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1 Some notation

Before we get started we record some notation that will be used in these
notes. This section is merely to serve as a convenient reference; the notions
are defined at the appropriate places in the notes.

e The sine ratios are:

sin Tx
S(x) = —
sin Nz /2
Sw{w) = sinx /2

e ((N) stands for one of the groups U(N), USp(2N), SO(2N), SO(2N+
1) and G by itself stands for one of the symmetry types U (unitary),
Sp (symplectic), O (orthogonal) even, O (orthogonal) odd

e The kernel functions are

Ky (z,y) = Sn(y — )

Son-1(y — ) + Son—1(y + )
2

Ksoen)(z,y) =



Sont1(y — ) — San1(y + )
2

Son(y — ) — Son(y + )
5 )

The scaled limit of these kernel functions are
Ky(z,y) = S(y — )
Ksp(,y) = Sy —x) = S(y + x)
Ko even(,y) = S(y — ) + Sy + x)
Ko 0dd(7,y) = S(y — ) = S(y + )
For an interval .J, the integral operator K ;g (y) is defined by
(K v /Kg(N) x,y)f(y) dy

for functions f integrable on J, and similarly the operator K¢ is
defined by

Kuspen)(z,y) =

Ksoenyy(z,y) =

(Kjaf)(z /KG z,y)f(y) dy

These operators have eigenvalues denoted by A vy (J) ( = 1,2,...,N)
and \;¢(J), (j =1,2,3,...) respectively.

The Chebyshev polynomials are T,,(x), U, (z), and V,,(x) where
T, (cos ) = cosnb
sin(n + 1)6
sinf

. l 0
Va(cos @) = Ugn(COS g) = w

Un(cosf) =

sin 19

We let pa(n),;(s) be the density function for the jth nearest neighbor
spacing for elgenangles of G(N) and pg ;(s) is the large-N-scaled-limit
of this density function. Similarly, vg(n);(s) is the density of the jth
lowest eigenangle for G(N) and v ;(s) is its scaled limit.

We let Egny(J,n) be the measure of the set of matrices X € G(N)
which have prec1sely n eigenangles in the set J.
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2 Introduction

In 1972 the fortuitous introduction of Montgomery and Dyson served also as
an introduction of the worlds of analytic number theory and random matrix
theory. The symbiosis between these two subjects developed slowly for the
next 25 years with the principal developments being the numerical work of
Odlyzko and the calculations of the third and higher correlations of the Rie-
mann zeta-function (and other L-functions) by Hejhal, and Rudnick-Sarnak.

Around 1998, there were two very important developments that have
stimulated a great deal of subsequent work. One was the theory of sym-
metry types associated to families of L-functions by Katz and Sarnak. The
other was the relationship between moments of characteristic polynomials
and moments of the Riemann zeta-function and of families of L-functions
found by Keating and Snaith.

While we still do not understand why there is such a strong connnection
between random matrix theory and families of L-functions, we do realize
that random matrix theory provides models for a wide range of statistical
behavior of these families. Consequently, we can now confidently predict the
answer to any number of difficult questions about L-functions which 10 years
ago seemed hopelessly impossible.

The purpose of these notes is to provide an introduction to the random
matrix aspects of the book [KaSa] by Katz and Sarnak on symmetry types
associated with families of L-functions. In particular, we will develop here
some of the basic tools needed to understand the beginnings of computing
statistics of eigenvalues of unitary, orthogonal, and symplectic groups of ma-
trices. The four statistics we are interested in computing are n-correlation,
n—level density, jth nearest neighbor, and jth lowest eigenvalue.

The main goals of these notes are (a) to show how to rewrite the basic
Weyl integration formula for each of our groups G(N) as a determinant of
a “kernel” function K¢y (derived in sections 2 — 5, equations (9), (18),
(19), and (20)); (b) to use Gaudin’s lemma to compute level densities and
correlations (derived in sections 6 — 8, equations (33), (34), and (35)); (c)
to use the combinatorial identity (39) to deduce the mth nearest neighbor
statistic from the correlations (derived in section 9.1, equation (40)); and (d)
to use Gram’s identity to write the neighbor and lowest eigenvalue statistics
in terms of derivatives of infinite products of eigenvalues of simple operators



(derived in sections 9.2 — 9.5, equations (52) and (55)).

3 Definitions and Haar measures

3.1 Unitary

If X is an N x N matrix with complex entries X = (x;;), we let X* be its
conjugate transpose, i.e. X* = (mjk) where 27, = Tj;. X is said to be unitary
if XX*=1. We let U(N) denote the group of all N x N unitary matrices.
This is a compact Lie group and has a Haar measure which allows us to do
analysis.

All of the eigenvalues of X € U(N) have absolute value 1; we write them

as
01 o0 0N
with
0<6; <2m. (1)
The eigenvalues of X* are e™1_ ... e~®~ . Clearly, the determinant, det X =

HTJLI e of a unitary matrix is a complex number with absolute value equal
to 1.

For any sequence of N points on the unit circle there are matrices in
U(N) with these points as eigenvalues. The collection of all matrices with
the same set of eigenvalues constitutes a conjugacy class in U (V). Thus, the
set of conjugacy classes can be identified with the collection of sequences of
N points on the unit circle.

We are interested in computing various statistics about these eigenval-
ues. Consequently, we identify all matrices in U(N) that have the same set
of eigenvalues. Weyl’s integration formula gives a simple way to perform
averages over U(N) for functions f that are constant on conjugacy classes.
Such functions are called ‘class functions’. Note that f being constant on
conjugacy classes entails that f(6y,...,0y) is necessarily symmetric in its N
variables. Weyl’s formula asserts that for such an f,

/U(N)f(X) = [0,27]N J(6r,---.6n) H e

1<j<k<N

0 _ it }2 df; ...dON
N!(@2m)N



Notice that we have used X to represent a variable element of U(N) and dX
to denote the Haar measure. If we want to emphasize the group U(N) we
will designate the Haar measure by d Xy (y).

3.2 Orthogonal and Symplectic

A unitary matrix X is said to be orthogonal if X X' = I, where X' denotes
the transpose of X. Orthogonality for a unitary matrix implies that X = X*
or X = X. In other words any real unitary matrix is orthogonal. We let
SO(N) denote the subgroup of U(N) consisting of N x N orthogonal matrices
with determinant 1.

We want to distinguish these two cases. Thus, we consider SO(2N) (even
orthogonal) and SO(2N + 1) (odd orthogonal).

For any complex eigenvalue of an orthogonal matrix, its complex conju-
gate is also an eigenvalue. The eigenvalues of X € SO(2N) can be written
as

6:&1‘91 e:i:iQN

with
OSGJ Sﬂ'.

The Weyl integration formula for integrating a symmetric function f(X) =
f(bq,...,0N) over SO(2N) is

/ f(X) dX R / f(0 On)
SO(2N) ~ aVN! [0,7] bty
X H (cos O — cos Gj)2d91 ...dOy.

1<j<k<N

The eigenvalues of X € SO(2N + 1) can be written as

1, o0 o N

g e e vy

with

OSQjSTF.



The Weyl integration formula for integrating a symmetric function f(X) =
f(6q,...,0N) over the space SO(2N + 1) is

oN*
HX)dX = / J(0r,....0 cos 0 — cos 0.)?
/so(21v+1) 0 TN Jjo,mw (6 v) I (cost )

1<j<k<N

N 0

. 2Vh
|| 1 —(1(9d9 .
X 181 1 N

A unitary matrix X is said to be symplectic if X ZX' = Z where

(0 Iy
z_(_[N O).

A symplectic matrix necessarily has determinant equal to 1. The symplec-
tic group USp(2N) is the subgroup of 2N x 2N symplectic matrices. The
eigenvalues of a symplectic matrix are

eiwl eizHN

g e ey

with
0<6;, <O, <---<0Oy<m.

The Weyl integration formula for integrating a symmetric function f(X) =
f(by,...,0N) over USp(2N) is

2N* )
/ f(X)dX = W/[M]Nf(el,...,ejv) H (cos by — cosb;)

1<j<k<N

N
H sin?@, db; ...dOy.
h=1

4 Vandermonde determinants and orthogo-
nal polynomials

We occasionally use the notation (f(j,k)); to denote the matrix whose j, k
entry is f(j, k).



We recall the basic fact about Vandermonde determinants. For any set
N-tuple of complex numbers (z1,...,zy) let

A(xy,...,zy) = det (xi_l). :

NxN gk

(2)

Then
Alay,.oan)= [ (@ —ay). (3)

1<j<k<N
To prove this, one observes that both sides are homogeneous polynomials of
total degree N (NN —1)/2 which vanish whenever x; = xj. This fact identifies
the two sides up to a constant factor. That the coefficient of x3 'z "2 ... 7y
is 1 in both expressions completes the proof.

Observe that

[T % — e =A@, .. e (4)
1<j<k<N
and
H (cos Oy — cos8;)* = A(cos by, ..., cosfy)>. (5)
1<j<k<N

Useful in our calculations will be the

Lemma 1 (Transposing Lemma) We have

et (@5-1(21) det (Vi) = det (D bn-r(@iburw)).  (6)

n=1

This identity just follows by using the fact that the determinant of a matrix
and its transpose are the same, and matrix multiplication. Specifically,

det (61 (zx)) det (¥j1(y)) = det (Gn1(2;))jn det (Yn1(ys))nk

= det (Z qbn_l(%)%—l(?/k))j,k'

10



4.1 An alternate formula for the Haar measure on U(N)

In order to compute the statistics we desire, we require an alternate formula
for the Haar measure. The Transposing Lemma implies the identity

[ 1% o = et (50— 0,) g
1<j<k<N ’
where in &0
sin &2
Sn(0) = —=. ®
sin Z

2
From this identity we have

do, ...doy det (SN(ek _ gj)). 9)

dXuy = (2m)NN! NxN

To prove this we apply the Transposing Lemma with ¢;(xy) = %% and
Vj(z) = e~“% and use the fact that

N i i i —i
Z 10 _ N0 _ 1 e NO/2 ,iNO/2 _ ,~iN0/2 _ iv-no2g )
T il 1 eif)2 gib)2 _ g—ifj2 N
n=1
from which
N
i(G-1)0e\12  _ i(n—1)(0,—6
|det(e (G-1) k)| _ det(Ze( )(0; k))j,k

n=1

= det (eNGT02G\(0; — 0y))
the last line holds by factoring out €*V%/2 from the jth row and e~*V%/2 from
the kth column and observing that the product of all of these factors is 1.
For future reference we introduce the notation

S(z) = sin T (10)

T

11



4.2 Alternate formulas for orthogonal and symplectic
Haar measures

Now we give alternate formulas for our other measures. To accomplish this,
it is helpful to first recall the basic properties of the Tchebychev polynomials.
Let T,,(x) be the (Chebyshev) polynomial of degree n for which

T, (cos ) = cosnb (11)
and U, (z) is the polynomial of degree n for which

sin(n + 1)6
sinf

Up(cosf) = (12)

Thus, To(z) = 1,Ti(z) = x, Th(x) = 22? — 1, T3(z) = 42® — 3z and so
on and Up(z) = 1, Uy(x) = 2z, Us(z) = 42® — 1, Us(z) = 82 — 4z, and
so on. From cos(n + 1)§ = cosnfcosf — sinnfsinf and sin(n + 1) =
sin n# cos f + cosnf sin f it is easy to see that

Tpia(z) = 2T, () — (1 — 23U, _1 ()

and
Un(x) = 2U,—1(x) + T, (2).

Thus,

Thio(z) = aThi(x) — (1 — 23U, (2)

20T 1 () — Th(2).
Similarly, U, 2(x) = 22U, 1(x) — U,(x). Notice that the leading coefficient
in T,,(z) is 27! and in U, (z) it is 2".

Finally, we let V,,(z) be the polynomial of degree n for which

Va(cosf) = Ugn(COS g) =

sin(n + £)0
— (13)
sin 50

It can be shown that V,(x) = 2"2" + ... has leading coefficient 2".

12



Now [],; pen(cosO — cos;) = A(cosby,...,cos0x). Let z; = cosb;

for convenience. Then, by elementary row operations, A(zq,...,zy)
1 1 .. 1
I T2 Ce TN
= det : : : :
N-2 _N-2 N-—2
:C]lv 1 x%v R x% 1
xl .r2 DY IN
1 1 1
I %) TN
1 det .
A N N N
—2 —2 —2
o N-1 = N-1 oy N-1
oN=2p ¥t N2 N 2N =2
1 1 1
T1 ) . N
R I P P
—2 —2 —2
I‘l x2 DIy IN
TN—1(I1) TN—1($2) e TN—1($N)

by adding appropriate multiples of the first N — 1 rows to the last row. Now
we do the same thing to all of the rows, except the first which we leave alone,
working our way from the bottom to the top. In this way, we find that

A(cosby, ... cosfy) =2 WN-DIN=2)/2 ]\(;e;cV(Y}_l(cos 1)) (14)
X
and also
A(cosby,. .., cosfy) =2~ N-DIN=2)/2-N ]\cfle]tV(Uj_l(cos Or)). (15)
X

For the Haar measure on SO(2N), we have

9(N-1)? ,
dXSO(QN) - N NI A(cos by, ... cosOn)"db; ...d0y
2N—1 . )
- NN ]\(;S}:V (T'j—l(COS Qk)) df; ...d0y.

If we multiply each row except the first by /2 we find that
A(costy, ... cosly) =2 N=D"/2 det (771 (cos Or))
NxN

13



where we let I = \/§T] for 7 > 1 and Tjj = Ty = 1. Then,

dXso@n) NN 1\(113}\/ (T (cos ek))Qdel ..dy. (16)
By the Transposing Lemma,
i N-1
A(cosby, ... cosfy)? =2" 0D ]gxe;cv (1+2 ; cosnb; cos nby) (17)
sin X0 :
Recall that Sy (0) = —3- and S(z) = =272, Now
sin 5

i(N+1)z _ ,—iNzx

N N . .
g cosnr = R g et =R .
N N e —1
n—— n——

ei(N—i-l/Q)r _ 6—i(N+1/2):E B sin(N + 1/2)1.

=R ciw/2 _ g—iz/2 - sin /2 = San41(2).
Consequently,
N
S —1
3 cosng = 221l) =1
2
n=1
so that
N-1 N-1
1+ 22 cosnrcosny = 1+ Z (COSTL(:E —y) + cosn(z + y))
n=1 n=
_ Son-1(x — y) + Son-1(z +y)
5 .

Consequently, a basic identity is

o(N-1)2 H (cos Oy — cos 9]-)2 = det (SQN*l(ek = 0) + Son-1(0 + 0;)

NxN 2 )
1<j<k<N

from which we deduce by (16) that

1 Son—1(0 — 0;) + San—1(0) + 0,
dXsoen) =~y det ( 10 = 6) : an-1(0 J)) oy ...d0y
1
= w7 et (Ksoen (0:6,)) dbr ... dby, (18)

14



where we define

Son-1(y — ) + San_1(y + )
2

Ksoen)(z,y) =
and, for use in a moment,

Sont1(y —x) — Sont1(y + o)

KUSp(2N) (l’, y) =

2
and
Son(y — ) —Son(y + @
Ksopnin(z,y) = ( ) 5 ( )
Now we do the same for the Haar measure of the symplectic group. Again, by
elementary row operations on the determinant A(zq,...,zy), we find that

(recall that the leading coefficient of the Chebyshev polynomial Uy(x) is
(22)™),
A(‘rlv B JxN) - 2_N(N_1)/2 ]\(;S}V(Uj—l<xk))

Then dXygpen), the Haar measure on USp(2V), satisfies

2N2 N
dXvuspen) = 7TNN'A(COS 01,...,cos0y)? H sin?6,,d0; ... dOy
’ n=1
2N
= N 1\(115;5\1( i—1( cosGk Hsm 0,d0; ...d0N

Now, by the Transposing Lemma

N N
H (cos @y — cos Qj)2 H sin?g, = 2~ N1 1\(115;5\[ ( Z sin nd; sin n@k)

1<j<k<N n=1 n=1

— 9=N(N=1) gt (52N+1(9k 9) 52N+1(9k+9))

NxN 2

since

N N
2 Z sinnrsinny = Z (cosn(z —y) — cosn(z + y))
n=1

n=1
Son1(x —y) — Sani1(w +y)
5 .

15



Therefore,

1 S, O, —0;) — S O + 0;
dXyspen) = NN J\(fixjtv( 2v-+1(0% )2 2v+1(0 >) doy...d0N
1
= WNN‘ det (KUSp 2N)(9k,9 )) d@ldgN (19)

Finally, dXso(@2n+1), the Haar measure on SO(2N + 1), satisfies

gN? N 0
dXso@en+) = 7TNN!A(COS 01,...,cos0y)? }_[1 sin? §d91 .. dOy
2N
= N ]\(fiS}V (cos Gk H sin? —d91 dfn
By the Transposing Lemma,
2N al
dXso@ent1) = NN 1\(113}\1 (; sin(n — 1)6; sin(n — 1)6)db; ... Oy
B 1 Son (0 — 6;) — San (0, +6;)
e 2 )iy
Therefore,
1
dXSO(2N+1) NN' det (KSO 2N+1)<9k7 0. )) d61 . d(9N (20)

5 Andréief’s identity

As a consistency check, we now deduce that our measures have total mass
one. To do this we use a formula of Andréief:

Lemma 2 (Andréief’s identity) For any interval J and integrable func-
tions ¢; and ;:

1 [ et (05(60)) et 5,6) dbr...ox = det ([ 03(0)0n(6) at). (21)

N NxN

16



5.1 Proof of Andréief’s identity

We use the definition of determinant for a matrix X = (z;x):

N
det X = Z sgn(o) ijm
j=1

OETN

where 7y denotes the collection of the N! permutations of [1,

Thus,

det (¢;(6k)) det (v;(0%))

—ngn ) TT ¢5(0) > sen(r) [T a6s)

N N
i (00i) [T o (0ori) T do:
k=1 =1

u::]z

sgn(T
T—)O‘TZ &

N N

N]:={1,2,...,

E—s 71k ngn H¢j<90j) Hwﬂ'—lkz(eak)
k=1

j=1

= Z sgn(T H (05j)10r-1(07)

j=1

. _>:T_1 > sgn(r) H 0§ (05)17j(00)-

Now if we integrate each 6; over the interval J the total integral over JV

splits into a product of N integrals over J and we obtain the result.

Note the slightly more general result

i [ TL0 gt (6,000) et 060)) ..o

= et /J F(0);(0)yi(0) db).

NY.

(22)

This follows by replacing ¢;(0;) on the left side of Andréief’s identity by

G (Ok) f(Ok).

17



5.2 Andréief with different size determinants

Lemma 3 (Andréief’s general identity) For any interval J and inte-
grable functions ¢;,1 < j < N and v;,1 < j < N + L, we have

1

7 [ et 05(60)) et (03(60)) dby . dby = et (Tios(0)in() (24
where

Tio5(0)n(0) = { Ji w)wk(e) w i<y

The proof is a minor modification of the proof we already gave in the case
that L = 0. For a permutation o € my let ¢’ € w1 be defined by

iy o) fj<N
o'(7) = { j if j >N
Further, define the functions ¢ by

/ o ¢](9) 1f]§N
¢j(‘9)_{1 ifj >N

Then we have

det (¢;(0x)) get (v5(0x))
N N+L
= sen(o) [[¢5(0) D sen(r) [] ¢r(b:r) (25)
TETN =1 TETNA+L k=1
_ ’ N N+L
gy 2sen(r) 121 6;(6o;) ,E U (Borr)
_ N N+L
E—s 71k Z sgn(7) H ¢;(0s5) H Yr-1k(01)
o,T j=1 k=1
N+L
= > sen(r) [T ¢)(00ri)vr1(005)
o,T =1
_ j N+L
N ngn(T) H ¢; (0575)10rj(0075)
o,T 7j=1



Now, if we integrate each 6; for 1 < j < IV over the interval J we have

/ det(6;(00) det (;(60)) dbs ... dbx
JN

N N-+L
=S sen) [T [ 0s000e) a0 T w6
- i1 j=N+1

N+L

= N1 " sgn(r) H Tid;(0)y-;(0)

= N! det (Ti;(0)vn(9)).

5.3 Verification that the Haar measures have total mass
1

Using N
8;(6) = U7
we see that
df, ... dfy

dx = det (e M0k) 2=
/[O e /[ ROl s

2
= L det (/ et —1)0 g —ilk=1)0 d&)
0

(27r)N NxN

1
= oy Ak e =1

This shows that the total mass of the Haar measure of U(NV) is 1.
We observe further that (16) and Andréief’s identity together imply that

2N—1 s
/[0 " dXsoeN) = — det (/0 Tj_1(cos 0)T;_1(cos ) d@) =1,

NxN
since
/ Tj_1(cos@)Tj_1(cos ) df = / cos(j — 1)fcos(k — 1) dbf
0 0
1 s
= 5/ (cos(j + k —2)0 + cos(j — k)b) db
0

™
= 50kl +015)

19



because the integral is 0 unless j = k in which case it is 7 if j > 1 and 27 if
j =1. Also,

9N "
dX e R— d t, 2 0 . 0 - 0 d@
/USp(QN) TN NN </0 sin” 0 Uj—1(cos 0) Uy—1(cos0) >

2N A
= W—N]\(;lxe}\[(/o sin 76 sin k6 d9>

2N

1" , |
= o ik <§/0 (cos(j — k)0 — cos(j + k)f) d9>,

Since the integral is m when j = k and 0 otherwise, this confirms that the
total measure of USp(2N) is 1.

Similarly, we can calculate that the total mass of SO(2N + 1) is 1.

6 Gaudin’s Lemma

The following Lemma is the key to begin computing the statistics of interest.

Lemma 4 (Gaudin’s Lemma) Suppose that we have a function f and a
measurable set J such that

| #.0)1(6.) db = Cf(a) (26)
J
for all x and y where C = C(J, f) is a constant. Suppose also that
/f(x,x) dx = D, (27)
J

where D = D(J, f) is constant. Then

/J det (£(6,,6,)) oy = (D — (M = 1C) det (£6,.60).  (29)

'Editors’ comment: This lemma is also applied in the lectures of Y.V. Fyodorov, page
7?7 Section 4.
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This Lemma allows us to “integrate out” variables not under consid-
eration when computing some statistic. We apply Gaudin’s Lemma with
f(0) = Sy(0) and J = [0,27], so that D = Sy(0) = N. Reéxpressing Sy as
a geometric series and integrating term-by-term, we find that

2
/ SN(Gj—G)SN(Q—Qk) d0:27TSN(9k—9j),
0
so that C' = 2. Thus, for example,
_0. -9 —0.)).
[ et (v o) o =x et (53(0%—0)

Applying the Lemma repeatedly gives
/[VO,QN]NTL Adf‘s;\f (SN(ek - 6])) d9n+1 Ce deN

= (N —n)!(2m)" " det (S (0 — 6;)).

nxn
In particular,

/ Z f( Jisce e Jn)dXU(N)

Jcit,...,
J={g1ses jn}

- / F(O1,...,0,) det Sx (6 — 6,) dby ... d6,. (29)
[0,27]™

(271')”71' nxn

Proof of Gaudin’s Lemma. Let 7y, be the symmetric group on {1,..., M }.
Then,

M
e, (103:80) = 3 seno) T[ (63,0

If oM # M, then

M—-1
/Hf O’] dQM - H f(ejaeaj)[]f(eo1M70M)f(9M700M) deM
Y

R H (30)
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For a permutation o € 7y, with oM # M define a permutation o’ € w1

by
o = oj ifoj £ M
oM ifoj =M
Then (30) may be reéxpressed as

/TU‘ WMM—CHf

Clearly, each permutation ¢’ arises from (M — 1) different 0. Note also that
sgn(o’) = —sgn(o). Thus, we have

M M-1
/ Z sgn(o Hf 0,5)d0y = —(M —1)C Z sgn(o Hf
;’J\i’;ﬂj\f/] j=1 o'eEmp—1 j=1

= —(M = 1)C det (f(6;,60)).

Now consider the o for which oM = M; now let ¢’ be defined by ¢’j = o
for < M — 1. Then, for these o, we have

/Hf 0,;)d0y = H 0,; /fem,eM ) dfy

Jj=1

M-1
= D[] 16;.0.).
7j=1

These o’ have the same sign as the o they came from. Therefore,

/Z sgn(o Hf 0,;)d0y = D Z sgn(o erj,eaj

oET N o’emyy
ocM=M M-1

D gt (161.6,).

Combining the two cases we obtain the Lemma.
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6.1 Calculation for orthogonal and symplectic cases

Recall that

N-1
Son_1(x — Son_
KSO(2N)(m7y) == i@ y)—; N1 (T +y) = l—I—ZZcosmccosny
n=1
and

N
S. —y)— S
ony1(T —y) > a1 (2 +Y) = stinnx sin ny.

KUSp(QN) (.Z‘, y) -

n=1
Then, Gaudin’s Lemma for these groups is expressed as

/ det (Kg(N) (9j7 Qk)) d0n+1 c. d@N = (N—TL)!TI'N_n det (Kg(N) (Qj, Qk)>
[0

| N-n NxN nxn

where G(N) can stand for USp(2N), SO(2N), or SO(2N + 1). This allows
us to “integrate out” variables in the orthogonal and symplectic settings.

Note, for future reference, that

. (N+1/2)mx .
1 sin ~——~—
lim —Soni1(mz/N) = N _ T S(x)

Nooo 2N 2N sin ;T”\”, T

Koy (mz/N,my/N)

= lim SN =S(y—z)£S(y+x).

To prove Gaudin’s Lemma in this situation, it again suffices to prove the
n = N — 1 case, since the general case follows by a repeated application of
this case:

/[ det (Kg(N)(ej, 9k>) d@N =T det (Kg(N)(ej, Gk))
0

] VXN (N-1)x(N-1)

The key formulae are

/ K(;(N)(Gj, Q)KG(N)(Qy Qk) d@ = WKg(N)(Qj, Qk)
0
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Knowing this, the rest of the proof is the same; so we now verify these
formulae. We calculate

/ Kuspeny(2,0)Kyspen (0,y) do
0

x N N
:/ ZZsinmxsianZZSinné’sinnyd«9
0 m=1 n=1
N

=4 Z sin mx sin ny / sinm# sinnf db
0

m,n=1

N ™
=2 Z sin mz sin ny/ (cos(m — n)# — cos(m + n)0) do
0

m,n=1

N
=27 Z sinnx sinny = mKyspen)(T,Y).

n=1
Similarly,

/ Ksoen(x,0)Ksoen)(8,y) df
0

N-1 N-1

= / (1+2 Z cosmz cosmb)(1 + 2 Z cosnf cosny) df
0 m=1 n=1
N-1 .
=m+4 Z cosm:vcosny/ cosmb cosnf dbf
m,n=1 0
N-1 .
=742 Z COS T COS ny/ (cos(m — n)6 + cos(m + n)d) db
m,n=1 0
N-1
=n(l1+2 Z cosnx cosny) = TKgoen (T, y).
n=1

Similarly for Kso@n+1)-
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7 n-level density

7.1 Unitary

We can use Gaudin’s Lemma to compute an integral of the sort

N
6,)dX,
L. >.10)

or

/U I SRR IUNATS

1<j<k<N
or

0j17"'79jndX'
/U(N) S )

1<j1<<jn<N

With an obvious notation, we write the last integral as

L X g0

BCI[1,N]
|B|=n

These are precisely the definitions of the 1-, 2-, and n-level densities. By
Gaudin’s Lemma, these integrals are, respectively,

1 27
= | e

1
m /[0727@2 f(@l, 92) (23155 SN<0k — 93) d91 d@g,
and 2 .
_ 01,...,0,)det Sy(0r —0;) db; ... db,. 31
T Lo S ) det S —t,) 31
2Editors’ comment: Up to a constant factor f(6y,...,6,) is being integrated against

the quantity defined in the lectures of Y.V. Fyodorov, page 7?7, Section 3, as the n-point
correlation function.
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7.2 Normalized eigenangles and large N limits

For a matrix X € U(N) with eigenvalues

we let N
0;=0— 32
J ' ( )
be the normalized eigenangles. They satisfy

The sequence of § have mean spacing 1 and so give a way to compare statistics
for different V. Thus, for the n-level density, we have (for a rapidly decaying
smooth f)

APE};O/U(N) Z fB(0)dX

[0,27]™

N—o0 TL'(?T{' nxn

o1 1 2n(zy — )

= ]\}1_1}20 a /[(;N}n f(ZEl, . ,I‘n) 7(115:2 NSN(T) d.’El R d&}n
1

= — flz1, ..., xn) det S(zy, — x;) dzy ... dxy,. (33)
n‘ RrR” nxn

We say that det,, S(zyx — ;) is the n-level density function for U.

7.3 Orthogonal and symplectic

We can use Gaudin’s Lemma to compute

[ Y max
SO(2N) e, N

|B|=n

NdX.
/U oy 2 F®

(1,N]
|B|=n

and
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By Weyl’s integration formula and Gaudin’s Lemma, these integrals are

1
™ Jig apn FOrs---6n) gfrtl (Kso@n)(0k, 6;)) dby ... db,
and .
IR . f(0r,....0,) det (Kuspen) 0k, 05)) doy ... db,
respectively.

For eigenangles of matrices in SO(2N) and USp(2N) we let

.
0, =0—

T

be the normalized eigenangles. Thus, for the n-level density, we have (for a
rapidly decaying smooth f)

lim > fl,. .0

)dX
N=oo Js0(2N)

n

1</ < <jn<N

= lim i S f(0r,....0,) det (Kso@n)(0k,6;)) db ... db,
1

= —‘ f(@l,,en) det (Kso(ek,ej» d@ldﬁn (34)
mn: Ri nxn

for the n-level density for SO even and

lim > fO,....0;,)dX

N
CJUSP(2N) 1< j) <z jn<N

= ]\}1_{[;0 oy /[OJ}n f(&l, - 7971) 7(1152 (KUSp(QN) (Qk, 9])) do, ... db,
1

= —' (91, ce ,Qn) det (KUSp(9k7 93)) d@l Ce den (35)
n. R?‘J'L» nxn

for the n-level density for USp. The n-level density for SO(2N +1) is slightly
complicated by the fact that the matrices in this ensemble always have an
eigenangle equal to 0. This fact leads to the presence of a d-function in the
formulation of the n-level density function.
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8 Correlations

8.1 Pair correlation for U(N)

Let f be a suitable test function and consider
Qn(f) = [ 346, Goax.
D= iy 2

Applying Gaudin’s Lemma we find that

B o N S (6 — 0y) \ dby db,
QN(f)—/mQﬂPf(@l—Q?)det( Sxllr— ) N )2(27r)2'

After a change of variables, this is

-1 /{0 O et ST o o,

After expanding the determinant and performing another change of variables,
we have

=4 [ so(1- (Yoo

Now . 5 1 & .
™ SN U S1 7TV
lim —Sy(Tr) = lim ~ = = S(v).
m N () = N~ e S0

Now it follows, with a little bit of analysis, that

lim —On(f) = %/Oo f(v)<1 _ (Smm’)?) dv.

[e.9]

This is the same as the pair correlation for zeros of ((s) found by Mont-
gomery?. (Note that the factor % in front of our formula is because we defined
out correlation sum to be over j < k rather than j # k.) This important fact
was fortuitously discovered at tea at the Institute for Advanced Study one
afternoon in 1971 when Chowla introduced Hugh Montgomery and Freeman
Dyson to each other.

3Editors’ comment: See lectures by D.A. Goldston, page ??, equation 6.7.
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8.2 n-correlation for U(N)

Let f(0y,...,60,) be a test-function which is translation invariant i.e.f (6, +
ty...,0n+t) = f(61,...,0,). Let’s suppose, for convenience, that f(0,6s,...,60,)
is compactly supported, say on [0, A]. We seek to evaluate

Qn(f) = /U(N) > f;,,...,0;)dX.

1< <jo<-+<jn<N

By Gaudin’s Lemma and a change of variables, this is

1 1
1
_ / P01+, 6,) det —Sx(2m(68; — 6,)/N)dby ... do).
0<01 < <0, <N
We make the change of variable x1 = 6, x9 = 0, — 04, ... z, =0, — 6, and

the integral becomes

N
/ / g(x,x0+ 21, ..,y + x1)d2s . . . dTy day
0 0<z2< <z, <N—x1

where g(z1,...,2,) = f(z1,...,7,) det(w). Since g is trans-
lation invariant and ¢(0, zs, ..., x,) is compactly supported, for sufficiently
large N this is

N
= / / 9(0, 29, ..., x,)dxy . .. dx, drq
0 0<zo<--<zn<N-—z1

N-A
= / g(O,asg,...,xn)/ dxy dzs . . . dx,.
0<w2< - <an<A 0

Thus
- Qn(f)
S (36)
1
(n— 1) /Rn1 f(m,xz,...,xn)gsgS(xj —xk)|z1:0dx2...dxn.

+
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8.3 n-correlation for orthogonal and symplectic

Let f(01,...,60,) be a test-function as in the last section. We seek to evaluate
axin) = | OIS (CRRRTES
USPIN) 1<ji<ja<<jn <N
By Gaudin’s Lemma and a change of variables, this is

:% f(br,...,0, )det%(SQN—l(ﬂ—(ek_gj)/N)

[O,N]n nxn 2

+Son1(m(0 + 0)) /N)) do; ...do,

1
0<61<---<0, <N nxn

+SQN,1(7T(9]§ + (%)/N)) db, ...do,.

We make the change of variable 1 = 01, 29 = 0y — 64, ... z, =0, — 0,
and the integral becomes, for sufficiently large N,

N—zx
"
/ POz [ det o (Salaton )W,
0<zo< <zn<A 0 nxn 2N 1

+San a1 (m(ay, + 2 + 21:1)/N)) dxy dxy . . . dx,

where 27 = x; if j # 1 whereas 2] = 0. Now we claim that

N—zn,
]&Eﬁoﬁ/ det g (Saxa(n(a = )N,

+SQN_]_( (Z’k + IB; + 2271)/N))d$1
= det S(xy — xj)‘xlzo‘

nxn

To see this claim, note that in the expansion of the determinant there are
n! terms each of which is a product of n factors 55 Son—1(m(z) — ;) |20 +
5N = Son 1 (m(x} + % +2x1)). If we multiply out each term, there are 2" terms,
all but one of Wthh will contain at least one factor with = Son_1(m(xy +
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xj + 221)). Any of the terms with at least one factor like this will tend to 0
after integrating with respect to x; and dividing by N; for letting

sin(az + b)

ela,b, N)(x) = Nsin(ax/N + b/N)’

it is not difficult to see that c¢(a,b, N)(z) < %Sincf;lfgb) provided that ax + b <

X and |c(a,b, N)(z)| < 1 for all z and integer N. Therefore, using the fact
that fOB (%)J dx is uniformly bounded in B for each fixed j, we see that

1 N-B J
N/ Hc(aj,bj,N)(x) dx — 0
0 iy

as N — oo through integers. This leaves only the term with all ﬁSgN_l (m(zp—
x;)) factors which tend to S(x, — x;) as N — oo.

Thus, just as in the case of U(N), we find that
Qn(f)

lim =
N—o00

1
/ flz, 2, ... xy) detS(xj—xk)| dxsy ... dx,.
R

(n — 1)' i—l nxn x1=0

In particular, the scaled limit of the n-correlation functions are the same
for all of unitary, orthogonal, and symplectic groups.

9 Neighbor spacings

9.1 Nearest neighbor for U(N)

We derive the combinatorial relation between nearest neighbor spacings and
n-correlations (see [KS], Lemma 2.3.8). For a sequence Y : 0; < --- < 6y let

Sn(8,Y) :=#{j:0;1, —0; <s},
and

Cn(s,Y):=#{BC{l,...,N}:|B| =m, max |0, — 0| < s}.
2,KE
These are related to the Sep and Clump functions used in Katz-Sarnak.
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Lemma 5 (Combinatorial Lemma) For any Y,

Conra(s,Y) =Y (Z)SW(S,Y). (37)

n>m

Proof. Take an m + 2-tuple of indices iy < 71 < -+ < 4,,41 Whose endpoints
satisfy 0;, , — 0;, < s. Let n = 4,41 — 7y so that the pair of endpoints
is counted in S,(s,Y). Then there are (" ') sets of points of size m be-
tween these endpoints, which, taken with the endpoints can be counted in
Cimi2(s,Y). Therefore, Cpio = > (";Ll)Sn. Adjusting the index n by one
gives the result.

In general, the relation a,, = Zan (Z)bn can be inverted to give
n
by, = 1) )
w= (2,
n>m
This follows from the identity for binomial coefficients
zn:(—l)e N\ (n\ [(=1)™ifm=n
— m)\¢) Oifm#n

Thus, with a,, = C,40 and b, = §,,41 we have

Corollary 1
(N
Snals,) = T (1) (m)cm(s?m (39)
or, after adjusting the indices,
Su(s. V)= S0 (27 Jeuts ), (39)

m—1
n>m

Let Yy be the sequence of normalized eigenangles of X. We want to
compute
/ pi(x) de . = Prob {Neighboring eigenangles are < s apart}
0
1 .
= lim — Si(s,Yx)dX
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and more generally

/ fm(x) dx : = Prob {mth neighboring eigenangles are < s apart}
0

1 .
= lim —/ Sm(s,Yx)dX.
U(N)

N—o0

Applying the n-correlation calculation with the translation invariant func-
tion

FOr, 0.0 = T xws(16; = 6k])

1<j<k<n

gives,
1
A 5 g G X = i [ 2. S

1
[ / det S( k)‘xlzodl'g e dJTn
[0,

(n - 1)‘ S]" 1 XN

Thus, by (38)

frmeree= 3 G (500)

n=m+1

></ det S(z; —xk)’z _odwa ... dxy.
[OS}" 1 MXn 1=

In particular, for the nearest neighbor spacing, we have

o

d n
)= 53 oy L e S e

- [O S]" 1 MXn

Now, for any symmetric, even, translation invariant function g,

d

g(x1, ..., xp)dey .. de,, = m/ g(s,zo, ..., xp)dzy . . dxy,.
dS [0,s]™ [0,s]m—1
Therefore,

33



pi(s) = — /[ det S(z; — xy) doydzs . . . dx,

0 ]’n. nxn

d2 o —1)"
— —Z( )/ det S(x; — xy) dridxy . .. dxy,.
[

0 S]n nxn

Also, temporarily letting

—~ n! sjn MXT

:ZZ_/ det S(x; — xy) drydxs . .. dxy,
[0,5]

we have

d? dmt (F(z) —1—z [; detyx S db
() = ds? dzm—1 22
d?> d™ 1 F(z)

ds? dzm=1 22

z=—1

(40)

z=—1

In the next few sections we will work toward relating the right side of this
formula to another simple function.

9.2 Gram’s identity

An identity of Gram is helpful for our further considerations.

Lemma 6 (Gram’s Identity) For an interval J and integrable functions
(bj and wjy

N n
]\([ig;cv(f—i-z/(]qﬁj(a:)wk(x) dx) = ZO % /n SSEZ@L ;) n(xk)) day ... dx,

(41)
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Proof . The left-hand-side of (41) is

]\(fixe]tv(l + z[]¢j(x)¢k($) dx)

N

= 3 sen() [ G+ [ dsta)ins(o) d)
oETTN 7j=1
= Z sgn(o) Z H5j,aj HZ/%(%’)%-(%’) dx
oemN ACN jgU jeu 77
— Z Al Z sgn(o) H/gzﬁj(x)@/)gj(x) dx
ACN OET A JEA J
N
_ gzn ; det /J 6:(2)p() da
|Al=n
and the right-hand-side is
N o n N
= Y5 [ Y sl Y onla)entany) dar . day
n=0 nO’Eﬂ'n j=1 h=
N . J h=1 )
= Z —|/ Z sgn(o) Z Hgb,\j(:vj)@/uj(%j) dxy...dxy
LD =g Ai[L,n]—[1,N] j=1
N o n
= Z ] Z sgn(o) Z H/¢Aj<x>¢Ao_lj(x) dx
n=0 """ oEmn A[1,n]—[1,N] j=1 7

- X5 Y Sw@]] [ ov@ine ) ds

n=0 " X:[1,n]—[1,N] o€mn

Sk T SR / oxi (0)re() da).
] J

n=0  X\J[l,n]—[1,N

If X is not one-to-one, then the inner determinant is 0. If A is one-to-one, call
the image A. Each such set A appears n! times and we get the left-hand-side.

Remark. This proof is reminiscent of the proof that that the determinant
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of a product is the product of the determinants. Thus,

N
det (AB) = det(a)(bu) = det(; ajnbur)
N

= Y sen(@) [ D ainbno;

oETN ]:1 h=1

N

= > sgu(o) 11 @irbries

ocETN A:[1,N]—=[1,N] j=1

where the sum over A is over all of the NV functions from [1, N] to itself.
Now, we claim that for each fixed A the sum

N

> sen(0) [ [ asnbaios

CETN 7j=1

is 0 unless A is actually a permutation. For suppose that Au = Av for some
u # v € [1, N]. Then, for each o let ¢’ be the permutation defined by ¢’j = o

if 7 # u,v whereas
, {Juifj—v
o'j= L :
ovifj=u

In this way 7y splits up into pairs (o, ¢’) of permutations. Note that sgn(c) =
—sgn(o’). Then

N
H aj,)\jb)\j,o'j = au,)\ub)\u,o'uav,)\vb)\v,ov H aj,)\jb/\j,aj
Jj=1 J#uw

= au,)\ub)\v,o’vav,)\vb)\u,cr’u H aj,)\jb)\j,o’j

j#u,’l}

Thus, the contribution from o cancels that from ¢’ in the case that Au = \v.
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Therefore,

N
det(AB) = E sgn(o Ha]m rio
o, TETN j=1
N N
= 2 sen(o) [T ases [T brken
O, TETN 7j=1 k=1

N N
U:>JT Z S8 H aj,rj H ka,UTk
O, TETN J=1 k=1
N N
ks 1k § : sgn(o)sgn(r H Aj,rj H bk,ok

O TETN 7j=1 k=1
= det Adet B.
9.3 Intervals with precisely n eigenvalues

Let Eq(ny(n,J) be the measure of the set of matrices A € G(N) which have
precisely n eigenvalues in the interval J. Here G(NN) can be U(N), SO(2N),
SO(2N + 1), or USp(2N); we denote the Haar measure by dX. Then we
have a series of identities related to Eg(ny(n,J) which will provide a basis
for obtaining tractable expressions for our functions fi,,, and later for v; (to
be introduced in the near future). Let x; be the characteristic function of
the interval J. First of all,

S+ o) = [ [I0+2u@)ix @)

since for any X € G(IN) which has precisely n eigenvalues in J, the integrand
is (1 + 2)". Expanding out the product on the right side gives

/G(N)ﬂl(lJerJ(@j))dX = i%z"(]:j) /G(N)f[lxj(é’j)dX. (43)

Next by Gaudin’s Lemma, (29)
N " 1
) oo D)X = 2 [ det K 03,00 doy.... a0,
7j=1
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where K¢(ny(,y) is the appropriate kernel for the group G(NV). Thus,

( )/ HXJ )dX = Z / gSEKG(N) QJ,Qk) do, ...do,.

(44)
Now, for each G(INV) we can express
N
y) =D bnc(@)na(y) (45)
h=1
for appropriate ¢ and 1. Therefore, by Gram’s identity
Z - / det K (6;,61) db; ...db, (46)
= det. (I + Z/J%’,G(Q)%,G(Q) d9>.
Let M vy denote the N x N matrix with entries
mis= [ 6r60)n(0) db. (47)
J

Then
N
et (142 [ dia(0)000) 0) = [10+em) 9

where the \; vy (J) are the eigenvalues of M g(n).

We claim that if the kernel is symmetric (i.e. Kqny(z,v) = Ko (v, 2)),
then the eigenvalues of M ;g () are also the eigenvalues of the integral oper-
ator K jqg(n) defined by

(Krcv /KG (0, ) f(p) dp (49)

acting on the N-dimensional space generated by {¢;(z):1<j < N}.
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Proof. Suppose that X\ is an eigenvalue of Mgy corresponding to an
eigenvector ¥ = (by,...,by)" where the prime indicates transpose. Then, for

each 7,
N N
Ab; = ijkbk = Z b, / ¢ (0)x(0) db
k=1 k=1 J

for each j. Multiplying both sides by 1;(x) and summing over j, we obtain

A Z bivbi(n) = / Z 05(0)1; (e Z it (9
= []KG(N)(97M)(Z by (6)) db

so that A is an eigenvalue of K ;g (y) corresponding to the eigenfunction
F) = 320y bri (1)

Recapitulating, we have found that

N

> (14 2)"Egy(n,J) =

n=0

N
Z / det Koy (05, 0k) dby ... db,

n Jgn XN
N
IT @+ 2X60 () (50)
7j=1
where the Ajgv)(J) are the eigenvalues of the integral operator K ;e (a
defined by

(Kram /KG (0, 1) f (1) dp.

It can be shown that this equation scales appropriately for each G so that
the large N limit can be taken. This results in (with an obvious notation
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S (1+2)"Ba(n, J) = Zn'/ det K¢(0;,0;) dy ...do, (51)
=0 n NMXN
= H 1+Z)\]G
7j=1

where the \;(J) are the eigenvalues of the integral operator K¢ defined
by

(Ksaf)(0 /KG (0, ) f () dp.

The function F'(z) of (40) is equal to each of the above with G=U. Thus,
we find for p,,,(s) that

d2 dm— 1 » 0
o) = s (<TI0 + Ae0)))| - 62)
=1 ==
9.4 jth lowest eigenvalue
Let
VG(N)(.j? S)

be the density function for the jth lowest eigenvalue so that

meas{A € G(N) : the jth eigenvalue 6, is smaller than s} (53)

_/ vay(J,x) d.
0

Then the set of A € G(NN) with 6; > s is the disjoint union of the set of A
with exactly n eigenangles in [0, s] for n =0,1,...,5 — 1. Thus,

oo Jj—1
/ von Uy )de = 3 Ea(n, [0,5)).
s n=0

Therefore, by (50), we have

. d 7j—1 dn N
vom)(J,s) = == > Ton TT+ 2xc00m ([0, 8], (54)
n=0 =



In the large N limit, this becomes

va(j, s) = —d% % H(l + 2Aan([0,8])|__,- (55)
For example,
ve(l,s) = ——SH(l—)\Gn([O,s]) (56)

9.5 Relations between the eigenvalues

In this section, we develop a relationship between the eigenvalues Ay and the
eigenvalues \p and Ag. (47). In the case that J = [—s, s], note that if ¥(6)
is an eigenfunction of M|_ g y(n) with eigenvalue A then 1(—6) is also an
eigenfunction with eigenvalue A, since

26(0) = [ 500 — ) di

—S

implies that

(—6) = / S (=60 — uyib(u) dp

s

= / Sn(0+ p)(p) du

s

-/ " Sw(8 — (=) dp

s

Therefore, if 1(0) + ¥(—6) # 0, then it is also an eigenfunction with eigen-
value A\. A similar comment holds for ¢(f) — ¢(—6). Consequently, each
eigenfunction can be taken to be even or odd. The even eigenfunctions are
also eigenfunctions of the integral equation with kernel

Sn(p—0) + Sn(p +0)
2

and the odd eigenfunctions are also eigenfunctions of the integral equation
with kernel

Sn(p—0) — Sn(p+0)
5 .
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In general, if a matrix b is a “checkerboard” matrix, then the determinant
of b factors. Specifically, if b, = 0 whenever 7 4 j is odd, then

]\(}S}V(bj’k): det (bgi—12j-1) (b2i,25)

det
[(N+1)/2] [N/2]x[N/2]

where [z] is the greatest integer less than or equal to .

We have such a factorization for det(/ — M|_; v (n)). Using the fact that

Z((th — cos(j8) cos(h8))(dpx — sin(hb) sin(k)) = 6,1, — cos(k — j)6

we deduce from (47) (see also Mehta (10.2.6)) that
det(I — M5 gu(n)) = det(] — M g.500n)) det(] — M|_s g UspN))-

This gives a factorization

H(l — Aueny(s) = H(l — An,s0@n) (8)) (1 = Anuspen)(s)) (57)

into even and odd eigenvalues. In particular, in the limit we have

o0 o0

H(l — Au(s)) = H(l = Ansp(8)) (1 = Ans0,even(s))- (58)

n=1 n=1

Alternatively, we have

[T = M) = [T = Asnui(s)) (59)
and
H(l — An,50,even(8)) = H(l — Aop—1,0(8)) (60)

provided that the A, ;7(s) are indexed so that an even index n corresponds to
an even eigenfunction and an odd index n is for an odd eigenfunction of the
integral operator (49) with kernel Ky (x,y) = S(xz — y). These formulae can
be used to give expressions for v(j, s) in terms of the eigenvalues A, /().
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9.6 The differential equation

We follow Mehta’s treatment of how a Painlevé equation can be used to
compute the nearest neighbor spacing.

Let K(z,y) = sin@—y)

z—y
Zz"“/{tt]n K(t,x))K(xy,23) ... K(zp_1,2,) K (2, t) dzy ... dxy

and

20 :éz”“/[tt]nK(t,xl)K(xl,xg) K 0y 2) K (20, ) dry ... d

Then

A'(t) =2B(t)* (61)

This equation, originally discovered by Gaudin, is one equation of a non-
linear system of differential equations satisfied by A and B. To see (61) we
note that

A'(t) = AL(t) + Ax(t) + As(t) + As(t)

where

Kt
Z n+1/ 0 1:1 K(-TlaxQ)“'K<l'n7t) dry...dx,

[—t,t]"

K
Z ”+1/ K(t,x)K (xl,xg)...K(xn_l,xn)% dz, ...dz,

[—t,t]"

Zszrl Z/ K(t,z1)... K(xj_g,2j1)K(z;_1,t) K(t, 2j41)

tt]n 1

XK(;CjJrl, ijrZ) R K(xn, ) d.ﬁL’l R dxj,1d$j+1 R d&?n
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[e.9] n

Zzn—‘,-lZ/ t -7;1 K([Ej_Q,LUj_1>K(£Uj—1,_t)K(_tu

tt]n 1

XK(IJ‘+1, J]j+2) c. K(C(]n, ) dl‘l . d.lfj_ldl'j+1 R d[En

Notice that
OK(t,z)  O0K(t =)
ot or

OK (t—xp) OK (t—xy)
G e~

In A; we replace B and then integrate by parts with

respect to x,:

A(l): = Zz““/ K(t,xl)K(wl,xz)...mxn1,%)% iz, .
n—1 [—t,t]™

OK (x,,1)

- _Z n—H/ t 1'1 (xhx?)"'K(xn—laxn)— dl’l
n=1 8l‘n

[—t,t]m
t

_ _Zznﬂ / K(t,00) K (21, 23) ... K (1, 20) K (20, 1)

tt]n 1

xj+1)

.dx,,

dx,,

d.’l?l ce dl’n,1

Tp=—1

K(x,—
+Z n+1/ t :[;1 (;pl,xQ),,,wK(xmt) d?[fl...dl‘n.

t t]" al’n

We now repeat this integrating-by-parts process and, using the fact that
K(x,z) =1, we obtain

— —ZZ”HZ/ K(t,z)K (21, 22) ... K(xp,t)

tt]n 1

dill'l

K(t
"+1/ OK(t, 1) ——K(x1,x9) ... K(xy,t) dzy ... dx,
[—t,t]" 0xy

n=1

= —Ai(t) — As(t) + Aa(t).

Thus,
Al(t) = 2A4(t).

But now, using the symmetry K (z,2') = K(2',z) and substituting v, = x,,
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Yo = x,,_1 €tc., we have

Agt) = ZZ”HZ / K(t, 1) ... K(xj_0,2;_1)K(xj_1, —t)K(—t,2,,1)

tt]"’ 1

XK(J?]'_H, .Tj+2) R K(l’n, t) dxl e d.ﬁlﬁj_ldilfj+1 R dxn

= ZZ]/ K(t,.’l?l),...K(l'j,l,—t) dl’l...d.’ﬂj,1
x Zznm/ K(t,y1) - K(Yn—j, —t)dys - .. dyn—;
- [t
n=j

If we let m = n — j and then change j into j + 1 we see that Ay(t) = B(t)?
and so (61) is verified. The above argument used just a few properties of K,
namely that it is symmetric and equal to 1 on the diagonal.

Now we let

/ k(1 )k(zy, 29) .. k(2,1 2,)e" dy ... da,.
: 1,1

n=

where

We claim that
2S.S_ = (tAY  2(S2 + S2) = (tB) 4%(51 ~S%)=tB  (62)

where the differentiations are with respect to t. Note that

Z Zn+1 / 1 .1'1)]43(1’1,%2) c. k(l'nflaxn)k<xna 1) dxl e dl’n

[-1.1]"

Similarly

St [ k(o) o k()b <1) dar e,
e [

,171]1'1,

Now
ntl Ok(zj_1, ;)
(LAY Z n+1z/ k(1 21). %,_,k(%g)d;pl...drpn
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Now W = cos(zj_1 —x;)t = (@177t emimi1=2)1): then we have
2 terms to consider in calculating (tA) . One such term is

co n+l

—ZZZ] 1/ 1 5(71 ]{J(Ij_l,l’j)e_ixj_lt dxl...dxj_l

n=0 j=1 [~t.871
XZnJrlij / k(L $n> s k(xm mnfl) s k(wj+1> ajj)eixjt dw” T dxj
[—tt]nt1-d
z
= Z54(H)S-(1).

The other term gives the same and we have (tA) = z5,5_. Next

n+1

tB Z n+IZ/ 1 $1 w,”k(mm—l) dry...dx,

Observe that

Z z"/ E(—1,20)k(x1,22) ... k{21, 2,)e=" day ... dw,

— [~1,1]n

= Z z"/ k(1 20)k(z1, 22) .. k(2p_1, 2,)eT" ™ dxy ... dx,
p— (1,1~

Thus, we get (tB) = z(S7 + 52). Finally we’ll show that (S3 — S2) = ¢B.
Consider

Si Z+m/ k(Lx) . k(e 20)e™ k(L y1) - k(Ymo1s Ym)e ™ day - Ay,
Zm>0 [ 1 1]Z+m

If we change all the y; into —y; and use the evenness of £ we can rewrite this
as

5’2 = “m/ E(Lay). . k(zey, 20)e™k(—=1,91) ... k(Ym-1, Ym)e “Ymdry ... dypy,.
£,m>0 [-11]+m
Thinking of ¢ as real and taking the imaginary part leads to
Si — 52 = ”m/ k(1,x1) ... k(xe_1, )
[—1,1)¢+m

£,m>0
X2i(xo — Ym)k(To, Ym) k(=1 91) - o - E(Ym—1, Ym)dT1 - . . dYp-
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Renaming the variables leads to

S% — 5% = Zz"/ (1, z0)k(21, 22) - . k(1. 20) k(2n, —1)
n>0 (=L.1m
n+1

X Z Zi(xj_l — Z’j)dl‘l Ce d[L‘n
j=1

where, in the inner sum we think of xg = 1 and x,,;1 = —1. The inner sum
telescopes to 47 and so we have

_ 2 @2
tB_4i(S+ S2).

This is the last equation of (62).
Altogether we now have A = 2B?; 25, S_ = (tA); z2(S1 + S%) = (tB);

and £(S7 — S2) = tB. We can use these to get a single differential equation

for A. Using these equations together with (S, +S_)?— (S, —S_)2=45,5_
we have

(tA' + A)? = (tB' + B)* + 4(tB)*.
Differentiating A’ = 2B? leads to
tA" +2A" = 4B(tB' + B).
Now eliminating B from the last two equations gives
(tA” + 24" + 42 (A')? —8A'(tA + A)? =0 (63)

This is a Painlevé V equation.

From the definitions of A and B and from (61) we have the initial condi-
tions

A0)=z and  A'(0) =22

From these and (63) we can get a recurrence relation for the coefficients
in the power series expansion about ¢t = 0 for A(t). With

At) = Z an(2)t"

n=0
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we have
2

ag = 2, a; = 227,
and for n > 2,
n—2 n—j—2
an = (—8agn + 4a;(n — 1)n + 8ayn)™! (162 Z (J+1D)(k+1)aj1105+100—j—k—2
j=0 k=0
n—3 n—j—3
+8 Z Z (J+ Dk +Dajapa(n—j—k —2)an_j 1
j=0 k=0
n—2n—j—1 n—3
+8 Z (J+Daj1axan—j-p1 —4 Z(] +Daji(n—j —2)an—j—2
J=0 k=0 =0
n—3

> G+ +2)aje(n—7—=2)(n—j— a1

7=0
n—2 n—2
—4> (4 Daja(n = fany =4 (i + Daju(n—j—1)(n - j)an—j>
j=1 j=1

10 Painlevé equations

10.1 Introduction

Painlevé equations are second order non-linear differential equations that
play a useful role in describing certain quantities that arise in Random Ma-
trix Theory, especially those quantities that are described by Fredholm deter-
minants. For example, the scaled limit of the nearest neighbor distribution
for U(N), and the lowest eigenvalue of SO(2N) and USp(2N). In addition,
the leading order term of the 2kth moment |A%(1)|?* averaged over U(N) is
best expressed as the solution of a Painlev‘e equation.

There are 6 basic types of Painleve equations; for example PII is the
equation

¢"=2¢° +1tq+a

for ¢ = q(t). An interesting fact is that if A(¢) satisfies the differential
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equation
1
A"(t) = —§tA(t)
A/

then qo(t) = T(tt)) satisfies the PII equation with @ = —1/2. To see this we
calculate

AN\ A 3 A 2<A/)3_3AA/A//+A2A/// (A/>3 tA
<) -2) - 2 =

A3 A3 A
—3A'A" + AA" — tAA
A2
Using A” = —tA/2 and A” = —tA’/2 — A/2 we see that

—3A'A" + AA" —tAA = 3tAA )2 —tAA )2 — A?)2 —tAA = —A?)2.

A A

Interestingly, 0 = A’/ A satisfies another second order non-linear equation:

1
(6" +4(0")? + 2t(0")?* — 200" = T

AAllf(Al)Q

Let us just verify this assertion. Inserting o’ = e and o” =
2(A,)373A:2;A”+A2AW into the above and clearing denominators, we have to
verify that
A4

= 2A(A)? + 2(A) — 242 A A" — At A(A') A" + 20 A2(A")? — 3(A')*(A”)?
+4A(A”)3 + 4(A/)3AN/ —GAA' A" A" 4 AQ(A///)Q

4

Differentiating the equation A” = —tA/2 we have

A" = —tA')2 — A)2.
Substituting these expressions for A” and A” into the above, we find that
the complicated equation above does indeed hold!

The structure of the Painlev/‘e equations is such that we can use one
solution to generate an infinite sequence of solutions to the same equation
but with changing parameters. With our function A above satisfying A” =
—tA/2, consider the ‘double Wronskian’ determinant

Tn(t) = ]\C}S}V(A(M)(t))|0§i,j§N—1

49



formed with the function A satisfying the differential equation A” = —tA/2
as above. Then oy (t) = 75(t)/7n(t) satisfies the differential equation

2
(oh)2 + 4(oy)? + 2t(oy)? — 2080y = —

4
for N =1,2,3.....

The verification we just did above is the case N = 1 of this fact. The
goal of this chapter is to prove the general assertion for all N. To do this,
we will make use of a surprising recursion that 7y satisfies, namely

TN-1TN+1 = Tz/\'fTN - (Tz,v)z-

We will define a sequence of functions Hy which also satisfy this recursion
and which satisfy the oy differential equation. It will then follow that, up to
a constant, oy satisfies this differential equation. Finally, a major task will
be to identify this constant.

Let us examine for a moment the recursion formula for 7y. We call this
Amazing Fact 1. Suppose that A(t) is infinitely differentiable. Define
70(t) = 1 and for N > 1,

Tn(t) = ]glffv(A(Hj) (t)]o<ij<n-1-

Then

TN-1TN+1 = TJI\IZTN - (7'1,\/)2-

The differentiation is with respect to t. The first few cases are

T0 (t) = 1

n(t) = A(t)
A t A/ t " /

) = |40 g | = AW - Ay
A A’ A

Tg(t) — A/ A” A/// _ AA//A(4) . (A/)2A(4) . A(A///>2 + QA/A//A/// . (A//)?)
AT A" AW

which can easily be verified to satisfy the above recurrence. We will prove
this fact shortly.

Thus, the complicated determinant 7x(t) can be computed in a simpler
way using this recursion formula. We will later see that computing a series
solution for o = 75 /7n from the differential equation is even faster.
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10.2 A recursion formula for determinants
We now prove the remarkable recursion formula for the determinants with
derivatives, sometimes known as ‘double Wronskians’.

There are two main ingredients. The first is a formula for determinants
found by Lewis Carroll. It is

a1 ... Qinp ai cee Q1p—2
X
Ap1 --. Qpn Up—21 ... 0(p_2p-2
ai cee Q1p-2 a1n
a1 cee A1p—1
a a ap—21 ... QAp—2p—2 0Qp—2n
n—1,1 .- n—1,n—1
Qpn 1 cee Qpp—2 Apn
Q1,1 N 5 .)) a1n—1 ay N (5 ) A1n
| : . : %
Qp—21 .- QAp—2n—2 0an—2n—1 Qp—21 ... Qp—2pn—2 0an—2n
an,l ce an,an an,nfl anfl,l <. anfl,nf2 anfl,n

A shorthand for this formula is (notation from Kujiwara et al)

pxo(2710) =2 (272 () -2 (") x0(,7)

where D is the full n xn determinant and D (; Z z ) means the determinant

but with the rows a,b,c,... and columns z,v, z,... removed. This formula
is a special case of Sylvester’s Theorem, for which see Mehta, page 37.

We apply Lewis Carroll’s formula in the situation where our determinant
D is a “double” Wronskian. The Wronskian of a set of functions {uy,...u,}
is

Uy Uz U,
! / !
u U U
1 2 n
%! (ub . 7un) = | - :
n—1 n—1 n—1
ORI D



Here the u; are functions of ¢ say and the differentiation is with respect to
t. Wronskians appear in linear algebra and differential equations when one
is trying to determine if a set of functions are linearly independent; they are
if and only if the Wronskian is non-zero.

In our situation, the “double” Wronskian means that we start with one
function u; = A(t) and then have uy = A'(t), ug = A”(t), etc. In this way,
we have

W(AA,. .. A" D) = 1.(t)

using our earlier notation. If we now apply Lewis Carroll’s identity to the
determinant W (A, A’,..., A=) we get

n n—1n
D=r7,(t D()ZTn_t D = Tp_o(t).
0 (M) =nat) D(171) =nat
Next, we observe that if we have an n x n determinant of functions of some
variable, say ¢, and we differentiate it, the the result is a sum of n deter-
minants each which looks like the original one except that each column is
differentiated in turn. Thus,

l
U1 U2 ... Uip Uy U2 ... Ulp
/
d U221 U2 ... Uzp Ugy U22 ... U2p
dt
!
Unl Up2 ... Upp Up1 Up2 -+ Upp
! !
U1 Uy ... Ulp U1 U2 ... Uy,
/ /
Ug1 U9y ... U2p Ug1 U2 ... Uy,
+ .. R
I I
Upl Upg -+ Upn Upl Up2 .- Uyy,

If we apply this to the Wronskian of A, A’, ..., then most of the determinants
above are zero because they have two identical columns. Thus, we have

n—1 n

—1
MWAAWWM”U:WMAQWAW%M%:D<71)zD(n ).

the last equality follows because the determinant of a matrix and its transpose

are equal. Thus,
—1
D<7l>:D(n )=¢@.
n—1 n
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Finally, if we differentiate

A L. A An=2)

d n—1 : : :

/ _“ _ | : e :
Tn(t) - dtD < n > A(n—3) o A(2n—6) A(2n—5)
A(n—l) o A(Zn—3) A(Qn—2)

we see that only the last column gets differentiated, so that

A ... A3 Al
con | : . : _ n—1
Tn(t) - A(”_3) o A(2n—6) A(Qn—4) =D (n — 1> '
Al=1)  A@2n=3)  A(2n-1)

Inserting these results into Lewis Carroll’s formula, we obtain

T — (T0)? = T 1Tns1-

It just remains to prove Lewis Carroll’s formula.

10.3 Proof of Lewis Carroll’s identity

We note that the identity can be put in a determinant form:

oo (12) =56 Bty

n—1 n

This form suggests Sylvester’s identity which involves three integer parame-
ters h < m < n; in Carroll’s identity h=n—1and m =n — 1.

We prove the identity by induction. It is trivial for n = 2 and for n = 3
amounts to checking that

a a c
a b c d e d f
ax|d e f|=
g h 1 a b a b
d e d ‘

53



Now the thing to do when n > 3 is to use elementary row operations
which do not change the value of any of the determinants but which change

the first column to

a
0
0
Then it is required to verify that
a ... bl,n a ... bl,n72
X | :
0 bn,n 0 bn—2,n—2
by b
a bl,n—l a 1,n—2 1,n
=i o )
v n—2,n—2 n—2,n
0 - bnil,nil 0 bn,an bn,n
a ... bl’n_g bl,n—l a ... bLn_Q
0 ... bn—2,n—2 bn—Q,n—l 0 ... bn—2,n—2
0 ... buns  buno 0 ... by_inos

bl,n

bn—?,n
bn—l,n

But each determinant to be evaluated now is a times a determinant one
dimension smaller than previously. When we divide out a? from this equation
we are just left with an instance of the n — 1 case of Lewis Carroll’s identity.

Thus, the identity follows by induction.

10.4 The recursive system of p’s, ¢’s, and H’s

We begin with a function ¢ = gy that satisfies
¢ =2¢° +tqg+ .

We introduce an auxiliary function p by

t
p=d+d0+3
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and then define H by

1 1
H=—5p2¢ —p+1) = (a+3)g. (66)
Notice that
, 1
H'(1) = —p(t)

Also, it is easy (especially with a computer algebra system) to verify that H
satisfies

a+1/2)*

(H")? +4(H')? +2t(H')* - 2HH' = ( R (67)

one just uses equations (64), (65), and (66) and two derivatives of (64) to
plug into the left side of (67); after simplification it works out.

There is a lot of structure to this set up. For example, if we define

1
1 «

= — +—’
Al q 22+t —p

then ¢; satisfies the same Painlevé equation as ¢ does, but with a replaced
by a —1, i.e.

¢ =2(q1)® +tq + (= 1).

Then we can define

t
P1 qu+(Q1)2+§

and

1 1
Hy = —5171(261% —ptt) = (a=J)a

and it follows from the earlier verification that H; satisfies the differential
equation
(o —1/2)

(H!)? + 4(H,)? +2t(H))* — 2H, H| = 1
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Moreover, amazingly(!), we find that

Hl_H:q>

and
, 1
Hi(t) = —§p1(t).

In the case mentioned at the start of this chapter, we have

0

qo(t) AD)

which we shorten to ¢o = A’/A. This satisfies PII with o = —1/2. Then
we calculate pg = 0 and Hy = 0, using only the fact that A” = —tA/2.
Proceeding further, we find that

AP LAZA - (A
M= A AN

which satisfies PII with & = —3/2. Further,

tA? 4+ 2(A)?

b= 2
and A
Hy = —.
P A

We want to iterate this process. Let a; = «, ap = a1 — 1 and, in general,
ap = -1 — 1 so that a,, = @ — (n — 1). Given a function g, that satisfies

Gy = 24, + tqn + o (683)
we define p, and H, by
/ 2 l
Po =t dn t 5 (69)
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and

1 1

and then it follows as above that

(H?* +4(H))? +2t(H)* — 2H, H, 1

We can then proceed to define
1

2~ %

= — _|_ —_—
dn+1 qn 2%% - Dn
and then ¢, satisfies the Painlevé equation with a1, i.e.

Gpi1 = 2(gnt1)” + tqny1 + Q.

Then let
t

Pny1 = q;ﬂ + q,21+1 + 5
and

1 1
Hy = —ipn+1<2q7%+1 — Pny1 +1) = (Qny1 + §)Qn+1

and our three amazing equations hold:

Hn+1 - Hn = {n,
P
Qn+1 — qn = +1a
Pn+1
and
, 1
H(1) = —2p.(0)

o7

(0 +1/2)?

(70)

(71)

(72)

(73)

(74)
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10.5 The recursion for H

We eliminate py and ¢y from our equations as follows. We have

! H'(t d d
Hn—H - 2Hn + Hn—l =dn —4pn-1 = & — n( ) - _10g<d_

H,). (76)

po H(t)  dt t
Now let
t
T, (t) = exp (/ H,(u) du>
0
so that
d T (t)
H,(t) = —logT,(t) = —=.
Then (76) becomes
d, To1()Th(t) d d d d?
—1 = —log(—H,(t)) = —1 — log T, (¢
a2 T () ar 108 (G (1) = g loe Gz loe Tult)
If we integrate both sides and exponentiate, we find that
T ()T (t TV ()T, (t) — Th(t)?
(OTur(t) _ o THOT0) = Taf0)
To(t)? To(t)?

for some constant C*(n). Suppose that we have started from a situation with
To(t) = C(0)Ty(t) and 7 (t) = C(1)T1(t) and have the recursion formulas

TYOTu(t) = T,(1)*

TnJrl(t) = C* (TL) Tn—l(t)

Then, it follows by induction that
T (O7(t) — () C)(TI ()T (1) — To(t)%)

Toi1(t) = o (D) - C(n—1)T,_1(t)
C(n)*C*(n)
mTnﬂ(t) = CO(n+ )T, (t).
Therefore,




and so 0, (t) satisfies the differential equation.

In order to finish this proof, we need to check that thee are constants C'(0)
and C(1) such that 75(t) = C(0)To(t) and 7 (t) = C(1)T1(t). By definition,
70(t) = 1 and 71(t) = A(t). In order to calculate Ty and 7} we need to
recall Hy and H;. We started from gy = A’/A which satisfied the PII with
a = —1/2; and then defined in turn

Po=qy+aqs+t/2=0

and
Hy = —(1/2)po(2q5 — po + t) — (o + 1/2)go = 0.
Thus,

t
To(t) = exp ( / Ho(u) du) —exp(0) = 1 = ().
0
Further, as we already calculated in the first section, Hi(t) = qo(t) =
A'(t)/A(t), so that
t tA’(u)

Ti(t) = exp Hi(u) du | =exp —— du | = exp(log A(t) — log A(0))

0 o Alu)

Alt) _
20 = Cn®)

with C'(1) = 1/A(0), which is fine as long as A(0) # 0.

Now we know that o, (t) satisfies the differential equation (71), and we can
use this to quickly find a series expansion for o,(¢). But we need to know
what initial conditions to use. These will depend on the original function
A(t). Thus, we have

() = 7 (0) exp ( /0 on(w) du>

and 7y(0) and oy (0) will depend on A(0) and A’(0) in a way that we still
have to determine.

10.6 Expressing A™(t) in terms of A(t) and A'(t)
Recall that the differential equation for A(t) is

A"(t) = —%A(t).
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We can repeatedly differentiate this equation to find expressions for A™ (t):

A/// — —EA _ EA/
27 2
1 1 2
I R . L Ty f(—fA) LAY
2 2 2 20 2 4
AO = i lag ﬁA’ =tA+ ﬁA’
2 4 4

Let us write

A1) = fu(t)A(t) + ga () A'(D).
Then

AT = AL f A+ g A+ g A = LA+ f A+ gL A — gatA)2

= (fn— %gn)A + (fu +g0) A
so that we have the linked recurrence formulas

{fn+1(t)} _ {fé(t) - %gn(t)}

Gn+1(t) fu(t) + g,,(t)

with initial conditions fy(t) = 1 and go(t) = 0.

10.7 Power series solution for A

Assume that

A(t) = i a,t"
n=0

is a solution of A” = —tA/2. Then we have that as = 0 and the recurrence
formula
an
Upi3 = —
T 2(n+2)(n+3)
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holds for n > 0. This leads to the general solution

13 16 9 14 7 £10
Alt) = 11— — .. t— — — ...
®) a0 ( + 720 103680 + ) ta ( 24 + 2016 362880 + )
e i s n 31

n= _]21 =0 j=1

Recall that the differential equation satisfied by the Airy function is ¢y’ = —ty.

10.8 Power series solution for oy

Let us illustrate these computations. First we’ll find a series solution for
o(t) = on(t) which satisfies

(0")? 4+ 4(0")? + 2t(0")* — 200" = N?/4.

Let
n=0

Then using o’(t) = > (n+ 1)h,1t" and o”(t) = > (n+ 1)(n + 2)h,ot" and
substituting into (0”)% 4+ 4(0’)? + 2t(c")? — 200" = &% we have

N2
= D (m+ D m+ 2) 0+ D1+ 2ot ™"
+4> (L4 1) (m A+ 1)(n 4 Dhegrh 1 hpaat "

42 (m A+ D)0+ Dhsr hat =23 (04 Dl b1t

m,n
This gives

2

N
T 4h3 + 4h3 — 2hohy
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and, for £ > 1,

0= Y ((m+1)(m+2)(n+1)(n+2)hmohnis = 2(n + 1)hnhy)

+2 Z (m + 1>(n + 1)hm+1hn+1
m+n=k—1

+4 Y (C+D(m+ 1)+ Dhggrhmabo.
l+m+n=k

In the sums above, ¢/, m, and n are all non-negative. This gives the recursion

A(k + 1) (k + 2)hohpss
= - (m+1)(m+2)(n+ 1)(n+ 2)hpiohnie — 2(n + 1)himlini)

—2 Z (m —+ 1)(n -+ 1>hm+1hn+1
—4 Y+ 1)(m+ 1) (n+ Dheghma o

which allows one to solve for hj 5 knowing h,, for 1 < m < k+1. From there,
it is an easy matter to integrate the series for o(¢) and then to exponentiate
to find the series for 7,(t).

Incidentally, the A that satisfies the differential equation above is A(u) =
Ai(—27134) where Ai is the Airy function.

10.9 Initial Conditions

Let’s consider the initial conditions A(0) = 0 and A’(0) = 1 for our differ-
ential equation A”(t) = —tA(¢)/2 and find the initial conditions for o(t).
Basically want we want to know is the behavior near 0 of

v (t) = det(A™ (1)) |o<ij<n-1-
It is not difficult to see that this will have the shape

TN(t) = TN(0)+
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11 Moments of Characteristic Polynomials

We define the characteristic polynomial of a matrix X by

N
Ax(s) = JJ(1 = se ) (77)

n=1
where X is a matrix with eigenvalues e for n = 1,2,..., N. This definition

differs slightly from the usual definition of characteristic polynomial, but it
does have the basic properties that it is a polynomial of degree N with zeros
at the eigenvalues of the matrix X; but it is not necessarily monic.

It satisfies the functional equation
Ax(S) :Ax*(l/S) (78)

We are interested in evaluating, after Keating and Snaith, the moments

My(N, 2) = / L asrex (79)

Mo(N, z) := /O . Ax(1)%dX, (80)
and

Mg(N, 2) := /US L x(arax. (81)

where z is a complex variable.

At this point we will begin to use X for a variable matrix and dX for the
appropriate Haar measure of the group in question, which should be clear
from the context.

11.1 Selberg’s Integral

In the 1930s Selberg found an amazing generalization of Euler’s beta-integral.

Let
Alx)= [ (@e—=)

1<j<t<n
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Then

1 1
/ / |A(x |27Hxa 1 “tdxy ... dx,
0 0

n—1

(1 +7+w )T+ 3708+ j7)
F Da+ 68+ (n+j5—1)y)

(82)

“’:1

for Ra > 0,R3 > 0,Ry > —min{L, Ba R The case n = 1 is Euler’s

n'n—1’ n— 1
formula for the beta-function. For n = 2 it is

/0 / & — g2 (@) (1 - 2)(1 - )" de dy

_Mr(p) I +29)(a+79)I(E+7)
Pla+pB) [(a+6+7)

A second form of Selberg’s integral is

n

/ |A(xy,. .., 2,) > H(l — 2;)* N1 + 2;)°
[—1,1]”

Jj=1

_ gn(n—1)+n(atp-1) H L1+ 54 j7v)T(a+ jv)F(ﬁ + J7) (83)
T+ (a+B+y(n+j-1))
valid for Rae > 0, R > 0, and Ry > — min{3, %, % .

A third version of Selberg’s integral formula is

n

/ Az, ..., 2,) > H(a +ix;) (b — iz;) P da;

j=1

n—1 . .
_ (2m)" 11 A +y+jyllat+f—(n+j— 1yl
(@ + p)letPnmanin=t)=n L4 P +y)(a—0(B -4y

valid for Ra > 0, Rb > 0, Ra > 0, RG> 0, R(a+ £) > 1, and

1 1 . 1
—=< Ry < — min{Ra, NG, sR(a + 5 — 1)}
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11.2 Moments of characteristic polynomials
Keating and Snaith showed how to use Selberg’s integral to find an exact for-

mula for any moment of the absolute value of the characteristic polynomials
averaged over U(N).

Theorem (Keating and Snaith 1998) Let

o(K, N) ;:/ Ap(D)[E dUy :/ [ det(I — U)X dUy.
U(N) U(N)

Then, for RK > —1/2,

oK) = T (55)

We now give the derivation of (85) from Selberg’s integral. First observe
that A .
e’ — | = 2| sin(a/2 — B/2)]. (86)

Thus,

oN(N-1)+2KN

o N) = T [ TL Isn@k/2 =028 [T Isn(0./2P" do,

N
1<j<k<N n=1

2N2+2KN

= sin(f — 6 sin(0,)|*% db,
G o TL It |H|

1<j<k<N

Now using sin(a — /3) = (cot @ — cot ) sinasin #, we find that

2N2+2KN N
g(K,N) / I [lcot by —cot)]* T Isin(6,) V=2 dé,.
[0,m]V

(2m) (2m)NN!
1<j<k<N n=1

Now let x,, = cot #,,. Then, by (84),

oN24+2KN ) N Nk
J(K.N) = —/ A ) PTTIO + i) (0 — iz)| 5K da,
(27r)NN! oy nHl
F (7 + K)?

Jj=1
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11.3 More formulas for g(K, N)

It can be shown that

2
— an 2K 0n 0 |2
g(K,N) = N / / Ilu | IT  1e — e do, ... doy

1<m<n<N

AL i
K—-1 |
_ (jJ‘Z—K)(N+1)(N+2)2...(N+K)K...(N+2K—2)2(N+2K—1)

(N+1)(N+2)?. .. (N+K)X...(N+2K —2)*(N +2K — 1)
1-22.3%... . KK (K +1)K-1.... 2K — 1)

G(N +2K +1)G(N +1) G(K +1)?

G(N + K +1)? G(2K +1)

The first formula is just the definition and the next three formulas are simple
rearrangements of each other. Note that in the definition N must be an
integer but K is free to be any complex number, while in the first three
formulas K must be an integer while N is free to be any complex number.

In the last formula G is the Barnes double gamma function which is defined
by

G(l1+2) = (27r)z/26_(z+1)z/2_722/2 H(l +
k=1

k —z+
ﬁ

and satisfies

G(z+1) =T(2)G(z).

Both K and N are free to be complex numbers; this formula follows imme-
diately from (85) by appropriate use of (88) below.

Note that
K2

where

(K2)!
1-22..... KK (K+1)K-1.... 2K — 1)

JKk =
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We calculate
g =1 ¢g=2 g3=42 g4 =24024

We record the definition and basic properties of GG. It is defined by the
Hadamard product

Glz+1) = @n)fexp (- 4P +922+2) [[(1+ D)5 (1)

where 7 is Euler’s constant. We immediately see that G(z + 1) is entire of
order two and that it has a zero at z = —n of order n. Further

G(z+1) =T(2)G(2) (88)
hence the name double-gamma function. The logarithm of G(z + 1) has a
nice Taylor expansion:

zTL

log G(z+1) = $(log2r — 1)z — (1 + )22+ > _(=1)"'¢(n — 1) — (89)

valid for |z| < 1.

For large |z| with | arg(z)| < m we have the asymptotic formula
1
logG(z+1)=2*(Llogz—2)+Lzlog 2 — D log z+¢'(—1)+O(1/]z]). (90)

Some other identities of a combinatorial nature include

2K
g(K,N) = det( , )
K+j5—1 1<ij<N

(ﬂ{—1+ﬁv+j—¢)

= det

2K —1 L<i<N
B ﬁﬂ 2K +n—j

N N+K+1—j—n

j=1n=1

Also,

g(K,N) = det

N+K+j—-1
KxK '

K+i-1
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In the course of developing below a formula for “shifted” moments, or
autocorrelations, of characteristic polynomials we will see that

where S is the Schur polynomial with 2K ones and K N'’s, and then that

DI Zj—ZKﬂ)A( )2
€2 ~ij= 21y ey R2K
g(l(,N) = K dzy ... dzog
27rz 2KK'2 3 3 ||1<”<K — e~z ) L, 22K

where the paths of integration are small circles around the origin.

The leading order asymptotics for large N and fixed K can be expressed
as a K-fold integral:

g(K,N) / / e Ei- A L e (92)
K‘ 2mi) K 1|1 xcl=1 22K

Jlj

11.4 The prime factorization of gy

Conrey and Farmer proved that gk is always an integer (but just barely so!).
For example

Guop = 295 - 365 . 524 733 11101333 17361929 . 9320 9916 . 3111, 3710 . 4112

439 .47 . 53%.597 . 61° - 6718 - 7112 . 7310 . 796 . 83%. 892 . 97 - 113
127° 13171372 - 13910 . 149 . 15117 . 15729 . 163%4 . 1676 . 17330
1793418136 . 19143 . 193* . 19747 . 19947 . 21147 . 223 . ... . 9973,

Note that the primes 101, 103, 107, and 109 are missing from the factoriza-
tion. In other words they have exponent 0; of course, if that exponent had
become negative then gx would not be integral. The exponent of p in the
factorization of gx has an interesting self-similarity feature. Let

Y P

{=—00
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where ||z|| = min,ez |n — x| is the distance to the nearest integer. Let v,(n)
denote the highest power of p which divides n and let [x] denote the greatest
integer less than or equal to . Then

Vp(gpia)) ~ [P’ 2]ep(x)

as j — 0.

12 Averages of Shifted Polynomials

Now we consider the more difficult problem of the autocorrelation of charac-
teristic polynomials. Let

My (N, A, B) : /U(NHAX e ) [ Axe(e7?)dX, (93)

aEA peB

o(N, A) /2N [ Ax(e)ax, (94)

aEA

and

Mg(N, A) = /U o [T Ax(e)ax. (95)

acA

12.1 Integrals of products of translates of characteris-
tic polynomials

The results of Keating and Snaith give exact formulas for integrals of powers
of characteristic polynomials. These lead to conjectures for the leading main
terms of integrals of powers of the Riemann zeta-function on the critical line.
However, in order to determine the lower order terms of the moments of the
zeta-function it turns out to be necessary to take a different tack and to
consider integrals of shifted characteristic polynomials.

Let Ay(s) = det(I — Us) = []o_,(1 — se*). Since the eigenvalues of U*
are the conjugares of the eigenvalues of U it follows that Ay«(s) = Hivzl(l —
se~n).
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We first illustrate the general result by stating the specific case when
there are four characteristic polynomials:

/U(N) Av(e™)Au(e™)Av-(e7)Au-(e7°) dUn

= Z(a, 8,7,0) + e NN Z(—n, B, —a, 8) + e NI Z(=5, 8,7, —a)

_'_eiN(ﬁJrv)Z(Oé? -7, _57 5) + eiN(/BJra)Z(a? _57 e _B) + eiN(OHFBJr’YJra)Z(_f% _67 —Q, —

where
Z(a,8,7,0) = z(a+7)z(a+ 6)z(8 +7)z(y +9)

with z(z) = 1/(1—e~7"). Notice that there are 6 terms, each of which involves
swapping some of the variables a, § with some of the variables v, and in-
troducing minus signs and factors in a way that depends on the “swapped”
variables. The number 6, as we shall see, can be interpreted in two ways:
one as (3)2 + (?)2 + (;)2 and the other as (;1)

In the general situation, we consider an integral

I(a, / HAU ) HAU “B)dU . (96)

U(N) 21
The answer is expressed in terms of the function

Z<&17"'7&m;617"'7ﬁn>: H Z(aj+ﬁk)

j<mk<n

and consists of a sum of (™) = > (T) (?) terms. In each term, a set of
« is exchanged with an equal-sized set of 5, negative signs are introduced
in all of the exchanged variables, and each term has a factor of e~V X(a+5)

where the sum is over the variables involved in the exchange.

We will phrase this result in two ways, one using set notation and the
other using permutation notation. So, let V' be the set of @ and W be the
set of 5. Define

N(V, W) / HAU - HAU* PYdU
aeV BeEW

and let

=] I] z(a+5)

acV geWw
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with z(z) = (1 — e ®)~!. For a subset v C V define v =V — v and v~ =
{—a: a € v}, and similarly define w® and w~. Let |w| denote the cardinality
of w. Then our theorem is that

IV, W)= > eV Eeetisc N Z(0° Uw™, 0™ Unf). (97)

vCV,wCW
[v|=|w]

Now we reformulate this assertion in permutation notation. This re-
statement will be the version that we actually prove. To do this, it is
most convenient to think of the set of a and the set of # as being se-

quences (aq,...,q,) and (By,...,0,). It is further convenient to write
Bj = —Qumq4; so that the sequence —f is appended onto the sequence o
as (g, ...,y —Qmit, -, —Qmay). Then we are interested in computing
m m-+n
Jn(m,n) = / [TAv(e) T] Ave(e™)dUy.
UN) j=1 k=m+1

Let =,,,, be defined as the set of permutations o € m,,,, for which
ol)<o(2)<---<o(m)and o(m+1) <o(m+2) <--- <a(m-+mn).(98)

Given any such o define a subset S(o) of [1, m+n] of size m by S(c) = {o(j) :
1 <j<m}andaset T(o) of size n by T'(c) ={o(k):m+1<k<m+n}.
Obviously, T'(c) = [1,m + n] — S(o). Also any subset S of [1,m + n| of size
m uniquely determines a complementary set 1" of size n and a ¢ € E,,,, such
that S = S(o) and T = T'(0). Thus, the cardinality of Z,,, is ("™"). Let
v(o) ={j <m:o(j) >m} and let w(o) = {k > m : o(k) < m}. Clearly,
lv(o)] = |w(o)| and these are just the sets of “swapped” variables v and
w in the set theoretic formula (97) for Jx(V,W). Note that any ¢ € Z,,,,
uniquely determines the pair (v(o),w(o)) and vice versa, any pair (v, w)
uniquely determines a 0 € Z,,,. Observe that v(c)° Uw(c) = S(o) and
v(o) Uw(o)® = T(o) (where the complement for v is with respect to [1,m)]
and for w with respect to [m + 1, m + n]) so that the Z factor in (97) is

Z(o)=Z(S(0).T(e) =[] 20y — aww)

j<m
m+1<k<m+4n
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Observe also that

1 m m+n m m+n
Tt T ai(-Sar ¥ e Tan- 3 )
j=1

j€v(o) kew(o) k=m-+1 j=1 k=m-+1

so that the factor
e_N(ZQEU O‘+Zﬁgw ﬁ)

from (97) is just

(=

= e2 Jj= 1a1+2k m-+1 ak)e%(zgnzl aa(j)_z'};n:;—:+1 aa(k))‘

Then the basic theorem can be phrased as

m-+n

U(N) k m+1
= %(f S+t k) Z o2 o7y oy~ 1 Qo) H Z(Oéo—(j) — Oéa(k))-
O0€Em,n m+1%§c2m+n

This is the version we will find convenient to prove.

By a combinatorial lemma, this can be expressed conveniently as

m+n m+n N
— iV m m—+n
/ H AU 70[] H AU* dUN %6 5 (5= 0= Xk k) X
U(N) j=1 k=m+1 men:
S 5= ) A ()2
e2 ‘o=t T k=it A () [T 1gyem 2(wy; — wy) mAn
m+1<k<m+4n H d
I1 (w; — o) ’
lwil>|al [Wmn|>|cl 1<5,k<m+n\""] k =1

In the case m = n = k and the shifts are on the order of O(1/N), the
integral (96) is asymptotic to

NZ?:I Wi 2
/ / Aw) dwi ... dwy
27” |wi|=1 |wg|=1 Hh 1 H ( )

as N — oo.
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12.2 Proof of shifted moment

Define
m—+n m—+n
H Wy / HAU w] H AU wk dUN
k=m+1 k=m+1

Now wV Ay (w™) = [, (w — ¢). Thus,

N m m-+n

o) = sy | TITT0=ewy) T] (ome™) TT Jemeapy ...

(U2 k=m-1 1<j<k<N

Lemma. Suppose that a function f(61,...,0N) is symmetric in its N
variables. Then

/ F(Or, ) [T €% — e do, ... doy
[0,27]

1<j<k<N

N
= N! / FOr,..0n) T (€% =€) [[e ™" ab;...doy
[0,27] N

1<j<k<N h=1

Proof. First of all

H e — 2 = A(e, ... eMA(eT ... e

i<k
= i91 ZON —’L] l)Ok
N
= A(eiel, R eieN) Z sgn(g) H e {h=1)b5(n)
OETN h=1

Let g(@) = g(@l, ce 70N) = f(@l, . ,QN)A(Gl, c. 76N)- Then

901, ..., 0,n) =sgn(o)g(0y,...,0N)
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and

/ F(On - On) [T 1% — e doy ... doy
[0,27]

1<j<k<N
N
= / g(01,...,0N) Z sgn(o) H e~ =Nl dp, .. dby
[0,27] ¥ oETN h=1
N
= ) sgn(o) / 9011, Opry) [J "0 dby ... dOy
cenN [0,27]N hel
N
=) / g(br, ..., 0x) [ e D% doby ... doy
ocETN (0,2]N h=1
N
- N!/ g0y, ...,0N) He—“h—lwh do; ...d0x
[0,2m]V h=1

as desired.

Returning to our proof of the shifted moments, we now have, after the
Lemma,

N
1 .
L n(w) = /[0 - G(w,0) [T e "% db; ...doy

(2m)N o
where
N m m—+n
G(w,0) = H (H(l — e ;) H (wy, — e’e’f)) H (e — i)
=1 \Nj=1 k=m-+1 1<j<k<N
N m m+n
_ Hezmeg(H(ezGZ _ wj) H (wk _ 619@)) H (6107“ . ezej)
=1 j=1 k=m-+1 1<j<k<N
N m m—+n
_ (_1)nN He—imé’g (H(eiw . wj) H (eieg . wk)) H (eiek . 6i9j)
=1 7=1 k=m+1 1<j<k<N
N
= (=)™ H e MNP e g W) JA (W1, . W)
/=1
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Thus,
N

—1 niN 2 -N ) ) )
Lyn(w) = (=) (2m) / e~ UmAE=DI N (0N g W) dBy .. dOy
A<w17 s 7wm+n) [0,27]N 5
We express A(et, ... wmin) as a determinant with the jth row (1, ... e/(N+m+n=1)0;)

for 1 < j < N and N +kth row (1, wg, w?, ..., wh ™" 1 for 1 <k < m+n.
The factor e #m+-D% can be multiplied into the ¢th row. Now the variable
6, only appears in the ¢th row; thus, we can perform the integral over 8, by
integrating each entry of the fth row with respect to 8,. The integration pro-
duces a 0 in each entry of the fth row except for a 27 in the m + ¢ position.
We can expand the resulting determinant along these rows of mostly zeros
and obtain that

detmm (w;€71+N5(k))

Im n -
n(w) det,,in (wf_l)

where 0(k) = 0if k <mand 6(k) = 1if m+1 < k < m+mn. Thus, we recog-
nize I,,, , as a Schur polynomial associated with the partition (0,...,0,N,..., N);
the number of zeros is m and the number of Ns is n.

We expand the determinant in the numerator into a sum over permuta-
tions 1 € T4n
m+n
et (1) 5 st T w0
NETm+4n Jj=1
Any n € 74, can be expressed uniquely as n = 7po where o € =, ,, and
where p is a permutation of {o(1),...,0(m)} and where 7 is a permutation
of {o(m+1),...,0(m+n)}. Thus,

m+n m-+n

m
det (uf10) =5 sanlo) Y swno) [Tty Sosentr) T whidy TT wilo
p j T

m+n
= Z A(wa(l), . ,wa(m))A(wU(mH), c. ,wg(m+n)) H wZE;g)N
0€Em,n k=m+1
Therefore
n T wok
Inal) = Y T S ey @)
0€ZEm,n m+11§jk§§3nn+n g(j) O'(k)

Now taking w; = e~* we obtain the result claimed.
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12.3 A product formula

We evaluate the limit as all of the w; — 1 of the shifted moment and arrive
at the product formula found previously from Selberg’s integral. Returning
to

detm+n (wk 1+N5(k))

det,,1n ( k= 1)

we first of all set w; = 1. This gives a first row of all ones in the numerator.
Then we subtract the first row from the second and divide by the factor wy—1
in the denominator and take the limit as wy — 1. This gives a second row
whichis 0,1,2,...,m—1,m+N,...m+n—1+N. Now the denominator has a
factor of (w3 —1)2. So we subtract the first row and (w3 —1) times the second
row from the third row, divide by (ws—1)? and take the limit as ws — 1. This
produces a third row which is 0,0, 1, 3,6, ..., (mgl), (mJQFN), e (m+";1+N).
Now the denominator has a factor of (wy — 1)3. So, from the fourth row we
subtract the first row plus (ws — 1) times the second row plus (wy —1)? times
the third row. When we divide by (w4 — 1)? and take the limit as wy — 1
the fourth row has entries (kilifw(k)) where §(k) = 0if £ <m and = 1 if
m+1 <k <m+n. We continue this procedure and conclude that

Inn(l) = %ﬁ(k—;+?ﬂm>_
m-Tn ]—

L (w) =

Now the upper left m x m square has the property that the entries below
the main diagonal are 0 and on the main diagonal are 1. Hence, the deter-
minant reduces to an n x n determinant formed from the lower right n x n
square. Thus,

k—1+N
%JD:da(m+ o )
’ n m+j—1

(This formula verifies one of the claims made earlier about g(k, N).) Note

m+k—14+N _ (N+m+k—1)!
that { ™00 ) = v

factor (N +m+k—1)!/(N +k —1)! out of each column and 1/(m +j —1)!
out of each row. Then we see that

To recover the product formula, we

= (N+M+h-1)!
=11

D(n,N
Nh—Dim+h—ni2 N

h:l
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where

1 1 1
N N +1 N +2
N(N —1) (N+ 1N (N+2)(N+1)
PlnNy=det | N -1V - 2)
N(N—l)..f(N—nJrQ)

This determinant can be evaluated by an induction argument. If we subtract
the jth column from the (j 4 1)st column we see that

1 0 0 . 0
N 1 1 . 1
D(n, N) = det N(N —1) 2N 2IN+1) ... 2(N+n-2)

mnl N(N —1)(N —2) 2N(N —1)

which is equal to (n —1)!D(n—1, N). Thus, D(n, N) =1!2!...(n—1)! and

S (N+m+h—1)(h—1)
I n(1
a(l) }HN—I—h—l l(m+h—1)!
 GIN+m+n+1)GN+1)Gm+1)G(n+ 1)
GIN+m+1)G(N+n+1) Gm+n+1)
12.4 Combinatorial Lemma
Each term in the sum over o € Z,,,, has a pole of order mn at (0,...,0).

At first sight, it seems somewhat remarkable that all of these poles cancel
out when the sum over all such permutations is taken. The best way we
have found to see that this is indeed the case is to re-express this sum as the
residue of a function which is analytic apart from its poles near (0, ...,0. The
point, then, is that the sum can be expressed as an integral over a path that
encloses these poles but does not touch them; this renders the sum visibly
analytic in the neighborhood of (0,...,0).

Here is a general lemma which expresses these ideas.
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Lemma. Suppose that F(a;b) = F(aq,...,an;b1,...,b,) is symmetric in
the a variables and in the b variables and is reqular near (0,...,0). Suppose
f(s)=1+c+... and let

G(al,...,am;bl,...bn):F(al,...;...,bn)HHf(ai—bj).

Let =, be as defined in (98). Then

Z G(Oég(l), e ,Oéo(m); Oéo(m—&-l) .. .C(o(m+n)) =

O’GEm,n

(—1)(m+n) Res . )G(zl, o Zman) A (21, - Zmn )
E 2150 Zmtn) =(Qg (1) 0 (mtn T ¥
minl OETm4n : ! o Zln ;n:ln(’zZ - aj)

Proof. It suffices to prove that

A<Zla e >Zm+n)2 _ (_1)m+n

Res. —
1y~~~7zm+n)—(ao'(1)7"'7aa(m+n)) m4+n m—+n
IS j=1 (2 — aj)

since each such term will appear m!n! times. Consider the case where o is
the identity permutation. Then the residue is

_ I1; i — a;)? _

a Hj;ék(aj —ap)

the answer will be the same for any permutation o.

The residue (100) can be expressed as (27i)~™ " times an m + n fold
integral, each path of which encircles all of the poles of the integrand; note
that the value of such an integral may be calculated by summing the residues
and note that there is no singularity when z; = 2, because of the factor
(zk — 2;)? in the numerator.

12.5 Symplectic averages

Let

A:{al,...,OzM}. (100)
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It is convenient to let

Oy = — 1y, (101)
Then for a matrix X € USp(2N) with eigenvalues e*®1 ... eV a small
calculation shows that
N
Ax(e) = (2e")N H(cosa —cosby). (102)
n=1
Therefore,
2N2 M N
_ iam \IN
Mgsn(A) = NN /[o,w]N,l_[l(% ) g(cosam —cosf,) (103)
N
X H (cos O — cos Gj)2 H sin6,, d; ...d0x.
1<j<k<N n=1

We rewrite the integrand in such a way that we have a product of two Van-

dermondes A(cosby,...,cos0y,cosay, ..., cosan)A(cosby, ..., cosly):
ON*HMN exn(iN M a,)
Mg n(A) = m=1_T A 01,... 0
sn(4) TN NIA(cosay,...,cosan) /[;)77r]N (cosbhr,...., cos )
N
xA(cosGl,...,cos@N,cosal,...,cosaM)Hsinzﬁn do; ...dOy.
n=1

We now use (15) to rewrite the Vandermondes as determinants with the
Chebyshev U polynomials. It is convenient to denote a,, by y.,,. Thus,

exp(iN ) le 9N+m)/
1 det (U;_ 0
TN N detMXM(Uj_l(COS ak)) [0,7]N NSN( / I(COS k))

M(M+1)
=50

2N

Mg n(A)

N
. 2
X o det (U (cosby)) 1181n 0, do; ... dOy.

Now we use Andréief’s generalized identity (24) to perform the integration,
much as when we verified that the mass of the Haar measure is 1. In this
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way we obtain

N NxN N+MxN+M

N
/ det (Uj_1(cosby))  det  (Uj_1(cosby)) H sin®6, df; ...d0y
(0,7]

n=1

= 1\(714?1%4 (T;U;—1(cos 8)Uy_1(cos 8))

where 7; is integration with respect to the measure sin® 6df if j < N and is
evaluation at 0; = a;_y if j > N. By the orthogonality of the Uj, the first
N rows of the determinant are 1 on the diagonal and 0 elsewhere. Thus, the
determinant looks like

1 0 . 0 . 0
0 1 . 0 . 0
det | O 0 e 1 e 0
1 Ui(cosay) ... Un_q(cosay) ... Unin—1(cosay)
1 Ui(cosap) ... Un_i(cosap) ... Unin—1(cosay)
Thus,
Msn(A) — 27M(1\24+1)72€iN2£¥nf:1am detprxar (Unj—1(cos ak)). (104)
’ A(cosay,...,cosayy)
Recall that 0 i
sin j
U;_1(cos b)) = e
Thus,
Men(d) - 271\/I(A21+1)—2€iNZ%[:1(1m detary s (sin(N + 5)ay)
SN N H%Zl sin a,, A(cosay,...cosay)
Now we return to «,, = —ta,,, using cosia = cosh a and sin¢a = ¢sinh a.
Then,
Msn(A) = (~1)M2~ " 2o N detyg(sinh(N + j)a)
SN Hf\r{:l sinh v, A(coshay,...coshay)

80



To put this last expression into a particular shape that we desire, we write

sinhx = %em — %e‘m for each sinh function in the determinant. Then we split

up the determinant column-by-column repeatedly using

bii+cia bio ... bium
boi+ca1 baa ... bom
det | . ] =

bui+cemi bva oo buwm
bl,l b1’2 e bl,M Cl,l bLQ e bl,M
b2,1 52,2 e b2,M C2.1 bz,2 e b2,M

det | . . ) +det | . . .

bM,l bM72 Ce bM,M CM1 bM72 . bM,M

This leads to

(sinh(N + j)ap) = 27M

M
det E H €
MXM ( "
1Sm<M  m=1
em€{—1,+1}
M
M
_ 27M (H Em)e(N+1) St emamA(eelal, ) eeMaM)
1<m<M  m=1
em€{—1,+1}
Now we observe that
Aferor . efmon) M(M-1)
=27 2 [T zeey+ema 105
A(coshay, ... coshayy) : (€45 + émim) (105)
1<j<k<M
where, as usual,
1
z(x) = :
1—e®
Inserting these last two expressions into (104) we have
MW+, M
u 1 (—1)M2 2 26~ N m=10m 9-M
sn(A) = T
I1,,-;sinha,,
M M(M—1)
M —
E (H em)e(N“)Zm:l EmQm )~ 3 H Z(Ej@j -+ Emam)-
1<m<M m=1 1<j<k<M
em€{—1,+1}
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Finally, we use

EQ

€e

= 22(2 106
sinh e #(2ea), (106)
valid for € = £1, to obtain
Theorem 1
Msn(A) = Z eN =i (emem—am) H 2(€50 + €mQi).
1<m<M 1<j<k<M

eme{—1,+1}

For example,
/ Ax(e™)dX = 2(2a) + e 2N z(—20)
USp(2N)

and

/US (2N) Ax(e™)Ax(e7)dX = 2(20)z(a + B)2(28)

e 2N 2(—2a)2(—a + B)2(20)
+e 2N 2(2a) 2 (a — B)2(—28)
&)

+e 2N 2 (_20) 2(—a — B)2(—2).

13 Averages of ratios for unitary ensembles

13.1 Toeplitz determinants
Matrices of the form (a;_j) are called Toeplitz matrices. Their entries are
constant on diagonals. We are interested in their determinants in the special

case that the entries a,, are generated as the Laurent coefficients of a function
f. This situation arises in the Gram’s identity:

N /S NH £ (05(0k)) det (v(0)) dby ... dOy = det ( / F(0)9;(0)0(0) df)
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For example,

T 1o 1 o
/U(N)Hf(eth)dUN = L ]\([15};\[(/0 f(610>61(]—1€)0 d9> (107)
h=1

and the determinant on the right is a Toeplitz determinant. This identity is
also called Heine’s identity.

Suppose that f has a Laurent series expansion around z = 0:

f(Z) = Z V2"
n=—H
Then ) )
g 1 flz
10\ —imb
do = = dz = 27
| ren ;] gz =om
Thus,
N
f(e)dUy = det (a;_ 108
/U(N)E< Uy = det (a,-5) (108)

K. M. Day found a formula for the evaluation of such a Toeplitz determi-
nant in the case that f(t) is a rational function

[[hi(t —74)
her (1= ut_h) [T (8 = vn)

where the ry, are distinct, and |uy| > 1,|v,| < 1 and p > s. Day’s formula,
which is valid when N > s — 1, is that

ft) =

where
rv = (=17 [ s
jeEM
and

HJGI\/[( ) Hk_eM (ul - T/f)
CM — L<s i<q .
[Tess (ui —ve) [Tsem (ry — 1)

i<q keM



The amazing thing is the simple dependence on N (when N > s —1). Day’s
formula can be used to give an alternate evaluation of integrals of products
of shifted characteristic polynomials, since

N N
Ap(0™) = T[T = e /) = [T (&™)
h=1 h=1
with f(t) = (1 —t/b) and
N N
Ay+(a) = H(l —ae ") = H (en)
h=1 h=1
with f(t) = (1—b/t). Thus, using our earlier notation with w = (w1, ..., Wyin) =
(@1, ..., Qm,b1,...,b,) we have
Lyn(w) = / 1 H Y Au(1/b)dU = det (3,1)
U

(N)J 1

where the 7, are the Laurent coefficients of

n

Ft) = ﬁ (1—a;/t) H (1—t/by) = —1)"t—mﬁ<t—a] ﬁt—bk
j=1 j=1 k=1

Recall that we earlier proved that

m+n
'l,U
[m7n(w) _ 2 : Hk m+1 ok

—1 .
— 1<5< 1 — Ws(:\W
0E€Sm,n m+1§‘§chn+n( U(]) U(k))

To relate this determinant to Day’s formula, we take s = m, ¢ = 0,
p = m + n, all of the v, = 0 and the r; are the union of the a; and the
bi. Day’s formula evaluates the Toeplitz determinant as a sum over subsets
M of [1,m + n| of size m and so there are (™'™) terms in the sum, just
as we found in our previous evaluation. A subset M of [1,m + n] of size m
corresponds uniquely to a permutation o € 7,1, with o(1) < -+ < a(m)
and o(m+1) < --- < o(m+n) (hence an element of Z,, ,,). The identification
is just M = {o(1),...,0(m)}. Thus, for example, in Day’s formula, [[;c;, 75
translates to H;n:l T+(j)- In this notation, Day’s result is

n+N n N
(1) = (1 ALt Yot IR — L
’ Hllifm(wg(k) We(5)) Hl-.éii:?( —w;(lk)wo(j))

(109)
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as before.

Day’s proof is elementary, but somewhat complicated. Basor and For-
rester found another method to evaluate such a determinant formula, which
is simpler to derive and can be shown to agree with Day’s formula in the case
that ¢ = 0, which is the case in (109).

We now give a sketch of the proof of Basor and Forrester, which is stated
in terms of the function

?:1(7f ),

I (1t =) TT (8 —vy)

Let t, = € and directly consider

g(t) =

N
/ [Tot)A®, ... tn)AQ/t, . 1 ty) df; ... doy.
[0,27]N .4

Let
D(al,...,aM;bl,...,bN) = H (bk —aj).

1<jEN
1<k<N

Then the integrand is
D(r; ) AW)A/t)
D(u;1/t)D(v;t)
where r stands for the sequence (rq,...,7,), t stands for (¢1,...,tn), 1/t
stands for (1/t1,...,1/ty), and so on. Observe that if (a U b) is the con-
catenation of the sequences a and b, then A(aUb) = A(a)D(a;b)A(b). Also,
D(aUb;c) = D(a;c)D(b;c).

Recall the formula for the Vandermonde determinant:

det (a57") = A(a) = I (a-a) (110)
1<j<k<M
for a sequence a = (ay,...,ay) and the Cauchy double alternant formula:
1 v A(a)A(b)
det = (-1 —_— 111
NN (%’ - bk) = D(a;b) (1)

for sequences a = (ai,...,ay) and b = (by,...,bx). (The Cauchy for-
mula follows by considering the degree of the determinant together with
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its obvious poles and zeros, just as the proof of the product formula for
the Vandermonde; to determine the correct sign consider the coefficient of
axa? . ..a\; thob2 .. bA~! which arises only from the term Hj]\il(aj — b)) %)
Basor and Forrester proved the following hybrid formula which includes both
of these results. Given sequences a = (ay,...,ay) and b = (by,...,by) with
N < M, we have

det (a?_l
MxM

the matrix (a?‘l) on the left is size M x (M — N) and the matrix (1/(a; —by))
on the right is of size M x N. This formula also follows by compari-

son of degrees and poles and zeros. Let us abbreviate the matrix here as
(V(a) | C(a;b)), with V for Vandermonde and C' for Cauchy.

Now it is an easy matter to check from these formulas that the integrand

1 o munA@AD)  Ala)A(b)
aj—bk>_( U D) ~ Dia)

18

DEOAMACS) _ (DN OD(ir) "
D(w 1/ D(0st) ~  A(rA@)AE) SV [ Gl ) det(V(A/8) | Clu; 1/1)

Note that the jth row of (V(tUr) | C(tUr;v)) is

1 1
1t g

if j < N and is

1 N+p—s—1 1 1
Tj—N Tj—N — E—
Vs —Tj—N V1 —Tj—-N

if j > N. Also, the jth row of (V(1/t) | C(u;1/t)) is

—1 ~(N—g-1) 1 1
1 tj . .. tj u _ t—l . .. u - t—l .
q g 1 J

Next, we expand dety(V(1/t)|C(u;1/t)) into a sum over permutations

N

det(V(1/t) | C(u; 1/t)) = > sen(o) [T fo ()

oOETN 7j=1
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where f;(t) =t if j < N—qand f;(t) =1/(ux — 1/t)if j=N—k+1
with £ > 1. We then multiply the factor f,(;)(¢;) into the jth row of the
other determinant, when j < N. This produces a determinant where the jth
row for 7 < N depends only on t;. Therefore, we can bring the integration
over t; into the jth row of that determinant. (The above argument is just a
slight variation of the first Gram formula.)

To perform the integrations we use the formulae

2m  ,—ijf
/ =0 (j=0,1,2,...)
0

u — e

and

2 1
/ . — df = ! :
o (u—e ) (v—e?) 1—wv

When we perform the integrations we get 0 or 1 for each entry in the top
N — g rows.

We deduce that the integral is

()Y D(wi )
A ALAW) aetH )

where the jth row of H(r,u,v) is
0 0 N 0 (1 - uq_j+1vs)_1 e (1 — uq_]‘+11}1)_1

if j <gqandis

n+q n+q+1 n+s—p—1 -1 -1
Tj+1—q Tj+1—q e Tj+1—q (Vs=7j41-) e (v1=7j41—q)
if j >q.

We evaluate the determinant via a Laplace expansion — not the usual one
which involves expanding along one row or column — but the version that
allows for the evaluation of an M x M determinant by expanding along a set
S of n columns and produces a linear combination that is an alternating sum
of (Af ) products of an n x n determinant (taken by choosing n rows from
the set S of columns) and multiplying by the (M —n) x (M — n) minor.

Our matrix has a ¢ X (p + ¢ — s) array of zeros in the upper left. So,
we expand down the first p + ¢ — s columns — these columns with initial Os.
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We have to choose all sets of p + ¢ — s rows from all of the p + ¢ rows and
multiply a (p + ¢ — s) X (p + ¢ — s) determinant by an s X s determinant.
If one of the rows selected is one of the initial rows of zeros, we of course
obtain a contribution of 0. Therefore, we are really choosing p + g — s rows
from the bottom p rows. We see that if ¢ > s then the determinant is 0, so
we assume that ¢ < s.

Because of this initial rectangle of Os, we let o be a permutation in =, 45,
so that with (1) < 0(2) < -+ < olp+q—s)and o(p+q¢—s+1) <
-+ < o(p). Then, we have a sum of products of two determinants. The first
determinant is a Vandermonde determinant V(ro(l), o ,rg(p+q_s)) and the
second is []9_; (—u;)~" times a Cauchy determinant C/(v;; U U (i g—sti))-
Each of these determinants may be expressed as a product as noted in (110)
and (111). Thus we obtain a formula for the integral:

o D(v:r)A(ro) T2 (—1) AW A L)
(=) Z sen(o) A(r)A(W)A(u)D(v;u=t U ry)

O'EEp+q—s,s

(112)
where 7o = (To(1), - - -, To(prg—s)) AN T3 = (To(prg—st1)s - - - > Ta(p)- NOW

Al(u ™ Ury) = A(u HA(rs)D(u™", r5)
and
D(v;u ' Urg) = D(v,u ) D(v,75).
Note also that A(u™") = A(u)/[]]_, uj_(q_l) and A(r) = A(ry)A(r5)D(14, 75).
Thus, (112) simplifies to
(_1)Np+(N+1)q

D(u,v) ], u?

J=1"J O€EEp_s,s

D(v;re)D(u™t, ry)
D(ry,r5)

sgn(o)

13.2 Integrals of ratios of characteristic polynomials

We apply Day’s formula to evaluate

dUy.

/ [T, Av- (wj)wly, jAu(w,} ;)
vy L= Ao (y)Au(z )
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where |y;| < 1, |z;| > 1 and the w; are distinct. This is equivalent to
evaluating the Toeplitz determinant with rational function

(t —w;)(t — W j)
f _ mN J J
H (t —yj;) l—t/z])

so that we may apply Day’s result with p = 2m, s = ¢ = m, {r;} = {w,},
{v;} = {y;}, and {u;} = {z;}. A subset M C [1,2m] can be identified
with a permutation o € Z,,,, via M = {o(1),...,0(m)} and M = {o(m +
1),...,0(2m)}. Then ry = (=1)™ [[{" . wo@ and

[Tictjcm(Woti) — ye) (20 — Woim)
D(% Z) H 1<j<m (wo(j) - wo(k))

m+1<k<2m

Cy =

Then, the integral in question is

3 H H1<e,]<m(wo( ) — Ye) (20 — Wo(m+j))
)T 1sism (Wo(h) — Wor))

O0EEm,m k=m+1 m+1<k<2m

Zirnbauer and Nonnemacher have a method for obtaining this formula by
representation theory and super symmetry. They use Howe’s theory of dual
pairs to construct the appropriate super-representation, interpretting (square
roots of) characteristic polynomials (determinants) in the denominator as
traces and in the numerator as super-traces. The desired formula then follows
immediately from Weyl’s character formula. The detail

14 Averages of Ratios for symplectic and or-
thogonal ensembles

In this section we derive a formula for

HaeA AX(eia)

Sp(2N) HﬁeB AX<675)

Rsn(A, B) == /U dX (113)

where we assume the RS > 0 and also that |B| < N. Let A = {ay,...,ar}
and B = {f1,...,u}. We begin with an algebraic identity from Fyodorov
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and Strahov. Suppose that M < N. Then

MI(N = M) I @ =)™

1<m<M
1<n<N
M _
_ Z ya(l .. ?yO'(M)>A(yO'(M+1) .. 7yU(N)> Hmzl(yU(m)/xm>N M
AYo(1)s - - Yon) DU Yo1)s - - > Yoy }> {21, -, 201 })

oETN

where recall that

(v, X) = [z~ v).

rzeX
yeY

This identity is a consequence of the Cauchy-Littlewood identity. We apply

it with x,, = cosb,,, where we are thinking of 3,, = —ib,,, and y,, = cos#b,,
using
N
Ax(e®) = (2e™)N H(cos b— cosb,).
n=1

When we integrate over USp(2N) the answer is independent of the permu-
tation o. So, we may do the calculation for ¢ = Id and multiply the result
by N!. Thus, Rgn(A, B) =

QN+ MN N 3 b 112, (cos O,/ cos by )N "M A(cos by, . . ., cos B)
VMY N — M)! Jiomqx  D({cosby,...,cos0n}, {cosby,... cosby})

N
XA(COS(‘)MH,---vCOSQN)A(COSGD" , c0s Oy )” HA )HsinQQndQn

A(cosby, ... cosb
( 1, ) N acA

Now the idea is to integrate over the variables 0,41, .. .60y and make use of
the formula for averages of characteristic polynomials from the last section.
If X is the matrix with eigenvalues {e?» : 1 < n < N}, let X; denote a
matrix with eigenvalues {e®" : 1 < m < M} and X, denote a matrix with
eigenvalues {e®" : M +1 < n < N}. We consider the part of the integrand
that depends on these latter # and seek to evaluate

/ A(cosOpri1,...,cos0n)A(cosby, ... cosby)
(0,7 N =M

N
x [[Ax(e™) ] sin®6ndo,. (114)

acA n=M+1
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Note that

A(x17"'7xM7y17"'7yN) :A(xl,,l'M)D<{-’L'1,,$M},{y1,,yN})A

and
M
D({cosby,...,cos80p}, {cosOri1,...,co80N}) = H 2610m) =N Ay, (70,
m=1
Also

Ax(e™) = Ax, (e7")Ax, (e7%).
Thus, the integral in (114) is

N — M)lgh-M 2 .
e T 2™ [T Axife™)

m=1 a€A

L

(...

M
X AXQ(B_O% AX2 (€i0m)dX2 115)
[ | ECD i (

Now

/ HAX2 o) HAX2 YA Xy = Mgy (C)
U

Sp(2N—2M) 4y
where
C=A{a,...,ap,—i0y,...,—i0y} = {—iv,...,—Yoim}

where

| b for1<¢<L
= ar_; for L+1<¢<L+M

By (104) we have

—2 N i o, detr s (Un—r4j-1(co8 )

Men (C) = 9-M@M+1)
sn-u(C) A(cos i, ...cosvar)
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Just to be clear, the determinant is of the matrix

Un_r(cosfy) ...  Un_p(cosby) Un_r(cosay) ... Un_g(cosar)
UN+M_1(00891) UN+M_1(COSQM) UN+M_1(COSCL1) UN+M_1(COSCLL)
Inserting this into the expression for R we have

Msn-m(C) H%:l e~ NOm (Co88m \N=M H£:1 Ax, (e7)

cos by,

Rsn(A, B) = /
s ) U Sp(2M) D({cosby,...,cos0p},{cosby,...,cosby})

dX,

Now [Ti, Ax, (€) = [T, (2 )M D({cos ay, . ..,cosar}, {cos by, ..., cosOr}),
and

A(cosvy,...cosvpinm) = Acosay,...,cosap)A(cosby,. .., cosby)
xD({cosay,...,cosap},{cosb,... cos0.})
so that
[Ty Ax () QMN M Sy o
A(cosi, . ..cosypen)  A(cosay,...,cosap)A(cosby, ..., cosly)
Thus,
2MN—M(2M+1)—2+M2 HM (Cosb )M—N
Rsn(A,B) = m=1 n I(B,C) (116
sn(4, B) T M!A(cosay,...,cosar) (B,C) (116)
where
I(B,C) = / det Un_r+j-1(cosyp)A(cosby, ..., cosby)
[0,7]M L+M
M
X H g(cos 0,,)(cos 0,,)N M sin® 0, db,,
m=1
with
M
g(cosl) = H(Cos b, — cos ).
n=1
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We can absorb the factor g(cos 6,,) into the mth column of the determinantal

expression for A(cos#,...,cosfy) so that
1 e 1 o
cos 04 . cos Oy H o(cosb,)
COSM_I 04 cosM‘_1 O "

can be rewritten as

j—1
]\(}Xeg/l (g(cos b)) cos’ " 6;) (117)

We use the partial fraction decomposition

, M

T B yr 1

H’r]\lil(m - yn) a n=1 Hk;ﬁn(yf - yk) T — Yn

to obtain

, M i1
g(cosf)cos’ 1 = Z (cos bn)

— (cos b, — cost

) H(cos b — cosby) !

l#n
Thus, (117) becomes

1 et i (cosby,)
A(cosby,...,cosby)? MxM — (cos b, — cos Qk)
1

= det be)’ ") det
A(cosby,...,cosby)? MM (cosbw) )MxeM <(cosbj —cos@k))

1 1
= det
A(cosby,...,cosby) AT ((cos b; — cos Gk))

using that the determinant of a product of two matrices is the product of
their determinants. We now have

1
det s <ﬂ>

I(B,C) — / det Uy, 15-1(cos )
[0,7]

v LM A(cosby,...,cosby)
M
x | | (cos0,)V "M sin?6,, db,,
m=1
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This situation allows for the application of the generalized form of Andréief’s
identity from which we obtain

1 UNn_pitj—1(cosB)
_ . 11
I(B,C) A(cosby,...,cosby) L+]\9er+M <7; (cos @ — cos by,) (118)
where
A Jo ;6 k(0) cosN "M @sin? 0 do if j < M
Ti0;(0)r(0) = { Una; M) ifM<j<L+M

with ¢;(0) = Un_nr+j-1(cos @) and 1, (0) = (cos @ — cosby,) ™. We claim that
if [e’] <1 and R < k then

/’T sin(k +1)6 sinf cos™6
0

d0 — el +D9 cosh b
(cos ¢ — cos ) e cos™ ¢

PROOF OF CLAIM. First of all, note that |¢| < 1 implies that

o0 . e
ile|prico TSI ¢
E e =T
cos ¢ — cos b
{=—00

Next, we have
2sin(k + 1)0sin 6 = cos kO — cos(k + 2)0

Now,

™ cos k6 cos™ 0 22 R-1 > R
/_7r (cos ¢ — cos ) 0 = Z Z()( )

X/ z|€|¢+z€9 irf —(R—’/‘)G(eike _I_e—ik@) A6

orio-R 20 B/ R\ .
_ i(2r—R+k)¢
Y (1)

f=—o00 =0

27i(cos ¢) etk
sin ¢

since |2r — R| < k. Finally
i — eilk+2)e

sin ¢

_ oilk+1)9
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and that completes the proof of the claim. [J
We insert this result into (118) to obtain

M T2 (cos b)Y

I(B,C) =
(B,C) A(cosby,...,cosby)
1 oib1 M1
x det . : .
sinh(N — M + 1)ay  sinh(N — M +2)ay ... sinh(NV + L)y
sinh(N — M + 1)ay sinh(N — M 4+ 2)ay, ... sinh(N + L)ay,

Now insert this expression into (116) to obtain

2MN7M(2M+1)72+M2

R&N(A, B) =

M!A(cosay,...,cosar) Acosby,...,cosby)
1 eibl L 6i(L+M71)b1
i eii’M 6i(L+Z\;[fl)bM
x det . : :
sinh(N — M + 1)ay  sinh(N — M 4+ 2)ay ... sinh(N + L)y
sinh(N — M + 1)ay sinh(N — M +2)ay ... sinh(NV + L)oy

These considerations lead to

Theorem 2

RSJV(Aa B) - Z eN Z%:l(GmOém—am)

1<m<M
em€{—1,+1}

HISjSkSM 2(€j05 + €mQm) H1§j<k§\B\ 2(6; + Br)
H%Slgfl Z(Emam + 61)
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15 Symmetric function theory

15.1 Schur polynomials

Let A = (Aq,...,Ax) with Ay > Ay > -+ > Ay > 0. Define the Schur
polynomial associated with A by

B det(ack_H)"“)

S)\(x) = S)\hm’)\N(.%'l, Ce ,LEN) = W
J

(119)
Then sy is a polynomial with integer coefficients, since each factor z, —
x; of the denominator is also a factor of the numerator. The s, form an
orthonormal set of functions on U(N). In other words,

/ sx(e, .. e™)s, (e, ... e®N)dUy = 5y, (120)
U(N)

where 0y, is 1 if A = p and is 0 otherwise.
Proof. We can rewrite the first integral as

do, ...d0y

d t i9j(k-1+>\k) d t —iej(k—1+uk)
/[O,QﬂN etle ) det(e ) Gm N

By Andréief’s identity, this is

e . do
det 610(j71+)\j)€719(k*1+/$k) -
NxN 0 21

Now suppose that A\; < p;. Then the entire first row is 0, since A\; < k— 1+
for each of k = 1,2,..., N. Therefore the determinant is 0. A similar
argument but with the first column shows that p; < A; also implies that
the determinant is 0. Let’s assume now that A\; = p1. Then the 1,1 entry of
the determinant is 27 but the rest of the entries in the first row and in the
first column of the determinant are all 0. Thus, the determinant reduces to
the N —1 x N — 1 determinant

2 o ) do
det 0 —14A}) =i (k—1+4p;) —7
N—1xN-1 0 27
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where \; = A\j;1 — 1 and pf = pj —1for 1 < j < N —1. Now if ] # )
then the integral is 0; if \] = p} then we may reduce toan N —2 x N — 2
determinant. In this way, we find that the integral is 0 unless \; = p; for all
7, in which case the integral is 1.

Note that since sq.. o = 1, it follows that

.....

4 , 0if Ay >0
BN AUy = v
/qu) AT {1 if Ay =0

15.2 Secular Coefficients

We would like to now describe work of Diaconis and Shahshahani and of
Diaconis and Gamburd about moments of the coefficients of characteristic
polynomials of unitary matrices. Let us write

Ay(z) = det(U — Iz) = (—1)V Z Sc; (U)aN I (1.

The coefficients Sc, for some reason, are called the secular coefficients. Note
that Sci(U) = Tr(U) and Scy(U) = det(U). Diaconis and Shahshahani
proved the very elegant result that

d V4
/qu) LLCTe(@?)) (Te(U9))dUy = b0 [ ] 575!

j=1

provided only that N > max(Zlejaj, Zﬁzljbj). Here d,0 = 1 and 0, =
0 if the sequence a = (ay,...,a;) is not identical to the sequence b =
(b1,...,br). The method of proof is to express the traces in terms of the
Schur polynomials and use the orthogonality of these to deduce the result.
An interesting generalization was given by Diaconis and Gamburd who con-
sidered

Z —
— C. %5 (Sc.: bj N
s = [, TS0 G0

for non-negative integers a; and b;. Provided again that N > maX(Zﬁzl jaj, Zﬁzl Jbj),
they prove that C,; is equal to the number of matrices of size (a; + 2as +
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o+ Lag) X (by + 2bg + - - - + £by) with non-negative entries for which the first
a; rows add up to 1, the next ay rows add up to 2, and so on until the last
ay rows add up to ¢; similarly the first b; columns must add up to 1, and so
on up until the last b, columns add up to b,. Thus, the number C,; counts
the number of “magic” rectangles with nonnegative entries and specified row
and column sums.

The secular coefficients are naturally expressible in terms of the elemen-
tary symmetric functions of the roots (i.e. the eigenvalues). The results
described above are proven by first expressing the elementary symmetric
functions in terms of the Schur polynomials and then using the orthogonal-
ity of the Schur polynomials. To describe this process further it is necessary
to introduce some basic background information about symmetric functions.

15.3 Symmetric Polynomials

The collection of homogeneous symmetric polynomials of degree d in k vari-
ables x1, ...,z form a vector space whose dimension is equal to the number
of partitions of d into at most k parts. Given such a partition A = (Ay,..., \)
we adopt the convention that the parts A\; form a decreasing sequence: \; >
Ay > -+ > X > 0. Since we allow 0s at the end of our partition, we can
assume that our partitions have length exactly k. We let

A=A+ -+ A (121)

So, when we say that \ is a partition of d we mean that |\| = d. Given A we
can form the elementary symmetric function associated with \ which is just

k
ex=]]ex (122)
j=1

where for a number n, we let e,, denote the n elementary symmetric function
(in the k variables)

= Y Ty, (123)

1<j1<<gn<k

If we just have k variables at our disposal, then e, will be 0 for n > k. If
we want to emphasize the variables, we write e, (21, ..., x;). We will see that
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{ex : |\| = d} forms a basis for the vector space of homogeneous degree d
polynomials in k£ variables.

Another basis for this vector space is given by the complete symmetric
polynomials hy. These are defined by

k
=], (124)
j=1

where for a number n we let

ho= > xp ..., (125)

1<j1<<gn<k

Thus, the j,, are allowed to be equal to each other. For comparison, we note
the generating functions

k k
E(t) := Z en(T1, ..., xp)t" = H(l + x;t) (126)
and . i
H(t):=Y ho(wy, .. ap)t" = [J(1—a5t)7" (127)

In particular, H(t)E(—t) = 1, from which we deduce the identity

n

Z(—l)”erhn,r =0

r=0

for n > 1. This identity is compactly stated as

det(hy_j) = det((=1)"e,_;). (128)

nxn nxn

Another useful collection of symmetric polynomials are the power poly-
nomials p, = H?Zl py; where for a number r,

pr=pr(x1,...,28) = Zx;" (129)



The generating function is

N~ ~ d H'(1)
P(t) = ;prt = ; i ; g loe(l —ait) = s (130)
It follows that . 0
= Fw)

also holds. Equating coefficients of these power series we obtain

nh, = Zprhn_r (131)
r=1

and
n

ne, = Z(—I)T_lpTen_T; (132)
r=1

the latter are known as the Newton identities.

There is a more general determinantal identity between hy and ey where
X is the partition conjugate to A. (If the partition A is represented as a
collection of left-justified rows of unit squares with A; squares in the first row,
Ay squares in the second row, and so on (this is called the Young diagram),
then the Young diagram for ) is obtained by transposing the Young diagram
for A so that the columns of A become the rows of X'.) The general identity
is

det(hy, 4x-) = det (ex 1r—j) = 5x

where s, is the Schur polynomial; this identity holds as long as m and n are
at least as large as the lengths of \' and A, respectively. We have seen a
special case (with all of the variables equal to 1 and A = (N,..., N,0,...0))
of this identity before in the determinantal formulae for g(k, N).

Recall that we defined the Schur polynomials as quotients of determi-
nants:

Nit+k—i

i)

dethk(x

dethk(x
Sx(Ty, ..., xp) =

—
i)

The Schur polynomials are the characters of the irreducible representa-
tions of U(k). These are related to the characters of the symmetric group
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7 of permutations of {1,... k}. The characters of 7, are parametrized by
partitions A of k. Let x, denote the character of 7, associated with A. The
fundamental identity gives the expression of the power polynomials in terms
of the Schur polynomials with coefficients given by the characters of the sym-
metric group. Any such character is constant on conjugacy classes of 7, and
conjugacy of 7 classes are parametrized by partitions of & in that the cycle
decomposition of a permutation naturally gives a partition. Specifically, for
any partition u of k we have

Pu = Z XA(k) s

where y,(u) denotes the value of the character on the conjugacy class deter-
mined by p.

From this formula and the orthonormality of the Schur polynomials, we
calculate that

/ P = ) /

sxsvdUy = xa()xa (1) = Sz
AN U(N) A

where, by the orthogonality relations for characters, z, = [[j%j! if the
partition p has oy ones, oy twos and so on.

15.4 Szego Limit Theorem

Szego proved an asymptotic formula for the Toeplitz determinant of order n
whose entries are generated by the Laurent coefficients of certain functions. A
version of what is called the Strong Szego theorem (see Bump and Diaconis)
is as follows. Let Y 70 |ex| < ooand > oo |k||ck|* < oo. Then

lim e " det(dy_;) = e2k=1 kerc—k (133)
n—oo nxn
where - .
exp( Z cktk) = Z dpt".
k=—o00 n=-—o00
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Actually there is an identity discovered by several authors which implies
this:

0 det(dy_;) = eXi1 ke det(I — K,,) (134)

nxn

where

K= (I = P)H(¢-/64)H (s /¢ )(I = Po)

16 Distribution of values of characteristic poly-
nomials

16.1 Distribution of small values

Let Vi (z) be the probability that a characteristic polynomial in U(N), eval-
uated on the unit circle, has absolute value smaller than z, i.e.

Vn(z) = meas{U € U(N) : |Ay(1)| < z}.

Our complete knowledge of the moments of |Ay(1)| allows us to give an exact
formula for Viy(z).

We use the classical Perron formula in the form

1 —x8 _{1 ifz <1

2mi Jioy s 0 ifw>1

Here ¢ < 0 (say ¢ = —1/8) and (c) denotes the straight line path from ¢ —ioo
to ¢+ 00 Let

S
My(s) = [ AP ds = g(5. N,
U(N)
Then

VN(ZL') = 27(2/ MN — (135)

_ j—l—s _Sds
N 27m/ H S
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1
Now by Stirling’s formula, T'(j + s)/T'(j + s/2)* < |s|277, so the integral
is convergent.

The integrand has a simple pole at s = —1 a triple pole at s = —3, a fifth
order pole at s = —5 and so on. If x < 1 we can move the path leftward,
crossing these poles and express V(x) as a convergent series

V(z) =c1(N)x + x3(03,2(N) log?z + cs1(N)logz 4+ c30(N)) + ...

where

N .
1 I'(y
——|| log"/* N.
(it j—1/2 s

16.2 Normal distribution of values

Keating and Snaith obtained precise information about the distribution of
log |[Ay n(1)]. Its normal distribution can easily be deduced from the formula
for the moments of this characteristic polynomial. It can also be deduced
from a theorem of Basor [B] about the asymptotics of Toeplitz determinants
with a Fisher-Hartwig symbol. This result may be stated as

N—oo

lim meas {U € U(N) : log |Ay(1 ]<)\\/logN}—\/_/ . (136)

Keating and Snaith obtain much more precise information. For complete
details, see the paper [KS] or the Snaith’s thesis [Snal.

To begin with, we record an asymptotic formula (see [Hul]) for

E B i G+ 1PGIN+1)G(N +1+s)
My (s) = 9(5 N) = /U(N) [Au(D)]* dUy = GG EE LIS (137)

Recall (90): For large |z| with |arg(z)| <=

logG(z+ 1) = Az*logz + B2 + Cz+ Dlogz + E 4+ O(1/|z|)

where A =1/2, B=-3/4, C = %log27r, D = 12, and £ = ¢'(—1). Also,
IOgMUyN(S)

=2logG(1+3) +logG(1+ N)+1logG(1 + N +s5) —logG(1 +s) —2log G(1 + N + 3).
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We now compute an asymptotic formula for log My (s). Let Q(z) = Bz*+Cz
and f(N) =2Q(s/2) +Q(N)+Q(N +s5)—Q(s) —2Q(N +s/2). Then fisa
quadratic function of N and f(0) = f’(0) = f”(0) = 0. Therefore, f(N) =0
and so the B and C' terms vanish. The contribution of the D-terms is

EN(N+s) o SN+ 5)
sS(IN+32 T san

2

Dlog (138)

and the contribution of the F-terms is just E. Finally, the contribution of
the A-terms is Ax

s s
2Z log§ + N?log N + (N + 5)*log(N + s) — s*logs — 2(N + £)*log(N + £)

2 N2
:S—logu—l—Nﬁog

N(N + s) N +s
2 7 s(s+2N) '

—— = +2sN1
Wrgr TN

2
Thus, for —1 < Rs < 1,

s? (s + N)?
log M, = —log—
og Mun(s) = 7 lo8 Jrmony

1 Ns(N +s)
12 (s +2N)?

N(N +s) N +s
iN?log —— 2 N1
+ 5N log L +s OgN_%—H?%

1 1
") +0( —+ =
reen+o(fg+y)
We describe the behavior of log My (s) for various ranges of s. For very large
s, i.e. N =o0(]s|), we have

log My (s) ~ °

- (140)

For large N, i.e. |s| = o(N), we have

s N
log My (s) ~ Zlog %" (141)

For s and N comparable size, say s = it with N = A\t, we have

1 A1+ A2

1 "o 2 42\—1/2
0 log e +('(=1D)+O((N*+t*)"/%) (142)

2
Rlog My(it) =~ f(X) -

where

1 1+ )2 A2 M1+ \2

1 1
fn) = 1 log m Ty log /\2—_1_%1 + \arctan X Aarctan o\ (143)
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Note that f(A) > 0 for A > 0; also, f(\) is monotonically increasing and
FN) ~ N2 logi as A — 0T. Finally, though we don’t use it here, we note the
more precise estimate for large NV,

52 N

log—+§s —ilog +{'(— )—I—O(O—HS| H)(144)

log M
0gN()42812 N

Recall (135) that

—1 ds 1 dt
= ) My E = — [ My(s)ts ds ) (14
V() o S ~N(s)z . /0 (27ri /(0) ~N(s)t ds) t( 5)

It follows from the estimate (140) that the integral over s is very rapidly
convergent (because R(s?) = (Rs)? — (Js)?). By a change of variables

v/1
Vi (e’\\/m) :/ o8 / My (s _S“‘/W ds du. (146)

271

Thus, to prove (136), it suffices to prove that

Viog N —u?
lim Y8 My (s)esVoeN gs = & (147)
N—o0 27TZ (0) \/E

Now express log My(s) = % log N + gn(s). Since My (0) = 1, it follows that
gn(0) = 0. Note that

52 log N 2u 2
“log N — suy/log N = —u? — 148
1 0og su+/log u” + 1 (8 *logN) (148)

so that the left side of (147) is
Vlog logN S T ) eIN(GS) g

lim Viog N
N—s00 2m

_ i Vi8N / BN on (H2VIEN) gg (149)
(0)

N—o00 27TZ
by a change of variable and Cauchy’s theorem. Now let w = ¥ 1°2g s. Then
(149) becomes
—u?
lim / v’ N Clutw)/VIog N) gy, (150)
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Using the estimates for log My (s) given above, it is not difficult to check that

R(w? + gy (2(u + w)/+/log N)) (151)
is uniformly bounded in w and N for any fixed u. Therefore, we may take
the limit as N — oo inside the integral and obtain that (149) becomes

2 2

e " 2 e
, e’ dw = . (152)
i /(0) NZS

17 Distribution of zeros and values of deriva-
tives of characteristic polynomials

17.1 Motivation

Characteristic polynomials of unitary matrices are extremely useful models
for the Riemann zeta-function ((s). In particular, the distribution of their
eigenvalues give useful insight into the distribution of zeros of the Riemann
zeta-function and the values of these characteristic polynomials give a model
for the value distribution of ((s).

A problem of interest in number theory is to determine the horizontal dis-
tribution of zeros of (’(s). Knowledge of this distribution is the key element
in Levinson’s famous proof that more than 1/3 of the zeros of ((s) have real
part equal to 1/2.

To elaborate, we recall that the Riemann Hypothesis is the assertion that
all non-real zeros of ((s) have real part 1/2. Speiser proved that the Riemann
Hypothesis is equivalent to the assertion that all non-real zeros of (’(s) have
real part greater than or equal to 1/2. It is not difficult to show that if
¢'(1/2 4+ ivy) = 0 for a real number 7 then ((1/2 + iy) = 0; in words, the
derivative of zeta vanishes on the 1/2-line only at a multiple zero of zeta. It
is widely believed that all of the zeros of ((s) are simple. Consequently, it is
expected that all of the non-real zeros of '(s) will lie strictly to the right of
the 1/2-line.

The point of departure for Levinson’s celebrated work was a theorem of
Levinson and Montgomery [LM] asserting that up to a height 7" above the
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real axis, zeta(s) and (’(s) have the same number of zeros strictly to the
left of the 1/2-line, apart from a small number O(logT") possible exceptions.
Consequently, if the proportion of zeros of ('(s) to the left of the 1/2-line is
at most d, then the proportion of zeros of ((s) to the left of the 1/2-line is
also at most §. The zeros of ((s) are symmetric about the 1/2-line. Hence,
the proportion of zeros of ((s) to the right of the 1/2-line is also at most .
Then the proportion of zeros of ((s) on the 1/2-line must be at least 1 — 2.
Levinson set out to find an upper bound for 9.

Levinson proved the inequality

1 L 0.429
N(T) > (a=F)< log T

¥ <T
B,<a

where ' + iv' is a generic zero of ('(s) and N(T') is the number of zeros

of ((s) (and essentially (’(s)) up to a height 7" and a = 1/2 + %. The

left side of this inequality is clearly an upper bound for §(a — 1/2) = l(l)'ggg.

Consequently, § < 0.33 and so Levinson deduced that at least 34% of the
zeros of ((s) are on the critical-line.

It is fairly clear from studying the approach that Levinson’s inequality is
not sharp. One would like to know precisely the value of

Y (a—p)

V' <T
B'<a
for any value of a that is of the form 1/2 + ﬁ. A related question is, what

proportion f(«) of the zeros of ('(s) with ordinates up to 7" have real parts
between 1/2 and a = 1/2 4+ o/ log T?

The purpose of this chapter is to begin the study of zeros of the derivatives
of the characteristic polynomials of unitary matrices that are supposed to
model ((s). We find that this question is not so easy to answer in this setting
either. For N x N unitary matrices, all of the zeros of the characteristic
polynomials are on the unit circle and all of the zeros of the derivative are
inside or on the unit circle. The question in this setting asks for the radial
distribution of these zeros measuring on a scale of 1/N from the unit circle.
We expect that f(«) will be the proportion of the zeros of the derivative
in the annulus with inner radius 1 — a/N and outer radius 1. Francesco
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Mezzadri has the best results in this direction; see [Mez] where he obtains
asymptotic formulas for f(a) as @ — 0 and also obtains estimates for large
a.

On the number theory side, partial results have been obtained by Levin-
son and Montgomery [LM], Conrey and Ghosh [CG], Soundararajan [Sou],
and Zhang [Z].

Our approach to this problem is to find precise information about (all of
the complex) moments of the derivatives of characteristic polynomials. Then,
from this information use Jensen’s formula to deduce the required formulae.
Chris Hughes [Hug| has made some progress toward this goal by considering
even integral moments of the derivative of a characteristic polynomial; he has
found explicit formula for all integer k. We adopt a method different from
Hughes and end up with different sets of formulae. However, neither our
results nor Hughes’ seem able to provide the desired analytic continuation
that would allow us to infer non-integral real or complex moments. The
hope is that the description of our results may stimulate others to consider
the problem.

Thus, the results in this chapter are somewhat fragmentary and represent
a modest beginning toward what could be a really interesting theory.

17.2 Discrete Moments

We outline an argument of Chris Hughes which evaluates moments of deriva-
tives of characteristic polynomials evaluated at their zeros. Let Z(0) =

Ale®) =TT, (1 — €%—9)). Consider

J=1
N
J, = / 20"
Uw) ; ’

Then, for Rs > —3,

_ G*($ +2)G(N + s+ 2)G(N)

Js
G(s+3)G*N + 5 +1)
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Proof. By an easy calculation,

N
12'(0,)] = T le® = e™1.
n=1

n#j

By symmetry, the above formula, and the definition of Haar measure,

N-1
1 . ) . )
Js = N/ |Z'(0n)|° = / |A(e?, ..., en-1)2 |05 — N |5T24g,.
U(N) (N = DN2m)N Jio,2mm ]1:[1 ’

Now consider the integral over 6y, ...,0y_1. It is just the s+ 2 moment of
|Z(0x)|, which by rotational invariance of the Haar measure on the unitary
group is the same as the s + 2 moment of |Z(0)| = |A(1)|. Thus,

1 1 G*(2 +2)G(N + s+ 2)G(N)
Jy = — +2,N—-1)=—g(s+2,N—-1) = 2

27 Jio.2m 9(s ) = 90 ) G(s+3)@(N+:+1)
as desired.

Now consider (as Hughes did) the more general “shifted discrete moment”

n

/ ZHAU —i0p, — OéJ H —z@h B dUN

hl]l k=1

Just as above, we reduce this to a moment problem over U(N — 1):

n

Jap) = N [ TAute ) [T Ar- s
U(N) j=1

n

1 s _ ' 4 '
= %/ / HAB(G—ZGN—OI]') HAB* (e—ZQN—Bk)AB(e—ZQN)AB* (GZON)dB d@N
[0,27] (N-1) >

k=1

where we have temporarily adopted the notation that B is obtained from U
by fixing the Nth eigenvalue to be 8y and we have used the fact that

N-1 N-1
H |6i9N _ 6i9h|2 — H |1 _ 6i9h_9N|2
h=1 h=1

N-1



By rotational invariance of the Haar measure, the integral over U(n — 1)
above gives the same value for each fy. (Just replace each 6, by 6, + Oy
for 1 <h < N —1 and the measure dUy_; is unaffected.) Thus, the above
simplifies to

J(Oz,ﬁ) = /U(Nl)JlIlAB HAB* —Pr AB )AB*(l)dB

Now we want to apply our results on shifted moments to the integral over
U(N —1). In our earlier notation, we have

J(a, 8) = In-1(aU0,3U0)

where we have inserted the subscript N — 1 on I to denote the dimension of
the integral.

One way to apply our earlier results about Iy(a, /) requires that we
perturb our question and consider

J(a, B) = In_1(aUe, S Ue);

then we will use lim,._,g J. = J. Then we can apply our earlier results about
I and simplify the result by using the identity z(a) 4+ z(—a) = 1; the way
this identity is used is in the form

lim(G(e)z 2(e) + e NG (—€)2(—e) = lig%((G(E)—6_(N_1’2€G(—6))Z(6)+G(—€))
— G'(0)/2+ NG(0)

for any function G which is differentiable at 0; this fact follows from z(e) =

1/e+O(1).

Alternatively, we can proceed directly to an integral formula and obtain:

(—1)mtne2min @it e NI e A ()2 H3<mf 2(Wh + Wing14k)

(m+1)(n+1)! lw;|=c Hh§m+n(wf21, H;n:1( — ;) Hk 1<wh — B)) H s

where ¢ = 2max ||, | Bkl

J(a, B) =
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17.3 Moments of derivatives of characteristic polyno-
mials

We let

o) = < _1€x _ i +O(1). (153)

The function z(z) plays the role for random matrix theory that ((1+x) plays
in the theory of moments of the Riemann zeta-function.

We let I,, be the usual modified Bessel function with power series expan-
sion

)" 154
ZQMH (154)

j=0

The way that the [-Bessel function enters our calculation is through the
following formula:

1 elatt/z L2k—1 Izk—l(Q\/E)

omi Jy 2% o (Lt)+1/2 ’ (155)

this formula can be proven by comparing the coefficient of z2#~1 in el**t/>
with the power series formula for Io;_;.

We let = denote the subset of permutations o € Sy, of {1,2,...,2k} for
which

o(l)<o(2) < - <o(k) (156)
and

ok+1)<o(k+2)<--- <0o(2k). (157)

We let P5™(2k) be the number of partitions m = (mq,...,mg) of 2k
into £ 4+ 1 non-negative parts. This quantity arises from the multinomial
expansion

2k
(zo+ a1+ + ap)* = Z (m>x6n° R (158)

mePET (2k)
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where

(Qk): (2K (159)

m mo!...my!

In its simplest form our problem is to give an exact formula, valid for
complex s with fs > 0, of

Ky s ::/ |AL(1)|°dUy-. (160)
U(N)
or of
Ky, ::/ |Z;(1)]°dU. (161)
’ U(N)

Unfortunately, we cannot yet solve either of these problems. However, we
can give explicit formulae for Ky g, and K ,, for positive integer values of

k.

Theorem 3 For fized k and N — oo we have
KN,Qk ~ (_1)k(k+1)/2kak2+2k (162)

where

k

S () (o)

h=0

(163)

=0

Theorem 4 For fized k and N — oo we have
K;V,Qk; ~ (_1)k(k+l)/2b;€Nk2+2k (164)

where

b, = (%>2k <e§xk2/2 det (Jiﬂ-l(z\/z))) (165)

=0

We also have combinatorial description of bj.
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Theorem 5

- > (&) (HW)( 11 <mj—mi+z—<71>6>s>

mEPS+1(2k) =1 1<i<j<k

We have computed some values of b, and b); these are tabulated at the
end of the paper.

Lemma 7 (CFKRS1) We have

k

/ [T Av(e ) A (e%57+) dUy = 3" ¥ Eimiteonei) T 2(ang) — aofd6])
U(N) j=1

o€l 1<i,j<k
Since
Zy(em®) Zy-(e¥t) = (=1)NeM OBy (€7 ) Ay (e®74)  (168)
we have

Lemma 8
/ HZU W) Zy (e¥HF) dUy (169)

— 6_? Zj:l aj 26N2§:1 ao(7) H Z(Ofg(j) — ag(k+i)) (170)

o€E 1<i,j<k

We can express the sums in the last two lemmas as integrals. Thus we
have

Lemma 9 Assume that all of the o are smaller than 1 in absolute value.
Then

k
/ TT Au o)A (e2+) dUy (171)
UN)

k
1 / NSk (wj—ay) -1
= — e =11 zZ(w; — a; zZ(w; — wj a2
k'(?ﬂl)k o =1 H ( ]) H ( ]) H )

1<i<k i
1<5<2k I
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/ I] 20(e) 20 () dU (173)
—% 22‘21 & k
=2 __ e / NE=er T 2w — ag) [ #(ws — wy) ™ ] [
k'(27”) |w;|=1 1<i<k ] j=1
1<5<2k

Using the fact that z(w) = 1/w 4+ O(1) we easily deduce

Corollary 2 Suppose that |o;| < 1/N for each j. Then

k
/ TT Au e A (c2+) dUy (175)
U(N)

1 / N (wj—ay) Hz;ﬁ](wi
- eN Zj=1(wj—e; dw; + O(N(176)
KN270)k J =1 ||11<§]z<§2kk (wz H J (

with an implicit constant independent of N ; similarly,

/ HZU ) Zye (e%9+%) dUy (177)
U(N) 52

SRy

2 2uj=1% wW; — Wi

:e—/ N i1 Iz i) Hd -+ O(NMT3)
Jwi|=1

(277 )F _
kl(2mi) Jsisk (w; — o)

Lemma 10 Let f be an infinitely differentiable function. Then

AQ(%) (T )

where by A(d/dL) we mean the differential operator

0 (o~ az;) = (™) 150

1<h<j<k

= kldet (f*72(L)) (179)

kxk
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More generally, suppose that g(Ly, ..., L) = Zle a, Hle fri(L;) is a sym-

metric function of its k variables. Then

AT

Lemma 11 Suppose that P and Q) are polynomials with Q(w) = sz (w —
a;) and max|o;| < c. Then

1 evt P(w) d 2 o T
—~ds=P|— 2= [ da;. 182
2mmi wee W Q(w) s (dL)/gklxnge 31:[1 K (182)

Lemma 12 We have

—k'Zardet FH7(L) (181)

L;=L

L2kz+n

. Xy, dr; = 183
/szlmﬂ H T @kl (59

We now give the proofs of our identities for the leading terms of the
moments of the derivatives of A and Z. We begin with the proof of Theorem
2 for Z as it is slightly easier.

Proof of Theorem 2. A differentiated form of the second formula of the
Corollary gives us

k
d (k4 1)
@/U(N) HZU(efa”)ZU*(eo‘”h)dUN — (—1)% Nean(@) +O(NFHY),
j
provided that o; < 1/N, where

2k

d e 2T NSE w A% (w) i
Zj:l Wy dw{184
k(e H do;  k!(2mi)* /|wi|:1 c I iizr (w; — o) ]131 wf184)

1<j<2k

Now we introduce variables L; and, using our earlier notation Kl ,;, find
that

121“[ d A2djdL)e T a/ X Liw ﬁd
N 2k — (N
d k' 271-2) fwg|=1 1_[11<<l<<2kk (wl a]) Jj=1 ’ a;=0,L;=N
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Next, we observe that

N
d e 2%
dov ngigk(wi —a)

_ Hkl (Zk: wi _ %) (185)

a=0

so that

2k
iy Liwi ko1 N
e2ui=1HiWi Zj:lw' D) k

; A*(d/dL) /
lwjl=1

N2k T TR 20k

Introducing another auxiliary variable ¢, this can be expressed as

A2(d/dL) (L) e Nt/2 Sh Liwitt/w; P
Kok = L/ )(dt-) - / ) —11g dw; (187)
’ El(2mi)* wil=1 [, w ey Li=Nt=0
_ AdfdL)(djde)te N b 0 [ ) sy
o k" l 27T’l \w\:l w% v Li=N,t=0
The integral evaluates to
L2 oy (2V/Lit
i 2k 1( 7 ) (189)
(Lit)*1/2
as noted earlier. Thus,
2% _ _
. A(d/dr)(d/dr)*e Nf/2( Lk 1]2k—1(2\/Lit)> (190)
N,2k ]{?' o (Lit)k—l/Q Li=N¢=0
So, letting
L2 o1 (2v/Lit)
fi(L) = (Lit)k;—l/Z ) (191)
we have, by Lemma 4,
2\ 2 i)
! Y e —Nt/2 i+j—
v = () (e )| (192)
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Now we calculate that
o trLQk—l—l—r

JulL) :Zr!(Qk— 1+7)! (193)

so that if u < 2k — 1, then

o0

w trLQk—l—;H-r L (2k—1—p)/2
(L) = = |- Iop—1-,(2V LE). (194

Thus,

g\ 2 oo N\ (@R1=ieg)/2
' _ (% - v (9]
N2k — <dt) e gflg (( / ) Dogy1-i—j(2 Nt)) t:O' (195)
Clearly dety(a; ;) = dety(ag+1—ik+1—j). Thus, we have
d 2k Nt/ N (i+7-1)/2
, _ v
N2k — (E) e N (13515 ((?) IHj_l(z Nt)) t=0 (196)
If we substitute x = Nt, then d/dt = Nd/dx and we have
o/ d 2k , N2\ Hi-1)/2
/ —
Nk = N (%) e gSIE ((7) [Hj_l@\/g)) x:0(197)
2\ 2
_ K42k [ @ —x/2,.—k?/2 o
N ( dx) <e T ?S,E (Iml(Q\/E)) - (198)

since dety (M 1a; ;) = M* dety(a;;) as is seen by factoring M7 out of
the jth column and M~! out of the ith row. This completes the proof of
Theorem 2.

Proof of Theorem 1. Turning to Theorem 1’s proof, we begin as before,
but with a differentiated form of the first formula of the Corollary:

k
k(k+1)

k
Hda / ( HAU@’%)AU*(e‘””h)dUN:(—1) = Knan(@) + O(NF+E-11199)
j=1 Jj JU(N)

provided that o; < 1/N, where

2
NEE (wj—ay) A (W)
Ky o (e H do T / N Ein Hdwj(zoo

1<i<k (wz
1<j<2k
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Introducing variables L; as before, we have

12, (d/da;)A%(d/dL) oS (Liwi—Nag) -k
K = —= k,(; — / — Hdwj (201)
. 7TZ) lw;|=1 H11<<z<<2k (wl Oé] a;=0,L;i=N

Performing the differentiations with respect to the «; leads us to

k k
S Liw; ko1 N ko1
N2k = 3 /a_~i w;
/{:‘(271’2)’“ lw;]=1 Hle U}?k j=1 ’ L;=N
Now we write
Eoyq kb \F ko k , k k
— =N — = — —N — — N + N(203
() (%) - (Sa-7) (-~
j=1 j=1 j=1 j=1
k k k 1 k+h
= NH=h — —-N 204
> () v (G -n) oo
h=0 7j=1
Introducing the auxiliary variable ¢, this can be expressed as
k kth, k k
k d/dL NVt e2i=1 Liwitt/w;
Knaor = Z(h)Nk AX /k)Z( i) / Tk 2k—l_[ale
h=0 (2mi)k lw;|=1 Hi:1 w; j=1 L;=Nt=0

_ A2<d/dL>(5!/dt>2 Ntf[<2m / L:U";j/”dw>

=1

L;=N,t=0

Proceeding as before we arrive at

v e (KN [ d\*T )
B = NS () () (7 ey (e
h=0

(205)

=0

Proof of Theorem 3. We now give the proof of Theorem 3. We rewrite
equation (184) as

2k

d e pRYuTe vsk o AN2(w) T, w dw;
S ws =1 " )
N2k: H da; K!(2mi)k /|wi|:1 € ' H _(1 06)

H 11§Sj§2kk (wi N aj) =1
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Introducing variables L; as before, we can rewrite this as

H_szlwz(d)ﬁ(d)ﬁ(i/ eL—“"d_“’>207)
kl dL dL; i1 2mi Jw|=1 H?il(w_aj) w

Now, by Lemma 5, the integral is

o2k
/ e2i=1 Ti% || dx;.
Sty @<L j

1<j<2k

Letting the variables in the ¢th integral be z; ; we may express the product
of the k integrals as

k 2%
/ L / e2im1 21 T | | dz; ;.
2k 2k ’
2521 ®1,<L1 2521 @k, <Ly 1<i<k

1<j<2k

N2k
We incorporate the factor e™ 2 S99 into this product and have

2
[ [ el [,
S @ <L S g <Lk 1<i<k

1<5<2k

We differentiate this product of integrals with respect to each «; and set each
a; equal to 0 yielding

2k: 2k: 7] 7]
it JUl,y‘§L1 itk <L j—q 1<i<k

1<j<2k

We want to compute this integral by multiplying out the product and using
Lemma 6. A good way to think about this is as follows. By equation (158)

2k
(Ay+ - 4 A — A = Z ()(—A)mOAgnl...A;nk.

m
mePET (2k)

When we multiply out the product we will have a sum of (k + 1)?* terms,
each term being a product of some number of factors (—N/2) and z; ;. Let
m € PE™(2k) represent a generic term in which (—N/2) appears mq times,
and factors x; ; appear for m; values of j, and x5 ; for my values of j and so
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on. When we apply Lemma 6 to this term, when we perform the integration
over the variables x; ; the answer is solely determined by m,, the number of
different x;; that appear in this term. Therefore, we find that the product
of integrals evaluates as

Z 2k N\ L2k L2Frm

mePET (2k)

We now have that the quantity in equation (207) is equal to

k mo m1 mi
1aefd 11 d 3 2B\ (LN Lo
k! dL dL; m 2 (2k +ma)! (2K +my)!

i=1 mePET (2k)

Now we need to carry out the differentiations with respect to the L; and set
the L; equal to N. We perform the differentiations Hle d/dL; and obtain

Le(d) s Ry () e
k! dL m 2 2k —14+my)! 2k +my)!

mePET (2k)

Now the sum over mq,...my is a symmetric function of the variables L;.
Therefore, we can apply the second part of Lemma 4 to obtain that the
above, evaluated at L; = N is

ok N\ ™o N 2k+1+mi—i—j
K = —— det
N2k Z (m) ( 2) kxek((Zk—l—l—i-mi—i—j)!)

mePEt(2k)

2k 1
= NF 27 det
Z (m) ch 2k+14+m;—i—j)!

mePET (2k)

We factor 1/(2k — i + m;)! out of the ith row. The remaining determinant
has ith row

k—1
L (2k—i+my), 2k—i+m)2k—i—1+m), ..., [[@k—i-j+1+m)

J=1

This determinanat is a polynomial in the m; of degree 04+1+---+(k—1) =
k(k — 1)/2 which vanishes whenever m; — m; = j — i; moreover the part of
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it with degree k(k — 1)/2 is precisely A(ma,...,my) =[], jcn(my
Consequently the determinant evaluates to

H (mj —m; — j+1).

1<i<j<k

This concludes the evaluation of bj.
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We have the following values for by:

) 277
L N V- C I C I B

o 2975447
4T 918.310.54.73.11.13

b 3700752773
> 226,314 .56 . 74.112.132.17- 19
_— 3654712923689
6 = 939.319.59.76.113.133.17-19 .23
b 53 - 13008618017 - 143537
7 p—

250 . 328 . 513 78 . 115.134. 172 . 192 . 23

_ 41 - 359 - 5505609492791 - 3637
® 7 268.335.516.711.116.135.173.192.23-29 - 31
b 757 - 45742439 - 60588179 - 13723
P 98430 52 714 118136174193 . 232. 29 - 31

— 652071900673 - 241845775551409
10 ™ 9105 .355 . 525 . 717 . 1110 . 138 . 175.194.233 .29 . 37

A 1318985497 - 578601141598041214011811
™ 9121364 . 531 . 719 . 1112. 139 . 177.196.9234.292.312.37 - 41 - 43
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113 - 206489633386447920175141 - 51839 - 14831

2150

375 . 537723 1115 . 1312 177 - 197 - 235 - 293 - 312 - 37 - 41 - 43 - 47

4670754069404622871904068067089635254838677

9174

-390 . 542728 L1117 . 1314 . 1710199 . 236 . 203 . 313 . 372 - 41 - 43 - 47

107 - 194946046688455595346779341 - 996075171809335069

92203

-3103 550 . 731 . 1120 . 1317 . 1712 1910 237 . 29 . 311 - 372 - 41 - 43 - 47 - 53

29547975377 - 3981541 - 1807995588661527603489333681461 - 1584311

9230

S3UT BT 73T L1122 1319 . 1714 . 1912239 . 295 - 315 - 373 - 412 - 432 - 47 - 53 - 59
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We have the following values for b} :

26.3.5.7
1
212.32.52. 72 11
31
220310 54,72 11-13
227
23031256 .74, 1113217 19
67 - 1999
21231959 .76 . 113133 . 1719 - 23
43 - 46663
256 . 328 . 513 . 78 . 114.133 - 172 - 192 - 23
46743947
972 . 334 516 711116 . 131. 173 . 192 - 23. 29 - 31
19583 - 16249
290 . 342 52171118 136 . 173 . 19% - 232 - 29 - 31
3156627824489
2110 . 355 . 52 . 717 . 1110 . 135 . 175 . 191 . 233 . 29 - 31 - 37
59 - 11332613 - 33391
2132 . 363 . 531 . 718 . 1112 . 1310 175 . 195 . 23%. 292 . 312 . 37 - 41 - 43
241 - 251799899121593
2156 . 375 . 537 . 723 . 1115 . 1312 175 . 197 - 23%. 293 . 312 . 41 - 43 - 47
285533 - 37408704134429
2182 . 390 . 542 728 117 . 1314 . 1710 198 . 235 . 293 . 313 . 372 - 41 - 43 - 47
197 - 1462253323 - 6616773091
9210 . 3100 . 550 . 7311120 . 1317 . 1712 . 1910 237 . 294 . 314 . 372 . 41 - 43 - 47 - 53

1625537582517468726519545837
2240 . UT . 557 . 737 . 1122 . 1319 . 1714 . 1911 . 239 . 295 . 315 - 373 - 412 - 432 - 47 - 53 - 59

/ p—
by =

/ j—
bll -

/ —
b13 -
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18 Omn a first moment

We continue our study of moments. Recall that

N
Aa(s) = det(l —sA") = [J(1 = se7)
n=1
and the analogue of Hardy’s Z-function
Za(s) = e7"™N/2¢i Z:?]”LV=16”/23’]\7/2/\A(5) (208)

which is real on the unit circle and has the same absolute value as A4(s)
there.

In this section we give Brian Winn’s proof of a Conjecture of Conrey and
Ghosh which arose from studying the Riemann zeta-function:

Theorem 6

e2—5

N2

z;_/ 124(1)2,(1] dA ~
U(N)

The analogous theorem for the Riemann zeta-function was proven in [CG]
under the assumption of the Riemann Hypothesis. The proof uses heavily
the expansion of the functions into Dirichlet seris and so it wasn’t clear until
recently how to prove the analogous result in Random Matrix Theory.

We write
Z4(1)
I:/ IAL(D)? |24 ‘ dA.
U(N) Z4(1)
By (208) we have
‘Zk(l)‘ _ ‘ N A’A(l)‘
Za(1) 2 A1)
‘ N N e n
- -5 T —i0p
2 n:11 e
1| 0,
= — ot —
2 - 2
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Thus,

N
1 |
ONI(2m)N /[O,%]N nI:II (@ =e™™) Z “

We substitute z; = cot% (see the section on moments of characteristic poly-
nomials for more details) and have

“1dfy .. .doy

I -

1<j<k<N

2N2+2N 1

1
W/m HHx—z)N“er -+ ax|A@)dr . dy.

We can write this as

9QN?+2N -1 1 orton |
: €|xr T
iﬂ%m/w HHx—zwﬂ'm e T A@) e d

The following lemma is easy to prove.

Lemma 13 Let

Then

/00 K(e,0)ed¢ = |z]e !,

Using this lemma we have

2N2+2N 1

1
_ : | | elzi+-tx |§
I - eli)IOIl+ (27]_ NN' / OOOO 1+I’2)N+1|$1+ —|—QJ ’6 N ( ) dxl..

gN24+2N -1 N oiCen ,
lim ————— K —————A(x)*d{dz; ... dxy.
0t (2m)V N /<_OO,OO)N+1 (G’QH {3 ey sl dedr . doy
We relate this to Laguerre polynomials, which are defined by

N .
L(O‘)(t) o et ﬂ (t0‘+Ne‘t) _ (N +a+1) (=)
M PG +a+ DN =5)! j!

teNdtN

j=
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Lemma 14 We have

chn
2
/Oooo H 1—|—:L'2N+1 ()dxl
Thus,
1
Z = lim -
e—0+ 2

(—O0,00)

By the definition of K, this is

3
(~00,00)

T — lim —
Integrating by parts, this is

e—0+ 27

1
I:—lim—/ (2<2>
e—0+ 27 (—00,00) € +<
o / ¢
- e—l>r[§}r 2 (—00,00) 62 + CQ
where we have used p
L( Q)
Ly (t) =

The recurrence formula is

NLY (=20) = 2L, (-

2m)" N
day = LN oA g,

K (e, Q)e ML (~2¢)d¢

€ —N[¢|
<€2+Cz) MALY) (=2I¢)dc
e ML (-2l¢lde
M9 (NLP (—20¢) - 22§ (-20¢]))

a+1
—LGH ().

20) = 2(Ly 1 (—20).

This gives
L2 [ ¢ —N¢ 7 (3)
I = lim— et Ly~1(=2¢) d¢

2 [ _

= 2 [ eva 0 @
T Jo

2= (N+2\ 2

74 \n+3) Nt

This series can be summed to give

(e

8

N +2
N

==
m

N+2 N +2

) () (35 ).

127



From this we see that

It remains to prove Lemma 14.

19 Other

e Brian Winn’s calculation of [,y [ZZ'|
e ratios implies correlations and Rudnick - Sarnak formula
e Diaconis - Shahshahani theorem on traces

e proof of exact Szego theorm and alternate way of doing moments (see
Estelle’s article form the Newton)

e Keating - Snaith for orthogonal and symplectic; formulas for gs(K, N),
go(K, N); integrality

e operator approach to Painleve a la Tracy - Widom
e Yang’s approach to Painleve via deteminants

e pictures - nearest neighbor; first eigenvalue for orthogonal etc. (Do we
need to do Painleve for lowest eigenvalue?)

e nearest neighbor for N x N ensemble

e Updated status on Francesco’s problem

e Keating and Snaith analogue of moments of S(t) (from their first paper)
e log normal distribution of values of A4(1)

e does Tracy-Widom tell us anything about extreme gaps between eigen-
values?
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