u+ η) du

(∫ 1

0

Q(x+ θξ)Q(x+ θη) dx

+θ(ξ + η)

∫ 1

0

Q(θ(ξx− η(1− x)))Q(θ(ηx− ξ(1− x))) dx

)∣∣∣∣
ξ=η=0

which simplifies to

θ

∫ 1

0

R(u)S(u)G(u) du

∫ 1

0

Q′(x)2 dx+
1

θ

∫ 1

0

R′(u)S ′(u)G(u) du

∫ 1

0

Q(x)2 dx

+
Q(0)2 +Q(1)2

2

∫ 1

0

(
R(u)S ′(u) +R′(u)S(u)

)
G(u) du

In the case that R = S = P and G = 1 we get

θ

∫ 1

0

P (u)2 du

∫ 1

0

Q′(x)2 dx+
1

θ

∫ 1

0

P ′(u)2 du

∫ 1

0

Q(x)2 dx

+
Q(0)2 +Q(1)2

2
P (1)2.

In the case that R = P , S = V and G(u) = F1(1− u) we get

θ

∫ 1

0

P (u)V (u)F1(1− u) du

∫ 1

0

Q′(x)2 dx+
1

θ

∫ 1

0

P ′(u)V ′(u)F1(1− u) du

∫ 1

0

Q(x)2 dx

+
Q(0)2 +Q(1)2

2

∫ 1

0

(PV )′(u)F1(1− u) du.

There are two copies of this expression. In the case that R = S = V and G(u) = F2(1 −
u) + F3(1− u) we get

θ

∫ 1

0

V (u)2(F2(1− u) + F3(1− u)) du

∫ 1

0

Q′(x)2 dx

+
1

θ

∫ 1

0

V ′(u)2(F2(1− u) + F3(1− u)) du

∫ 1

0

Q(x)2 dx

+(Q(0)2 +Q(1)2)

∫ 1

0

V (u)V ′(u)(F2(1− u) + F3(1− u)) du
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We turn to Σ2 and calculate (using the corollary with ξ = −θv and η replaced by θη) to
get

1

θ
Q

(
− d

da

)
Q

(
− d

db

) d
dη
ebθηΣ2(a, η)− e−a−b d

dη
eaθηΣ2(b, η)

a+ b

∣∣∣∣
a=b=0
η=0

=
1

θ
Q

(
− d

da

)
Q

(
− d

db

)
d

dη

∫ 1

0

∫ u

0

V (u− v)f ′1(v)(P (u+ η) + V (u+ η)F1(1− u))

×e
aθη−bθv − e−a−be−bθη+aθv

a+ b
dv du

∣∣∣∣
a=b=0
η=0

=
1

θ

d

dη

∫ 1

0

∫ 1

0

∫ u

0

V (u− v)f ′1(v)(P (u+ η) + V (u+ η)F1(1− u))

×
(
Q(x− θv)Q(x+ θη) + θ(η − v)Q(−θvx− θη(1− x))Q(θηx+ θv(1− x))

)
dx

∣∣∣∣
η=0

where

F1(u) =

∫ u

0

f1(v) dv.

The above evaluates to

1

θ

∫ 1

0

∫ 1

0

(P ′(u) + F1(1− u)V ′(u))

∫ u

0

V (u− v)f ′1(v)Q(x)Q(x− θv) dv dx du

−
∫ 1

0

∫ 1

0

(P (u) + F1(1− u)V (u))

∫ u

0

V (u− v)vf ′1(v)xQ(−θvx)Q′(θv(1− x)) dv du dx

−
∫ 1

0

∫ 1

0

(P (u) + F1(1− u)V (u))

∫ u

0

V (u− v)vf ′1(v)(1− x)Q′(−θvx)Q(θv(1− x)) dv du dx

+

∫ 1

0

∫ 1

0

∫ u

0

((
P (u) + V (u)F1(1− u)

)
f ′1(v)V (u− v)

(
Q(θv(1− x))Q(−θvx) +Q(x− θv)Q′(x)

)
+
(
P ′(u) + V ′(u)F1(1− u)

)
f ′1(v)V (u− v)Q(θv(1− x))Q(−θvx)

)
dv du dx

There are two copies of this expression.
If we apply the corollary (with ξ = −θv, η = −θw) to Σ3 we have

1

θ
Q

(
− d

da

)
Q

(
− d

db

)
Σ3(b, a)− e−a−bΣ3(−a,−b)

a+ b

∣∣∣∣
a=b=0

=
1

θ

∫ 1

0

∫ 1

0

∫ u

0

∫ u

0

V (u− v)f ′1(v)V (u− w)f ′1(w)

(
Q(x− θv)Q(x− θw)

−θ(v + w)Q(−θvx+ θw(1− x))Q(−θwx+ θv(1− x))

)
dv dw du dx
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2. Adding it all up

We get

θ

∫ 1

0

P (u)2 du

∫ 1

0

Q′(x)2 dx+
1

θ

∫ 1

0

P ′(u)2 du

∫ 1

0

Q(x)2 dx+
Q(0)2 +Q(1)2

2
P (1)2

+2θ

∫ 1

0

P (u)V (u)F1(1− u) du

∫ 1

0

Q′(x)2 dx+
2

θ

∫ 1

0

P ′(u)V ′(u)F1(1− u) du

∫ 1

0

Q(x)2 dx

+2
Q(0)2 +Q(1)2

2

∫ 1

0

(PV )′(u)F1(1− u) du

+θ

∫ 1

0

V (u)2(F2(u) + F3(u)) du

∫ 1

0

Q′(x)2 dx+
1

θ

∫ 1

0

V ′(u)2(F2(u) + F3(u)) du

∫ 1

0

Q(x)2 dx

+
Q(0)2 +Q(1)2

2

∫ 1

0

2V (u)V ′(u)(F2(u) + F3(u)) du

+
2

θ

∫ 1

0

∫ 1

0

(P ′(u) + F1(1− u)V ′(u))

∫ u

0

V (u− v)f ′1(v)Q(x)Q(x− θv) dv dx du

+2

∫ 1

0

∫ 1

0

(P (u) + F1(1− u)V (u))

∫ u

0

V (u− v)f ′1(v)
d

dv
Q(−θvx)Q(θv(1− x)) dv du dx

+2

∫ 1

0

∫ 1

0

∫ u

0

((
P (u) + V (u)F1(1− u)

)
f ′1(v)V (u− v)

(
Q(θv(1− x))Q(−θvx) +Q(x− θv)Q′(x)

)
+2
(
P ′(u) + V ′(u)F1(1− u)

)
f ′1(v)V (u− v)Q(θv(1− x))Q(−θvx)

)
dv du dx

+
1

θ

∫ 1

0

∫ 1

0

∫ u

0

∫ u

0

V (u− v)f ′1(v)V (u− w)f ′1(w)

(
Q(x− θv)Q(x− θw)

−θ(v + w)Q(−θvx+ θw(1− x))Q(−θwx+ θv(1− x))

)
dv dw du dx

Let

W (u) = P (u) + V (u)F1(1− u)

and

E(u) = F2(1− u) + F3(1− u)− F1(1− u)2.
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Then we can write the above as

θ

∫ 1

0

(W (u)2 − E(u)) du

∫ 1

0

Q′(x)2 dx

+
1

θ

∫ 1

0

(W ′(u)2 − E(u)) du

∫ 1

0

Q(x)2 dx+
Q(0)2 +Q(1)2

2
P (1)2

+(Q(0)2 +Q(1)2)

∫ 1

0

P (u)V (u)f1(1− u) du

+(Q(0)2 +Q(1)2)

∫ 1

0

V (u)2((1− u)f1(1− u)2 + (f1 ? f1)(1− u)) du

+
2

θ

∫ 1

0

∫ 1

0

(W ′(u) + V (u)f1(1− u))

∫ u

0

V (u− v)f ′1(v)Q(x)Q(x− θv) dv dx du

+2

∫ 1

0

∫ 1

0

∫ u

0

W (u)V (u− v)f ′1(v)
d

dv
Q(−θvx)Q(θv(1− x)) dv du dx

+2

∫ 1

0

∫ 1

0

∫ u

0

(
W (u)V (u− v)f ′1(v)

(
Q(−θvx)Q(θv(1− x)) +Q(x− θv)Q′(x)

)
+2(W ′(u) + V (u)f1(1− u))f ′1(v)V (u− v)Q(θv(1− x))Q(−θvx)

)
dv du dx

+
1

θ

∫ 1

0

∫ 1

0

∫ u

0

∫ u

0

V (u− v)f ′1(v)V (u− w)f ′1(w)

(
Q(x− θv)Q(x− θw)

−θ(v + w)Q(−θvx+ θw(1− x))Q(−θwx+ θv(1− x))

)
dv dw du dx

3. Proof of Lemma 2

Proof. First note that

ebξ+aη − e−aξ−bη

a+ b
= (ξ + η)

∫ 1

0

ea(η(1−x)−ξx)+b(ξ(1−x)−ηx) dx

This can be rewritten as

ebξ+aη = e−aξ−bη + (a+ b)(ξ + η)

∫ 1

0

ea(η(1−x)−ξx)+b(ξ(1−x)−ηx) dx

so that

ebξ+aη − e−(a+b)e−aξ−bη

a+ b
=

e−aξ−bη(1− e−(a+b))
a+ b

+(ξ + η)

∫ 1

0

ea(η(1−x)−ξx)+b(ξ(1−x)−ηx) dx
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which can be rewritten as

e−aξ−bη
∫ 1

0

e−(a+b)x dx+ (ξ + η)

∫ 1

0

ea(η(1−x)−ξx)+b(ξ(1−x)−ηx) dx

�


