PAIR CORRELATION OF DIFFERENT L-FUNCTIONS

BRIAN CONREY, BEN SIMONS, AND IGOR SMOLYARENKO

1. SOME CONJECTURES

We begin by describing a conjecture for an integral of a ratio of two L-functions and then use
this conjecture to derive a formula for the correlation between the zeros of the two L-functions.

Let Li(s) and La(s) be two L-functions

o o

Li(s) =) == Lo(s) =Y =
m=1 n=1

of degrees d; with functional equations

d;
Q5 T]T(s/2 + pij)Li(s) = @i(s) = € 0i(1 — s)
j=1
for i = 1,2, where @Q; > 0. In the assymmetric form we express these functional equations as
LZ(S) = GZXZ(S)L_Z(l — S)
with
[15-i T((1 = 5)/2 + )
[T5=1 T(s/2 + piy)

Further, we assume that both L-functions are expressible as Euler products

=TI (1-%)

p j=1

Xi(s) = Q; >

where | ,| = 1 unless p | g1 in which case either | ,| = 1 or aj, = 0; here q; = 7Q? is assumed
to be a positive integer (called the “level” of Li). Similarly, for Lo and numbers ;,, and the level
q2. Consider

o TL1(S+C¥)L2(1—S—|—5)
Rf(a757775) _/0 L1(8+’7)L2(1—8+5) dt

To derive a conjecture for this integral, we use “approximate functional equations” to expand the
numerator L-functions:

—
Li(s+a) =~ Z S+a +e1X1(s + ) Z ml—TZ—a
m<x m<y
1
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and
b, bn
Lo(l —s+p) =~ Zm+62X2(1—S+B)Z—nS_B
n<x n<y
and we expand the denominators into Dirichlet series:
(o]
e mi L
Li(s+7) = bt L (1 —s+9) k- 5+5

We expand the integral into four pieces using the approximate functional equations. Then, in
each piece, we integrate term-by-term and retain only the non-oscillatory (in t-aspect) terms. Here
we will restrict our attention to the situation when di = dy so that we have two L-functions of
the same degree. In this case, only two of the four pieces have non-oscillatory terms: The piece
from the first part of each approximate functional equation and the piece from the second part
of each approximate functional equation. In the other two possible pieces the terms involving the
X-function cannot be non-oscillatory. (If the degrees of the two L-functions were different then
these pieces could potentially contribute. Or, if we were concentrating on a different aspect, say
the ¢- or level-aspect, them we would have more pieces contributing.)

Recall that s = 1/2 +it. Then, the first of our contributing pieces arises from

1 i A by} b, p
(1) 0 hkmn ml/2tapl/2+B8 p1/2+7 1/2+6 ¢

and the second from

T Em\ " ambnal, by,
@ [ aoXierani s ¥ (52 et

The non-oscillating terms in the first piece are those with hm = kn. In the second piece we have

t

X1(s+a)Xa2(1— s+ 8) = Q72Q5 % (qa/q1)" <g> o (1 +0 <%>>

so that the non-oscillatory terms are those for which gokm = g1hn.

For simplicity, we now assume that Q1 = Q)9, ie. that both L-functions have the same level. This
assumption does not change our analysis much; if the L-functions had different levels we would
have some relatively innocuous arithmetic factors depending on ¢; and gy entering the picture.

So, now we consider the first expression, but with summing over all h, m, k,n subject to hm = kn
and likewise the second expression but with km = hn. All the variables in both sums extend to
infinity ; we assume in each case separately that the variables a, 3,7, are such that these are
convergent sums. (Note: the requirements on the domains of these variables are different in the
two cases and might not have any overlap.)
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Using the Euler product, we find that

Z (0779 bn a;l b?i‘ . H Z apm bp" a’;,h b;)k

ot ml/2+anl/2+8p1/24v1/246 . ‘ pm(1/2+a)+n(1/2+B)+h(1/2+’y)+k(1/2+5)

m=kn P h4+m=k4+n

_ apbp apbj apby apbj,
(3) B H <1 T pltats T plta+s + pltr+8 + plr+o RIEER
P
Now, a;, = —a, and b, = —by,. Therefore the above is
Lld+a+pB)L(1+~v40
- LT g, 857,0)

L+a+86)L(1+B+7)

where A is an Euler product which is absolutely convergent as long as o, RS, Ry, R > —1/2; and
where

(4) Lis)=3 nbn.

ns ’

n=1
this function should have meromorphic continuation to the whole complex plane with at most
finitely many poles in Rs > 1/2. Similarly, for the second term, we find that

ambnal by, B ) apby a_pa; a;,b;, Ebfn
Z mi2—apl/2—Bpl/2t /246 H + pl-a—B + pl-oty T pL+s + pl—B+6 LR
km=hn P
Again, using that aj, = —a, and b}, = —b, and
= |am|2 = |bn|2
(5) 26)=2. S B =2 T

we have that the above is

Ll —a—-B)L(1+~v+9)

Z1(1—a+7)Z(1 =B +9)

where B is an Euler product which is absolutely convergent for |a|, 3], |v],|d] < 1/2. In general

Z1 and Zs will have meromorphic continuations to all of C and will have simple poles at s = 1

provided that L; and Lo are primitive (i.e. cannot be factored into two L-functions with similar
properties); let Ry and Rs denote the residues at s = 1 of Z; and Z5.

B(a, ;7,9)

Conjecture 1. For 0 < |al, |B], |v],]d] < 1/2, we have
TrLA+a+B)L1+v+9)
. _ A .
Rla, f:7,9) A <M1+a+®Lﬂ+6+7)«%@%®

t\ Ut T —a—B)L+~+96)
rae <_> Zi(1—a+7)Z2(1— B +0)

k Bla,5i7.6) ) dt+ O(T"/2+)
T

In order to find our formula for the pair correlation, we need to differentiate both sides of the
above formula with respect to o and  and then set v = o and 6 = 5. We note by equation (3)
that

Ala, B; 0, ) = 1.
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Also,
2 AL1 (n)AL2 (n)
where
Lj — AL, (n)
L_Z-(S) == ;::1 s

Also, if v =« and § = 3, then
apm bp” a;h b;/l)k

Ambral, by B
Z ml/2—anl/2—Bp1/247[1/2+6 H Z ph(1+a+5)—m(a+ﬁ)+n
km=hn P k+m=h+n

is a function of o + f from which it follows easily that B(«, 3;a, 3) is a function of o + 5. Thus,
we are led to

Conjecture 2.

/j%(wa%u_sm) dt:/0T<<%>/(1+a+B)

dotB) T(q o
+As(0+ B) + erea (%) I(1-a gz}g(j ta+B)

By(a+ ﬁ)) dt

_|_O(T1/2+e)

where Ry and Ro are the residues of Z1 and Zy at s = 1 and where L, Z1, and Zy are defined in
equations (4) and (5); further,

o) = 3 e (T ) (e,

and
Bl(a—’_ﬂ) = B(a757a75)7

Now we want to evaluate the sum

SH= > fn—)

Y1,72<T

for a suitable test function f, where ~; is the ordinate of a zero of L;(s). Actually, it is convenient
for us to assume that f is holomorphic in a strip of fixed width, say 1, around the real axis and
rapidly decaying as the absolute value of the real part of the variable gets large; suppose also that
f is real and positive on the real axis , and even; this class of functions is suitably rich to determine
the desired information about the pair-correlation function. We rewrite the sum in question in
terms of contour integrals. Let 1/2 < a < b < 1 and let C; be the positively oriented rectangular
contour with corners a,a + 1,1 — a+ 41,1 — a and let Cy be the rectangular contour with corners
b,b+1I,1—b+T,1 —0b. Then

S() = o || | / 2 D) 2w (il = w) dw dz
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the point, of course, is that the poles inside the contours are simple poles with residue 1 at the
zeros z = 1/2+41iv; of Ly and w = 1/2 + i of Ly. The integrals along the horizontal contours are
small and may be ignored. Thus, we consider 4 double integrals. We consider each of the 4 double
integrals separately; call them Iy, ..., I; where I} has vertical parts a and b; I> has vertical parts
1 —a and 1 — b; I3 has vertical parts a and 1 — b and I has vertical parts 1 — a and b. It is easy
to see that Iy = O(T¢) just by moving the contours to the right of 1 and integrating term-by-term.

For I, we use the functional equations %(s) = %(s) - %(1 —s) for s = w and s = z and find
similarly that

I, = 27T // 1/2+zu)%(1/2+w)f(u—v)dudv—kO(Tﬁ),

Using the fact that

X! N 1

and that f is even, we see, after the substitution v = v + 7, that

2d T ru U v
= —— log — log — —v)dud T¢
I on)? /0 /0 0g 5 log 27Tf(u v) du dv + O(T*)

d T T—n
= (227T)2/0 f(n)/o log—lOg

Let us assume that f satisfies

T dv dn + O(T®).

1
6 -
(6) fa) <
for real . Letting v — vT in the inner integral above, we have
2d T =7 T T +7
L = —=T log —1 dv dn+ O(T°).
2 2n)? /0 f(n)/0 0g 35— log ——— dv dn + O(T")

We may extend the upper limit of the inner integral to v = 1, introducing an error term of size
< [nf(n) log? T < log®T. We can also replace log(vT + 1) by logvT with the same error term.
Thus,

2d T ! T
2d T T v

d

T T v
= W/_Tf(n)/o log2%dvdn+O(T).

Next we consider 3. Letting z=w+mn, it is

a+iT  pl=b+iT L/ L/
Is = 2ri)? / /1 L ) f(—i(z —w)) dz dw

1

l1—a—b+:T To L ]_'//1
= 7 a+it)—(a+it+mn)dtd
(27”)2 /l—a—b—iT J=im) /T1 L2( )Ll ( " 1
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where 77 = max{0, —Sn} and Tb = min{7T — S, T'}. We use the functional equation

L/l / L/
L—l(a+77+zt) Xl(a+77—|—zt)—L—(1—a—77—zt).
The term with the X7 /X, is small as is seen by moving the contour to the right. Thus, we see that
1 l1—a—b+:T Ts L L
I = . —i / a+it)=2(1 —a—it —n) dt dy+ O(T*
- ) ) dt dy -+ O(T")
1 1—a—b+iT T2 L L
= — f—z’n/ s+(a—1/2 1—-s+(1/2—a— dt dn
ar |, T [P a2 - (120 =)
+0(T°)

where s = 1/2 + it. By Conjecture 2, we have

1 l—a—b+iT . T L/ /
O (‘Z”)/Tl <f> =n)
dn _
raln) +ea (o) DD g ) at dg+ o)

Let § =a+b—1 and let g(—n,t) be the integrand in the second integral above. We can extend
the range of the inner integration, much as we did for the I3 integral to the interval [0, 7] with an
error term of size < T¢ f [nl|f(n)| < T€. Thus, we obtain

—6+2T
=g [ ity aiv o,

Now we consider I;. Again letting z = w + 7, we have

1—a+iT  pb+iT 11
I, = i) /1 / L (z)f(—z'(z—w)) dz dw

a+b—1+:T Ts L L/
= —— f(—z'n)/ 21 —a+it) LA —a+it+n)dtdy
(27”) /a—i-b—l—iT 1 L2 Ly

We use the functional equation

L X} L
21 —atit) = 22(1 —a+it) — 22(a — it).
L2( a+ it) X2( a+ it) Lz(a it)

Again, the contribution of the X’ /X, term is negligible. Thus,

1 a+b—1+:iT Ty Ll Ll
Iy, = - —1i —<(a—1t l—a+it+n)dtdn+O(T¢
v ) e [ Re- i ) dt dy + O(T°)

1 a+b—1+:T T L/2 L/l
_ .2/ f(—in)/ Dot st (a—1/2) B (s 4 (1/2 — a+ ) dt dn
(27m3)? Joro—1—iT 7, Lo Ly

+O(T*)
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Now, by Conjecture 2,

1 a+b—1+:T To L/ /
ho= o | s [ () @)
(2m8)? Jogb1—iT 7 \L

—dn =
t L(1—n)L(1 +n) 1/2+e
+A2(7]) + €169 <27‘r> RiRs Bl(n) dt dn + O(T )

Using the notation introduced after the calculation of I3, and again extending the range of the
integration in the inner integral we can write the expression for I, as

5+ZT
TE
R / | it dn a+ 0T,
Combining this with what we found for I3 we have, after a change of variables,
5+2T
I3+ 1, = 271' / / n,t) dn dt + O(T°)

Now

o0 = () (e st +ere () L DEL D )

We move the path of integration in 7 to the imaginary axis from —7 to T'. Then, combining our
expressions for Iy, ..., I, and changing n into ir we have

Theorem 1. Assuming C’onjecture 2,

Y fon-m e // (dlog 2—+2<<%>,(1—|—ir)

7,72<T
—idr
+ep€g <%> (R1R2)'L(1 — ir)L(1 + ir) By (ir) + Ag(iT))) dr) dt + O(T"/#).

Thus, the pair correlation kernel is

1 (T/d 2t y' ,

—idr
+er€ (%) (R1Ry)"*L(1 — ir)L(1 4 ir) By (ir) +A2(ir)> dt.

2. EXAMPLE: DIRICHLET L-FUNCTIONS

Let us first consider the example with d = 1. Then L;(s) = L(s, x1) and La(s) = L(s, x2) where
x1 and Yo are primitive Dirichlet characters with modulus q. We allow the possibility that x; = x2
or x1 = xz and also the possibility that ¢ = 1 in which case both L;(s) = ((s). We have

Z X1X2 L(s,X)
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where x = x1x2 is a character (not necessarily primitive) modulo ¢. Also,

21(s) = Za(s) = - Dl (1 - i)_l =11 (1 - i) (s)

m=1 plq p plg p
so that
1 #(q)
P (e
g p q

where ¢ is Euler’s phi-function. In this example, the sum (3) may be calculated easily since
w(p") = 0 for h > 1; so by splitting into four cases we find that

3 xi(mh)p(h)xa(nk)u(k) I Z x(p ( xp) _ x(p) . x(p) >
1/24a,,1/2 1/2 1/246 m(1+a 148+ 1+a+d 1+~v+90
hm:knm/+n/+5h/+7ky/+ mep pm(l+a+p) P Y P plty
L(1+a+B)L(1+7+9)

A, 85,0
TO+at )Lt B+q) (@hind
where
<1 - plﬁ(gJ)r'y - plir(f)+6 + 1+('ylé> <1 - &515)
o879 =1 (- 22 (1- 22)
p T+B8+7 T+a+d
Then
d d plogp \?
Az(a+0) = 5ogpA( B0 ——Z<W_(m>

Similarly, splitting into four cases according to the values of p" and p¥, we calculate that

> xa(m)xa(mu(h)xa(hu(k)xa (k) s X1 (™) x2 () (") (") xa (") x2 (")
1/2 an

1/2 BR1/2+7 1/2+6 pm(1/2=a)+n(1/2—B)+h(1/2+7)+k(1/2+6)

km=hn p k—i—m h+n
_ HZ X(p <1_ Ix1(p)| _ [x2(p)| + x(p) >
- m(l—a—p) l—a+ 1-p+6 1+~+490
5 om0 P aTr o p T

L(l —a+ /77X0)L(1 - 5 + 57 XO)
where xo is the principal character modulo ¢ and

- 8 - e + £ ) (1- #2)

B(a, 8:7,0) = [[ <1 -

B(a, 3;7,9)

Thus,
(1— x(p) )(1_2xo(p)_|_ x(») )

p1+a+6 P p1+a+,6‘

_ xo(p)

Bi(a+B) = B(a, 8;0,8) = [ |

p
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Theorem 2. Assuming conjecture 2 for Dirichlet L-functions, if x1 and xo are primitive characters
modulo q and x = x1x2, then

S o= g | (25 0tos o+ [ (1o 2 () (i

v1,72<T -T
L(1/24iv5,x5)=0

2 —r
tae s ( t ) L1 —ir, X)L(1 + ir, x) Ba(ir) +A2(z’r)>> dr> dt + O(T/*°);

#(q)? \ 2w
where
BW:Hu—ﬁMbww+ﬁb
1 (1 xo(p) )2 ’
p D
and

lo 2

p

3. EXAMPLE: MODULAR L-FUNCTIONS

Now we assume that both of our L-functions are of degree 2. In this case, we have

wo-(-2) 0-5)

P
and
5 —1 x\ —1
Lo(s) = 1--2 1--2 .
21s) 1;( ps) < ps)
Then

Ly Az, (n) > o/; + (a;‘,)k
L—l(s) = —nZ::l e —Zp:logp; s

and similarly for Ly. It is well known that (the Rankin-Selberg convolution is)

o it anbn . OépOé;;Bp,B; O‘pﬂp ! ap/B; - a;Bp - a;ﬁ; -
L(S)_Z ns _H<1_T L= — I- S L- ps I - ps :
From these expressions, we see that

n=1 p p ps P
k=1

P
and

0 00 «a k . B* k o k o B* k
Z AL1 (nq)l*?Lz (n) — Z(lng)2 Z (( p/Bp) + ( pﬂp) —Zs( pﬂp) + ( pﬂp) >
n=1 p k=1 p
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Thus,

00 k+ * k+ * k ok B * *
Ao() = Z(Ing)2<Z(1 — k) (o p) (apﬁpl))k(l+ic)¥p5p) 5 Z4k Oépjkfif ) >

p k=2

Now if b, = @, then we may take 8, = @, and 8, = o* so that by the above formula (recall

P
that |a,| = 0 or 1 so that |a,|? = |ay,|) we have

= Ja japa A AN A e A
s)=> " =TI(1- - 1_F 1-— = 1-— = 1- e ;
n=1

P
and Z,(s) is similar, but with Ss.

To simplify things a little, let us now assume that our L-functions both arise from cusp forms
in S;(T'o(g)). In this case, the level is the same for both L-functions and the coefficients a,, and b,
are real. Then, for any prime pt ¢ it is the case that a, =1 /ay, and similarly for 8,. Moreover, if
p | ¢ then we may take a;; = 0 and o), = —1,0, or 1.

The symmetric square L-functions are defined by

P
and similarly for Ly. These functions are entire. It is easy to check that

C(s) I, ( — pi) Ly (sym?, s)
Zi(s) =
¢(2s) [1,q <1 >

so that
[lyjq (1= 1) LiGsym?, 1)
(T, (1 )

Ry =

I

similarly for Rs.



