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ON THE BALAZARD-SAIAS CRITERION
FOR THE RIEMANN HYPOTHESIS

J. B. CONREY AND G. MYERSON

1. INTRODUCTION

Recently, Balazard and Saias [BS2] have shown that

2
dt =0

lim inf

> |1—=¢(5 +it)Dn (3 +it)
N—>ooDN/ ' )

1
§+Zt

— 0

implies the Riemann Hypothesis, where

ranges over all Dirichlet polynomials of length V.
It is natural that one may wish to investigate this integral taking for Dy a partial sum
of the Dirichlet series for 1/((s),
Z p(n) '
nS

n<N

However, this choice has some deficiencies, mainly due to the sharp cutoff of the sum at NV,
and it is known that this choice does not lead to the desired conclusion.
A Dbetter choice is Dy = My where

log(N/n)
p(n) Tog N by
n<N n<N

M has its origins in the works of Selberg and is the mollifier used in Levinson’s work on
critical zeros of the Riemann zeta-function. Recently, Conrey and Farmer (in preparation)
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have shown that if the Riemann Hypothesis is true and if the zeros of ((s) are separated
from each other, in the sense that there is a 6 > 0 such that for each zero p the derivative
of ( satisfies

o' °1¢ (p)| > 1,

then
lim dt = 0.
N—oo | _

o '1 — C(L +it) My (L +it) '2
5 +it

o0

It is not difficult to deduce by the criterion of Balazard and Saias that the Riemann
Hypothesis follows from

2
dt =1.

1 /°° ‘c(% +it)Mn (L +it)
5 +it

(Square out the integrand and use Cauchy’s theorem to evaluate the easy terms that arise.)

Proposition 1. We have

1 )q% +it) My (3 +it) |2 o /OO‘ 3 bo{nu} | du
27 ) oo  + it A = n u?
where
{z} =2 —[7]
is the fractional part of x.
Proof. The left side is
bnb
> T F(h/k)
hk<N
where | .
F(.’E) - (S)C( B 8) 78 dS;
2mi (L) s(1—s)
the notation (4) stands for the vertical path from 1 —ico to 3 + ico. Now F may be

expressed as a convolution

where
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and
1 (1 —ys)

1
= — _Sd = —(— .
900 = 57 oy, ST A = gl )

By a change of variable
F(h/k) = / {hu}{ku} L
and the proposition follows.

Thus, it is natural to ask about the series

log(N/n) {na}

(1> WN(a> _ Z /J’( ) log N

n
n<N

In this paper we show in Theorem 1 that

lim Wi (a) = —S0(27)

N—o0 s

/OO sin(27u) 2 du ]
0 ™ u?

but see Remark 1 after Theorem 2.

This research was carried out while the first author was visiting Macquarie University.
He thanks the Department of Mathematics at Macquarie University for its hospitality
during a very pleasant visit.

uniformly for all real a.
We remark that

2. HEURISTICS AND STATEMENTS OF THEOREMS

The series in (1) breaks up into Wy (a) = Un(a) — 1OgNVN( «) where

= 3 M)

and

0= u(n>{n§} logn.
n<N

To motivate our work we observe that by the prime number theorem,

n=1
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so that
n)yY(no
) Un(a) = 3 HE0A) )
where the saw-tooth function ¢ (x) is defined to be zero at integer arguments and

w<x>=x—m_1/2:_zw

for non-integral x. If we naively insert this series for ¢ (x) into the sum in (2) and group
terms with mn = k we are led to guess that

i p(n)(na) _ i p(n) i sin(2rmna)

n=1 m=1

= sin(27ka) 1.
=— 2 — % pu(k) = = sin(2mav).

The series involved are only conditionally convergent so that the interchange of sum-
mation is not easily justified.

In [D1] and [D2], Davenport addressed the question of the convergence of Uy (). In
the first paper, he showed that

lim Un(a) = —% sin(2ma)
for almost all a. In the second paper, after Vinogradov’s methods were developed, he
showed that the formula is true for all real o and the convergence is uniform. In 1976
S. Segal [S] showed how to derive the formula from a Mellin transform. His method does
not seem to show that the convergence is uniform.
A similar argument for

Z wu(n log ny(na)
n<N

leads one to guess that

lim Vy(a

N—oco

i ) sin 27rna)

Davenport did not address this particular series. Segal’s theorem is rather general and
shows that the identity above holds in the sense that if either side converges, then so does
the other side and to the same value.

It is the goal of this paper to prove
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Theorem 1. Let
)10g(1V/n) {na}

i p(n logN
n=1
Then, .
Nhjnoo Wi(a) = — Sm(72r7ra)

uniformly for all real c.

In order to do accomplish this goal, we need the following result, which is of independent
interest (see Remark 2).

Theorem 2. The series

i ) sin 27rna)
converges for all real oc. The convergence is bounded in the sense that there is an absolute
constant ¢ > 0 such that the partial sums

A(n)sin(2mna
3 (n) sin( )

™

C

n<N
for all N and .

Remark 1. We cannot conclude that the Riemann Hypothesis holds because we cannot
show that

L5~ >1°%§;%”>{nu} _sin(2ru)
UQ n<N ﬂ-U/Q

uniformly. In fact, one can see that if 0 < v < 1/N then

5 p(n) 222 fnu} 3 e /)
n N log N

n<N n<N

so that the integral from 0 to 1/N of the square of this expression is just

LIS iy oB0/) i

log N

n<N

The sum over n has an explicit formula; it is

1 N* ds NP
5 = 1
2milog N () C(s)s2  logN Zp: C'(p)p2 +o(1),
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say, on assuming that the zeros are simple and that |¢’(p)p| > |p|° for some § > 0 (the
integral is from ¢ — ico to ¢ + ico where ¢ > 1). In this case the series is absolutely
convergent and the size of the sum depends on sup, |[N?|. If the Riemann Hypothesis is

true, this series is bounded uniformly by N'/2 from which it follows that

o n 1/2

N log N log N

and so the integral from 1 to 1/N is < 1/ log® N. The upshot is that handling the integral
over this beginning range clearly depends on the Riemann Hypothesis.

Remark 2. The function T'(«) seems to be rather interesting. It appears to be con-
tinuous at all irrationals, and to have a jump discontinuity at a/q, with a jump on either
side of size $/(q)/¢(q) and to satisfy

a) — lim 1 a_ 1 a_ 1
7(3) = Jim 3(T(5+3)+7(5-3))-
However, we have not proven these assertions.

3. PRELIMINARIES

In Davenport’s paper it is remarked that it is easy to use the theory of L-functions to
show that

. 1.
Jim Un(a/q) = ——sin(2ma/q)
for rational a/q. He does not give the proof. Though it is strictly speaking not needed for

what we do, we believe that it is instructive nevertheless. Thus, we will show, using the
theory of L-functions,

Proposition 2. If (a,q) =1, then

{na/q} _ —sin(2ma/q)

. L p(n)
i, Uve/a) = Jim 3

For a Dirichlet character X modulo ¢ the Dirichlet L-function is defined for s = o + it
with ¢ > 1 by

n

Lis ) =3 X

If ¢ > 1, then L(s,X) can be analytically continued as an entire function. If ¢ = 1, then
L(s,X) = ((s) has a simple pole at s =1 but is analytic everywhere else.
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Proposition 3. If (a,q) =1, then
3 p(n 1ogmlf (na/q)

lim
N—oco

n<N

1 sin 27rapk q
D DR ECAIRIE Bt gt
WZ¢(Q) Xmodq plgq k=1 P
Xodd

Proposition 4. If (a,q) =1, then

> in(2mwan a)T(X) L' >, sin(2rap”
$™ AmsinCran/e) _ 15~ X@rUE | sy S sinnatfo)

. L k
n=1 " ¢(Q) Xmodq ! plq k=1 p

X odd

Remark It is not difficult to give a finite expression for £ (1 X), namely

r 5 a—1X(a)logT'(%)
—(1,x) = log2m + — + 1

where v is Euler’s constant.
We also need

Proposition 5. There is an absolute constant ¢; > 0 such that the sums V() satisfy
V(o) < e
for all N > 1 and all c.

The basic idea of the proofs of Propositions 2 — 4 is to use the fact that {na/q} is
a periodic function of n with period q. We capture the arithmetic progressions modulo
divisors of ¢ by using characters, and eventually we arrive at an expression involving
Dirichlet L-functions for odd characters at the special values 0 and 1. We make use of the
functional equation for the L-function to arrive at the result.

We can express L(s,X) in terms of the Hurwitz zeta-function, defined for o > 0 and
o >1by

oo

1
((s,a) = Z hrar

n=0

The formula is
q
L(s,X) = q > _ X(a)(s,b/q).
b=1

Since ((0,b/q) = 1/2 —b/q (see [WW], section 13.21) we have

= 3 X(B)(1/2 - b/a).
b=1
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Lemma 1. Let x be a primitive character. Then

700 if X is odd
L(O’Y)L(LX)_I - { OM z;ii Z Zven

Proof. 1f X is an even primitive character and ¢ > 1, then

1 q
X)=—=> bx(b) =
q b=1
If ¢ =1, then
LL,x)"t=¢(1)"t=o.

Thus, the formula is true if X is even.
If X is an odd primitive character, then L(s, X) satisfies the functional equation (see [D])

s
—lo_g5) lio_g —s V2 gz 1 5 (s s
T é(2 )q%(Q )F (QT) L(l — S,X) = %7‘( é( +1)qé( +1)F( —51) L(S,X)

where 7(X) is the Gauss sum

Z X(b)e(b/q)
2mix

with the usual notation e(x) = e*™"*. We put s = 0 into this formula, and use the facts
I'(1/2) = 7'/2 and

to obtain the formula in this case.

Lemma 2. For (a,q) =1 we have

1 N .
i¢(q) x%iqx(amx) = sin(2ma/q).
Xodd
Proof. We have
1 1 B
(g szqu(a)T(X) ~ 2ig(q) XmZOdq (X(a) =X(=a)) 7(X)
Xodd
1 q
- e(b
2i6(9) szodq< —a) 2_XO)e(v/a)
1 d B
= 2i(q) &= e(b/q) XmZOqu(b) (X(a) — X(~a))

= 5 (e(a/q) — e(~a/q)) = sin(2ma/q).
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4. PROOFS

Proof of Proposition 2. Let

By (2), this is equal to Unx(a/q) + o(1). Then

We let g = (n,q). Then

/9

Untafe Z Z (Q/g) 2 @

b n<N
glg (b, q) 1 nEbr;od/(?z/g)
(n,9)=1

Since (b,q/g) = 1 we can express the congruence condition in the sum over n by using
characters modulo ¢/g. Thus, the sum over n is

¢><ql/g> > oy M

Xmod(q/g) n<N/g
(n,q/9)=1

We change variables in the sum over b and replace b by ba where aa = 1 (mod ¢/g). We
have

q/9
g s p(n)X(n)
Untala Z g ¢</> S @y row () 3 s

rnod(q/g) b=1 (RS/JV§91
n,q/9)=

The sum over b is —L(0,X). Thus,

> X(@)L0,X) > W

Xmod(q/g) n<N/g
(n,q/9)=1

B Usle/o= Zﬂg <z></>

Recall that L(0,X) = 0 if X is a non-principal character to an even modulus. So, we can
restrict the sum over X above to characters that are either odd or principal.
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The sum over n in (3) is

u
Z 27rz

n<N/g (c)

(na/g)=1
-1
L)' ] (1 . —p)

plg

[1,, 1 —=X()/p*) (N/9)* ds
L(s+1,X) s

by the prime number theorem for arithmetic progressions.
Thus, we now have

Ui (a/q) = Z”g - /) Z X(a)L(0,X)L(1,X) " + En(a/q)

Xodd

where Fn(a/q) — 0 as N — oo for fixed a and gq.
To further simplify the main term we use Lemma 1. But first we have to reduce to
primitive characters. If X mod ¢ is induced by X; mod ¢; where X is primitive, then

Lis0) =) [] (1—X1(p>).

pl(q/q1) p

Thus, we can write our main term as

—Z’“‘g ¢( 52 Y x X [T - X))

r|(a/9) Xercl)occilr plo&
—1 —1
_ X(p X(p)
L1, (1__) (1__)
o7 11 o) 11 .
pli5 plg
pte

where the * denotes that the sum is for primitive characters. We combine two of the
products and use Lemma 1 to rewrite the above as

_E%“g ¢(/ ) Z X [[a- ())H< —%)_1.

rl(a/g) XX odr plo plE

We exchange the orders of summation of g and r and expand one of the products to see
that the above is

- - w(g)
i Z Z 11 (1 - —> ZM(d)X(CDg ri 99(a/g)

r\q Xmodr p|2 d| 2
Xodd




ON THE BALAZARD-SAIAS CRITERION FOR THE RIEMANN HYPOTHESIS

The sum over g is

2( a r
{ a q(q;"(dq)) ¢ (rd,q/rd) =1
0 if (rd,q/rd) > 1
Thus, the sum over d is

> adddu® (L)

d| ¢
(rd,q/rd)=1

11

If (r,q/r) > 1, then this sum is 0 because if p | 7 and p | ¢/r, then p | d (since otherwise
p | -%), but then X(d) = 0 since X is a character modulo r. Moreover, the sum is 0 if ¢/r
is not squarefree: for if p? | 4, then p? | d implies p?(d) = 0, p || d implies (d, ¢/rd) > 1,

and p 1 d implies p?(q/rd) = 0.
Thus, our main term can be rewritten as

g £ () o (- 22) oo

r|q Xmodr p|2 p p| e

(r,q/T)=1 X odd

Now

= —pX(p)

1 - Xo pX(p)

so that the products over p reduce to

()
_“ —
roo\r
Thus, our main term can now be written as
1 * q\ - [/ q —
— X (1) % (2) )
s Y X x@n (D)X (9

rlq Xmodr
(r,q/r)=1 Xodd

1—pX(p)  pX(p) — p?
— X(p)?

=

()

Now if X mod ¢ is induced by X; mod r then 7(X) =0 if (r,q¢/r) > 1 or if u(q/r) = 0. If

(r,q/r) =1 and q/r is squarefree, then
q q
0 = () () rea).
00 = (£ (4) 7001)
Thus, the above expression for our main term simplifies to

LS X(a)r(R).

wip(q) \ T
Xodd
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Now
> Xayr( =5 3 (@) - X(~a)7(X)
N Amoda

Also,

Y x@r(x)= ) ZY e(b/q) = ¢(q)e(a/q).

Xmodg Xmodgq b

Thus, the main term reduces to

as desired.

Proof of Proposition 3. We reduce this Proposition to several instances of Proposition 2.
To do this, we write

Wtoe) = 3 P08 (@G)Y (100) | o~ ot log(n, )0 (nag

n
n n
n<N n<N
= X1+ Yo

say. We handle ¥; much as in the proof of Proposition 2. We split the range of summation
into arithmetic progressions b mod ¢ and split further according to the greatest common
divisor g = (b,q) = (n, q). Thus, we arrive at

Mg 1 ; — u(n)Xx(n)logn
QZ; g o) o 0N 2 PR

n<N/g
(n,q/9)=1
Now
wu(n logn _d -1
Z = —-L(s,XXo,) »
(n, g) 1
L/
L(1,X) 1H< ) —(1,XXo,):
plg

where X 4 is the principal character modulo g. We can replace the sum over n with this
expression and have exactly the same error term Fx(q) as in Proposition 2.



ON THE BALAZARD-SAIAS CRITERION FOR THE RIEMANN HYPOTHESIS 13

We reduce to primitive characters and use Lemma 1, much as before. The main term
of 3 is then

Ly - S s ;‘(E”)E(l,xx(),w

rlg Xmodr p|
Xodd

~

This term can now be treated exactly as in the proof of Proposition 2. It leads to a
contribution of

1 — L
— E T(X)X(a)—(1,X).
) L
X modgq
To treat X9 we use the formula

logn = Z A(s)

s|n

Thus,

Z 1(n) log(n Q)w(naQ)

n<N
n<N slwq
(sn)y (snaq)
=Y Afs) a .
szq ngZN/s o

Clearly, s must be a prime divisor of q. We change s to p and have

Z log p Z p(n napq)

plq n<N/p
pin

Now, for any positive integer k let

=2 l:lp’“ v <me )

n<x
pin
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Then,

n<x
pln
1 sin(2map® 1 n anpktl
__ 2 ( kp /Q)+O(_k)+z M(k+)1¢( P )
T p pk) = mp q
pin

_ 1sin(2map®/q)
. +o(1) +r(k+1).

If we apply this relation repeatedly, we end up with
= sin(27wap®/q)
plg =

Thus, we have proved Proposition 3.

Proof of Proposition 4. We have

() Z A(n) sin(2man/q) Z A(n) sin(2man/q) N Z A(n) sin(2man/q)

n

n n
n=1 n<N n<N

(n,q)=1 (n,q)>1

and

Z A(n)sin(2ran/q) _ 1 Z X(a)7(X) Z A(n)X(n)

n<N " 10(0) oo, n<N
(n,q)=1 X odd
LS xa)r®E (1,0 + o)
i9(q) S~ L
modgq
X odd

To evaluate the second sum on the right side of (4) we observe that since A is supported on
prime powers, it must be the case that (n,q) is a power of a prime p, or else the sum is 0.
Thus, we can group the terms according to primes p dividing ¢. For a given p dividing ¢
the n for which p | (n,q) and A(n) # 0 are just n = p* for some k > 1. Therefore, the

second sum is -

sin(2map”) sin(2map”)

D logp > i~ D logp)  —
plq pF<N plq k=1

To prove Proposition 5 we use the ideas of Davenport [D1] and [D2] . First, we prove
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Lemma 3. We have

Z ,u logn

n<N
qln

ﬁ if ¢ < log" N
log N quZIOghN

Proof.
To prove this, note that the sum is

‘ Z p(n)log ng lognq

n<N
(q n) 1
Z u(n logq' Z p(n) logn logn
n<N
(qm) 1 (a.n)=1

The first term is O((log ¢)/q) for all ¢ by [D1] Lemma 1 and is O((log N)~") by Lemma
12 of [D2] for ¢ < log" N. So it suffices to bound

Z u logn

n<x
(g,n)=1

Note that

Y uld)logd = —A (nﬁ)

d|n a
(d,q)=1

where n, is that part of n which is coprime to g, i.e., ng, = Hpk||n,pfq p®. The n for which
A(n/ng) # 0 are those of the form n = dm where d € ¢> and A(m) # 0 (where ¢* is the
set of all integers all of whose prime factors divide ¢). Thus,

Z Z d)logd = — Z ZA(n)

n<x deq>® n< %
(d,q) 1
<Y T<ao] T4y
7 st
deq> rlg

=z [J+1/p) <= [[(1+1/p) < xlogg.

plq p<q
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Therefore,

Z Z logd‘ < zlogq.

n<x
(d,q) 1

But the left side of this inequality is

S u(d)logd [g]

d<zx ‘

Z M‘ + O(xlogz)

d
d<zx
(d,q)=1 (d,q)=1
< xlogqz.
For g < logh N,
Z p(n)logn logn 1 = p(n)logn x* p
= — ——— ds.
ol 21 J () — ns S
(n,q)=1 (n,q)=1
The series under the integral sign is
—1
P -5)
pla

which, by standard arguments, is

-1
— 1—-— + O ((logz)~" :—L—i—O logz)~") .
[I(1-2) +o(tosn™) =L +0 (o™

Lemma 4. Let

Z win log nap na)
n<N

Then for all N, aq, as,

[Vii(ar) — Vii(az)] < Nlog Nlay — as| + 1.

Proof. The proof follows Lemma 2 of [D1] as well as Lemmas 12 and 13 of [D2]. We have
that V3 (a) is continuous and differentiable, with derivative

Z pu(n)logn < Nlog N
n<N
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except at rationals a/q with ¢ < N where it has a jump discontinuity of size

Z u logn

n<N
qln

Thus,

Z Z,u logn

als <ﬁ n<N
qln

V(o) =V (B) < (o — B)Nlog N +

Now we use the estimates of Lemma 3 for the inner sum and the arguments of Lemma 2
of [D1] and Lemma 13 of [D2] to complete the proof.

Proof of Proposition 5. Here we follow the proofs of Lemma 14 and Theorem 2 of [D2].
Let

Ry(a) = Vy(a) = T(a)
_ Z p(n logmﬁ na)

n>N
Then
2 ) do = Z p(n lognwg nos) Z wuin logmpg (naq)
o1 n>N n>N
where
cos 27rmt
s W Z_ / ol du+_
Thus,

Z wuin logmpg no) _ WQ Z p(n logn i cos 2777;;717104

n>N n>N m=1
1 &1 p(n)logn cos 2rmna
=5 2 o
m=1 n>N

< N7 '(log N)™"

by Theorem 1 of [D2] and partial summation. Next,

a2

(a1 — as) Ry () :/ Ry(on) do

1

:/C:m Ry(a) da+/a2(RN(a1)_RN<a)) o,

1 (&3]
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Therefore,

1 L max  |Bn(a) — Ry(3)|.

Ry (o) < +
i 1)|_Oé1—042 Nlog" N = ai<a,<a;

Now
Rn(a) = Rn(B) = Vy(a) = Va(8) + T(a) = T(B) < 1+ [Vy(a) — Vi (B)]

by Theorem 2 of [D2]. Take
1
Nlog" N

a1 — Qg =

and use Lemma 4 to obtain the result.

Proof of Theorem 2. Let

n<u
Then
A(n)sin(2mna)  Sn(a) /N Su(a)
(5) Z - =N + ; 2 du.
n<N
Note that

[Sn(@)| < DY Aln) < N

n<N

so that the first term on the right side of (5) is uniformly bounded. Now let H > 10 be
fixed. Define

(1) = —
T =T s
logHu
for u > 2. Let ¢ < 7 be such that
a 1
a——|<—
q qT

for some a. Note that for each u there is a unique such g. We split the v with 2 <u < N
into two sets Ry (N) and Ry(N) according to the size of ¢. If ¢ < log™ u then u € R;(N),
and if log u < ¢ < 7(u), then u € Ry(N). We will show that

/ Su(2a) du
R;(N) U

is uniformly bounded and has a limit as N — oo for j = 1 and 2.
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Suppose u € Ry. Then, by the theorem of section 25 of [D],

Su(e) < (a4 )2 g

u

L —
(logu) &~

S, Nooa
/ f%m«/ — <1
Ra(N) U 2 ulog' ™ u

uniformly for all N. The integral over Ry = limy_., R2(N) is absolutely convergent.
Now suppose that u € Ry (N). Write

Therefore,

a
a=—+0.
q

Then by section 26 of [D],

Su(a) = &Z (np) -I—O(uexp C’\/logu)
(a) n<u

for an absolute constant C' > 0, where 3z is the imaginary part of z. Clearly, the integral

over Ry of the O-term is uniformly bounded and converges absolutely.

Now
([u]+1)6) sin ([u]ﬂ)

[u] .
sin ( BE
Y e(np) = sin(2mnf) = Z_ 2 -,
Z ngl sin 3

n<u

Thus, for any particular ¢ the integral over Ry of the contribution from the main term
above is bounded by

(6)

1 /oo sin (7([1‘];1)6) sin (#) du
2

?(q) sin 3 u?’

Observe that
| sin(([u]B) — sin(up)| <[]
and
18|
| sin 3]

<1



20 J. B. CONREY AND G. MYERSON

so that the expression in (6) is

1 /oo sin? (“2) | gu +o()
9 sinfg | u?

¢(q)
Let v = uf to see that the above is bounded by
1
du+0O(1 )) L —.

1 sm2( )
#(q) </2 ¢(q)

u2
All of the ¢ which appear in the above proof are denominators of convergents of the
continued fraction of . It is easy to see that if the convergents of « are p,,/q,, then

=1
sup Z — << 1
e —— ?(gm)

Thus, the contribution of this part is uniformly bounded and converges.
Thus, we have completed the proof that the partial sums V*(N) are uniformly bounded.
It only remains to observe that limy_ ., Sy(a)/N = 0 for all fixed a to complete the
proof of convergence. If « is rational then convergence of T'(«) follows from Proposition 4.
If « is irrational, then we argue again according to whether N € Rj(N)or N € Ro(N). In
the first case, the relevant ¢ — oo, and the second case is clear. Thus, we have convergence
in all cases.

Proof of Theorem 1. 1t follows from [D2] that

Un(a) — sin(2ma)
—
uniformly. Thus, it suffices to show that
1
log N
uniformly. Hence, it suffices to show that Vy(«) is uniformly bounded. Proposition 5
shows that V3 () is uniformly bounded. If « is irrational then

Va(a) = Vi 1 Z u logn

= Vii(a) — 1+ o(1).

VN(Oé) — 0

If @ = a/q is rational, then

Va(a) = 1 Z u logn Z u logn

n<N n<N
qln

The last term is uniformly bounded by Lemma 3. Thus, V(«) is uniformly bounded and
the Theorem follows.
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