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PART |
RANDOM MATRIX PREDICTIONS FOR RATIOS

1. Introduction

1.1. The statement. —Here for completeness we write down what is to be proved in
these notes. Ley (2) be the characteristic polynomial of a unitary matdixc U(N):

Ny (z) = Det(ld — zU") .

Fori=1,... nletaj, Bi, v, andd; be complex numbers in the ranffe y; < 0 < JRe ;.
Let the symmetric grouf,, act by permutations of the set

H:={as,...,00,B1,---,Bn},
and take5, x S, to be the subgroup &, which permutes tha;’s separately from the
Bi's. DefineSto be the operator that symmetrize§S x S,)-invariant functionf by
summing over cosets:
Sf(H) := Y f(wl-H).
(W E€Szn/(SnxSn)
Theorem 1.1 — If dU is the Haar measure d§(N) normalized byfy,y,dU = 1, the
following is true for allN € N:

A EINE) o nstaeos [ (Loe (AP
/ 1 Au (e AU<65'>dU_S<e W aemya e )
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Remark — Notice that the integrand on the left-hand side can be rewritten as

D AU(E)AG () _ wsn sy Au(E)A-(eP)
L Au (&) Ay (e9) LAy (e)Ay-(e7)

Remark — The orthogonal polynomial method of Baik, Deift and StrahBDE]
apparently yields an answer for ratios only in the restricted réhgen. However, we
claim that the statement of Theorem 1.1 is true in the full rakge 1.

1.2. Some basic definitions of superanalysis. —

M — Mi11 M1z
Mz1 Mz2/ -
The matrix entries oM11 andM2, are commuting variables (complex numbers),
the matrix entries oM, andM»1 are anticommuting variables (i.e. generators of

an exterior algebra).
e Supertrace:

e Supermatrix:

STrM = —TrM11+ TrMoso..
e Superdeterminant:

DetM22

SDetM = — .
Det(M11— M12M55 Ma1)

SDetandSTrare related by
SDet= expoSTroln,

whenevelSDetexists.

e The tensor product of a supermatii& with an ordinary matrixJ is again a
supermatrix:

Mo1®U MU

MoU — (M11®U M12®U> .

Note that the reciprocal of a superdeterminant,

_ Det(M11 — |V|12|V|2_21|V|21)

Det 1(M
SDer"(M) DetMzs)

exists whenever the blodW,, possesses an inverse.
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1.3. The good holomorphic object to consider. —ForU € U(N) with Haar mea-
suredU (normalized by[ dU = 1), consider the functioR defined as the integral

x(M):/ spet(ld— M®U*)dU,
U(N)

which is guaranteed to make sensédif- Moo @ U* has an inverse for all € U(N),
i.e., if the spectrum oM,» avoids the unit circle.
To see whyx (M) is a useful object, leM be a diagonal supermatrix:

X (diag(e“l,...,e“”,eﬁl,...,eB“,eyl,...,eV“,e51,...,e5“))

B / n Det(ld—e“JU*)Det(Id—eBiU*)dU
B j_} Det(ld - "1U*) Det(Id — €?1U*)

U(N)
— N3 / IELAU(eGJ)AU*(e_ du .
uiny 1= N (€%) Ay+(e7%)

This is the function we are interested in.

The (super)functiotM — x(M) is holomorphic, but only piecewise so, because of
the singularities that occur when one or several of the eigenvaluds-dfit the unit
circle. All discussion will be carried out in one of the domains of holomorphicity,
which is specified as follows.

Let U(n,n) be the noncompact pseudo-unitary grou@mk 2n matricesT with the
propertyT = sT-1"s, wheres = diag(1,, —1n). [Why U(n,n)? The answer is that
will be seen to be the character of a representation which is unitaty(fom).] Then
let 71 := U(2n), and definetl? to be the set 02n x 2n matrices of the form

712 := {T diagA,D) T2 | A\D € Herm(C"); 0< A< 1< D; T e U(n,n)} .

Thus 1@ is the orbit ofU(n,n) (acting by conjugation) of the block-diagonal positive
Hermitian matricesliag(A, D) where the eigenvalues éfare less than unity, and those
of D are greater than unityt1(? is a(2n)2-dimensional real-analytic submanifold of
GL2n(C). We shall study as a (super)function on the product manif@id= 7% x
U3, i.e., forMi1 € U(2n) andM,, € U@, Of coursey extends to a holomorphic
function on a tubular complex neighborhood@f

As a function on that domairx, has a number of strong properties which determine
it completely and will be used to prove Theorem 1.1.

1.4. Outline of strategy. —

e Show thatSDet *(ld — M ®U) is a character in the tensor product of the os-
cillator (or Shale-Weil) representation of the metaplectic group with the spinor
representation of the spin group.
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e Using the fact that Howe pairs act without multiplicity in the oscillator-spinor
representation, show thatM) = [y SDet!(ld—M®U*)dU is the character
associated with an irreducible representation of the Lie superalgéha.

These statements will first be established for the simple case Wwhesea diagonal
matrix. Afterwards we introduce the notion of Lie supergroup and explain how to
make sense of the characigM) as a superfunction on the Lie supergrdgip(2n|2n).
Then we use some basic results of supermanifold theory to corgpMte Outline:

e As an irreducible characteM — x(M) is a joint eigenfunction of the ring of
glonan-invariant differential operators. Show that the eigenvalue is zero for the
full ring.

¢ Using the explicit form of the (radial parts of the) invariant differential operators
given by Berezin B], verify that the claimed expression (Theorem 1.1) for
is indeed a solution to the problem of finding a zero eigenfunction of all these
operators.

e Prove unigueness of the solution.

2. (Ratio) is a character

2.1. glyn x U(N) acting in the oscillator-spinor representation. — Given a com-

plex vector spac® = CY with unitary structure(-,-), consider the exterior algebra
A(V) and symmetric algebr&V). On the former we have the operations of exterior
multiplicatione and inner multiplication:

e(v): AKV) — AMLV) (vev),
1(f): AKV) — ANV (fevr),
on the latter the operations of (symmetric) multiplicatjpand differentiatiord:
Mv): S(V) — STHV) (vev),
3(f): (V) — STHV) (fevh.

The algebraic relations obeyed by these operators are the canonical anticommutation
relations (CAR) on the exterior algebra (or "fermionic”) side:

e(v)e(V)+¢(V)e(v) =0,
L))y +1(fH(f)=0,
L(F)e(v) +eW)i(f) = f(v), 1)

and the canonical commutation relations (CCR) on the symmetric (or "bosonic”) side:

(V) U(V) — (V) (V) =
3(f)3(f") —d(f") (f)
O(f)p(v) —i(v)8(f) =

Y

f (V) (2)
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Supersymmetry enters when we take the tensor product\wf with S(V) (called
the oscillator-spinor module). The above operators act @) @ S(V) in the natural
way: the fermionic operatorgv) andi(f) act on the tensor factor(V), the bosonic
operatorgqu(v) andd(f) act on the tensor fact@®V ), and the bosonic and fermionic
actions commute.

The unitary structuré, -) of V induces a canonical unitary structure on the oscillator-
spinor modulen (V) ® S(V) in which € is adjoint tor andp is adjoint tod:

e(V)"=1(CV), MV =3(Cv),

whereC:V — V* is defined byCv= (v, -).
Let nowV = C"® CN (later we will doublen — 2n) and write

V:=ANC"@CYHosC"eCN).

If {€a}a=1,. N and{ej}j—1. n are orthonormal bases @™ andC" respectively, let
{fata=1...n @and{fj}j—1 . n be the corresponding dual bases, if.~= (es,-) and
fi = (g,-). The Lie algebraw of the unitary groupJ(N) is represented of¥ by

A (A) = % fa(Ae) (e(6j @ €a) 1(fj © fp) + u(ej © €a) 8(f; @ fp)) .
ab;j

Using the CAR and CCR relations it is easy to check that this is indeed a representation:
[r(A),r(B)]=r([AB]) (ABeun).

r exponentiates to a unitary representation (which we still denoté dfyU(N).

Aside from theUJ(N)-representation, the oscillator-spinor modidearries a canon-
ical representation of the Lie superalgebfg,. The latter is abstractly defined as the
algebra (overC) generated by operatof;* with i,j € {1,...,n} ando,T € {1,2}
satisfying the Lie (super)bracket relations

[ETESS] = ETEY! —(-1) VCTIEITET
= EJ 807 — (1) VOTIES ;87 (3)
These generators are represented by operators on the oscillator-spinor maahile
PET =Y e@we)i(fiefa), pEP) =Y e@@e)d(fjefa),
p( E21 Y HE®e)i(fjofa), p E22 Y aHE®e)d(fj@fa) .
Again this is easily checked to be a representation:
P(X,Y]) =[p(X),p(Y)]  (X,Y € glyn) -

This representation is unitary for the Lie algebrabun C gly,, where each summand
un is a copy of the unitary Lie algebra associated with the vector spacd-or that
subalgebra the representation exponentiates to a unitary representation gfU(n).
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SinceU(N) acts on one factor of a tensor prod@t® CN and glyn acts on the
other, itis clear that the two actions commute. In fat{tN) andgly, form adual pair
in the sense of R. Howe. This will become important later on.

2.2. Oscillator-spinor character. — Consider a diagonaJ(N)-matrixU,
U =diag<ei¢1,...,ei¢N> ,
and a diagonal "parameter” matrit:
M = diag(e™,...,e"n e ... eM) .

These are represented by operatdid) andp(M) on the oscillator-spinor module
V. We will now evaluate the character of the oscillator-spinor representation on their
product, i.e.,

X(M,U) :=STryp(M)r(U).
Since the matriceld andM, as well as their representation®) ) andp(M), are com-
pletely diagonal, this is easily done by the rules

u(a)é(fi)qp=aa%zip= pZ (p=0,1,2...)

on the symmetric side where the basis veetas viewed as a complex variaktg and

e(@)(fi)e’ Z.a—ZIZq—qZ? (q=0,1)

on the alternating side where eaglis regarded as a generafprof A(C").
Here then is how the character is computed:

X(M,U) = STrVeZia(ﬂj+i¢a)8(ej®ea)l(fj®fa)+zj,a(yj+i¢a)u(ej®ea)6(fj®fa)
00 n N 1— ea,+|¢a

n
= Dlal;l Z z 1)9g0(@+i0a) (Vi +ida) — I—l I—l m

p=0 |=1a=

The geometric serie3; _oe” = (1— e")~1 converges fofrey < 0. Therefore, the
oscillator-spinor characteq(M,U) exists forM = diag(e”1,...,e") if Rey; < 0 for

all j =1,...,n. Since theU(N)-action on?’ is invariantly defined and any element

U € U(N) can be brought to diagonal form by a suitable choice of basis, we have the
following statement.

Proposition 2.1 — The oscillator-spinor characteBTr,,p(M)r(U) for V = C"®
CN, ¥ = A(V)®@SV),U € UN), M = diage™,...,e"n en ... eh), andRey; < 0
(j=1,...,n), is aratio of determinants:
0 Det(ld —€”iU)

Det(ld —e'iU)

STryp(M)r(
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2.3. Adjusting the normal ordering. — The case dealt with by Prop. 2.1 is not the
one we are interested in. Doubling the number of parameters (by replaeingn),
we want the cas@eyj <Ofor j =1,...,nandRey; >0for j=n+1,...,2n; or
equivalently, in the notation of Sect. 1.3,

Reyj <0< Redj (j=1,...,n).

In that case the geometric surp§_, ePd do not exist.
At the level of the right-hand side of the formula in Prop. 2.1 the problem is repaired
by the manipulation
Det(ld — éiU) _ N5y Det(ld — e Piu*) |
Det(ld — 9iU) Det(ld — e %iU*)

(4)

as a result of which the denominatet 1(Id — e % U*) expands into a convergent
power series with respect &2 U*.

What's the corresponding manipulation on the left-hand side? The answer is that in
all of the expressions for tHe(N)- andgl,y2q-generators we make the replacements

3(fj®fa) — pEej®en), WUE®ey) — —8(fj@ fa),
I(fi®fa) — e(ej®e), e(ej@ey) — +I(fj®fa), (5)

for j=n+1,...,2n. (Note the minus sign in the bosonic sector!) This means, for
example, that the subset of generaﬂEﬁ-% of glon 20 are now represented by

Eff S Mewe)d(fiofa), Eff——3,8(fef)d(fiofa),
Ei21'2 '_> za“(ei ®€a) “(ej’ ®ea), E12]2’ = = Zaé( fi® fa) U(ej’ ®es),

where we use the convention that € {1,...,n} andj, j’ € {n+1,...,2n}. In physics
one would say that the definition of the normal ordering is adapted to a new vacuum.
The transformation, say, effecting the replacements (5) is an automorphism of
the CAR relations (1) and CCR relations (2). Since these relations determine the Lie
(super)bracket of then- and glyq2q-representations of, the mapping} is also an
automorphism of the latter two. Thus we get ne\N)- and gl,n2,-representations
f:=yorandp:=yYop.
The modified representatidtis still unitary forU(N). However, because of the sign
change in the bosonic sector, g, ,-representatio no longer exponentiates to a
unitary representatiop of U(2n) x U(2n); ratherp is unitary foru(2n) x U(n,n).

Proposition 2.2 — TakeV to be the unitary vector spacé = C*" @ CN, and let
VY =ANV)® V) be the associated oscillator-spinor module. Metbe a diagonal
matrix:

; o] o 0 0
M :dlag<e 1.6 ”,esl,...,eB“,eyl,...,eV”,e1,...,e”> ,
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with complex parameters in the ranggey; < 0 < Red; (j =1,...,n). If Fandp
are theU(N)- and glon2o-representations ori’ defined above, the oscillator-spinor
character evaluated on a pa{M,U) withU € U(N) is

STryp(M)F(U) = n eN(Bj—5j)DeJ[(Id_eujU)Det(ld—e*Bju*)
Jll Det(ld - €"1U) Det(ld — e ®1U*)

Proof. — Since theU(N)-representatioifi is invariantly defined, it suffices to verify
the statement for the special case of diagahat diag(e'¢1, . ,e""N), where one has

STty P(M)F(U) =
STr,, (ez (0 Hi0a) E(ej e (fiTa)+3 jaly; +ida) H(Ej@e2)3( fj0Ta)

« 2 jaBitida) 1 (fiinofa)e(ejn®ea) =3 j a(8j+ida) 5(fj+n®fa)u(ej+n®ea)> .

Evaluating the supertrace in a basis of alternating and symmetric powers of the vectors
€ ® €, One gets multiple geometric sums as before. For example, the symmetric
powers(ej;n ® €5)P are eigenvectors of the operated( fj;n® fa)p(€j+n ® €a) With
eigenvalues-(p+ 1), which gives
[ —0i—iba
e (P+1)(8+ida) _ i .
pa 1—e 51t
The geometric series converge in the stated ranggjfand d;. On collecting all
factors one obtains
STe,BMF(U) = [ 58 -0) [ S0 e
r fU)=[1e 4 . —
vP n I amermma—e s

as claimed. n

By undoing the manipulation (4) and recalling the definition of the superdeterminant
SDet the statement of Prop. 2.2 can be cast in the following succinct form.

Corollary 2.3 —
STry B(M)F(U) = SDetznzngon(ld—M@U) L.

2.4. Using Howe duality. —In an early and insightful article "TRemarks on Classical
Invariant Theory” H], R. Howe introduced and studied the pair of representations

F:UNN)—U(Y), and p:gloon — gl(?)

(as one in a triplet of families of such pairs, which are nowadays called Howe pairs).
Howe showed that the isotypic component Bf associated with the trivial(N)-
representation (i.e., the spacefN)-invariant vectors in’) is anirreducible rep-
resentation space fgi,, .. We denote this space .
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Consider now théJ(N)-average ofSTr,p(M)F(U) for M as defined in the state-
ment of Prop. 2.2. Since integration iU ) over U(N) with Haar measure projects
on theU(N)-invariants and thus on the linear subspége- 7/, Howe’s result on dual
pairs immediately yields:

Proposition 2.4 — The functiorM — x(M) defined by
x(M)= [ STrp(M)F(U)du.,
U(N)

is an irreducible character ofloq o

X(M) = STy, p(M)
where(14,p) is the irreduciblegly, on-representation associated with the trivia(N)-

representation on the oscillator-spinor modulé= A(C?" @ CN) @ S(C?" @ CN) by
the Howe dual-pair correspondence.

Remark — By Prop. 2.2 the functiory is identical to the function on the left-hand
side of the statement of Theorem 1.1. Thus we have established that left-hand side
to be an irreduciblgl,, o-character. This completes the first step of the programme
outlined in Sect. 1.

As a first preparation for the proof of Theorem 1.1, consider the limiting case where
all parameterys,...,ynh anddy,...,d, (i.e., those residing in the denominator of the
ratio of characteristic polynomials) are removed from the picture by sendggifi x
the former to—co and the latter te+-co:

n
eNZanX_>/ Det'(—U*) rLDet(Id—eo‘iU)Det(ld—eBJU)dU =Xs. (6)
u(n) L

Another way to think about this limit is to say thalb, o, is being restricted to the Lie
algebragl,, (with Cartan subalgebra parameterizeddyy...,0n,B1,...Bn), and we
now consider the dual pait,, x U(N) acting on the spinor modulgs = A(C*" @ CN).
Let V50 C 1o be the subspace &f(N)-invariants in?s. The g[2n|2n-representation
(710,P) then restricts to thgly,-representatio?so,ps). From Howe H] we know
the latter representation to be still irreducible. Its charagtezan be computed by
standard techniques (see, e.g., [Refs]), and we here record the result for later use.

Proposition 2.5 — The functionys defined in (6) is the character of the irreducible
glo,-representation Vs, Ps). If W := Sy is the symmetric group permuting t2e
variablesay,...,0n,B1,. .., Bn, andWp := S, X Sy C Sy is the subgroup which per-
mutes thex’s and[3's separately, this character is expressed by the formula

N> jw(Bj)
(1— ema)-wB)) -

Xs -
wl W g [kl
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3. Background material from supermanifold theory

It remains to compute the charactdr— x(M) and prove that it is given by the
right-hand side of Theorem 1.1. For that purpose it is not prudent to adhere to the
limited view of x as a function of the diagonal matricks Rather, to get enough
analytical control we are going to exploit the fact tiyagéxtends to a function on the
Lie supergrougsL(2n|2n). The desired statement then follows rather easily from some
basic results about the analysis on supermanifolds.

Since supermanifold theory is not a widely known subject, we inject the present
section to collect some of the necessary material for the convenience of the reader.
The computation of is then carried out in Sect. 4.

3.1. The vector bundle underlying a Lie supergroup. — Lie supergroups have
been defined and studied by BereZj.[Here we will review a simplified definition,
which uses nothing but standard constructions in geometry.

We start from acomplex Lie superalgebravhich in brief is aZ,-graded complex
vector spaceg = go® g1 equipped with a parity function | (i.e., |X| = 0 for X € go
and|X| = 1for X € g1) and with a bracket operatidn| : g x g — C. In the case of a
matrix Lie superalgebrg (such agy = gl or g = osp) where productXY make sense
as matrix products, the bracket is defined by

[X,Y]:i= XY — (=1)XIVly x

for elementsX,Y of definite parity, and is then extended to allgdby linearity.

In the sequel we will be concerned only with the two classical Lie superalgebras,
namely gl and osp. To defineg = osp4(C), one begins with &,-graded vector
spaceV = CP @ CY where one of the dimensions, sayis even. Fixing a symmetric
bilinear forms on CP and an alternating bilinear form on C9 (both of which are
nondegenerate), one then takes the vector spagg, to be the set of complex linear
transformation of V which are skew with respect &+ a. In matrix form,

whereX;1 is a complexp x p matrix which is skew w.r.t. the symmetric forsn
S(X11V, W) +s(V, Xy W) =0 (v,w e CP);

the complexg x g matrix Xz, is skew w.r.t. the alternating forag and so on.

In the case ofy = gl 4(C), the blocksX;; are just complex matrices of the specified
dimension, with no additional properties. In both cages-(gl, osp) the Z,-grading
g = goP g1 is given by

(X1 O 0 X2
= (8 e e 8
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Let nowGg be a complex Lie group with Lie algebtae(Gp) = go C g. In the case
of g = glpq we takeGo = GLp(C) x GLg(C), i.e., the set of matrices

g O
g - (0 92) )

with g1 an invertiblep x p matrix andg, an invertibleq x g matrix. In the case of
g = 0sppq We takeGp = SOp(C) x Spy(C).

The corresponding Lie supergro@-= GL(p|q) or G = OSpp|q) can in principle
be constructed by invoking anticommuting parametgr€o, ... to exponentiate also
the odd party; of the Lie superalgebra. However, in this approach (which is, roughly
speaking, the one taken by Berezin) the difficult part is to explain exactly what is
meant by the group multiplication law. The simplified approach to be outlined here is
to describe the group multiplication only at the infinitesimal level, as follows.

With the aim of constructing a certain important vector bundle (see below), we view
Gp as a homogeneous spade = (G x Gp)/Gp. In other wordsGg is taken to act
on (g, h) € Go x Gg on the right by(k, k) € diag(Gp x Gg) = Gg, and we divide by that
action, i.e., we form cosetg), h) - Go by the equivalence relation

(g,h) ~ (gk hK) .
Yet another way of describing the situation is to say that we have a principal bundle
Go x Gg — M with structure groufiso.

Now Gg also acts on the odd part of the Lie superalgebrg by the adjoint repre-
sentationAd. In the cases at hand this is the action

g 0).[/ 0 X 0 0 %p05
A : .
d (O 92) (XZl 0 ) -~ (92X2191l 0

It is then a basic fact of differential geometry that one can constru@sanciated
vector bundlee — M with total space

E= (Go X Go) XGogl .
The vectors oE over a point(g, h) - Go of M are equivalence classes
[(gk,hk); Y] = [(g,h);Ad(K)Y] (Y € g1, ke Go) .
Given the vector bundl& — M, consider the algebra of smooth sections of the
exterior bundle of the dual d&:
A:=T(M,\E").
AE* is the vector bundle whose fibre over a point M is the exterior algebragg
(with E; = g7, the dual vector space gfi). Note that the adjoint representatiéul
of Gp on gy induces a representatidid*) ! of Gg on g;. Of course the exterior
multiplication in the fibre ovefg,h) - Go € M is defined by

[(g.h); AlA[(g,h);B] = [(9,h);AAB]  (ABE Agy),
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which is independent of the choice of representative of the equivalence class.

The basic idea here is that a Lie group (like any manifold) can be described either
by its points, or by the algebra of its functions. In the case of a Lie supergroup, the
latter viewpoint is the good one, i.e., one uses a description by the algebra of (su-
per)functions, and this algebra is none other thaa I (M, AE*).

3.2. g-action on a Lie supergroup. — A useful fact about? is that its elements are
in one-to-one correspondence with mé&ps C”(Go x Go,Agj)GO, i.e., with smooth
functionsF on Gp x Gg that take values in g7 and are equivariant w.r.Go:

F(g.h) = Ad"(k"*)F(gk hK) .
Indeed, such a functiolh determines a well-defined and unique secéen4 by

s((9,h)-Go) = [(g,h):F(g,h)] .
The algebraZ has a naturdf.»-grading4 = Ag + 41 by

Ay = @gevenr(ﬂ/[’/\fE*) . A= @Eoddr(M’/\gE*) ‘

The numerical (ofC-number) part of a sectione 4 will be denoted bynum(s). Note
thatnum(s) € I' (M, A°E*) vanishes for odd sections¢ 4;.

An even derivatiorof 4 is a first-order differential operat® : 4y — 4o andD :
A1 — A3, which satisfies the Leibniz product rule. Ald derivationis a first-order
differential operatoD : 49 — 41 andD : 41 — Ay satisfying the anti-Leibniz rule.

We are now in a position to specify the Lie supergroup structure. The Lie @sgup
acts onq = C*(Gg x G, /\gj)GO in the obvious manner: there is a |&g-action by

(LgF) () = F(g~*h,K),
and a rightGp-action by

(RgF)(h,h) =F (h,g~*h)
Specializing these to the infinitesimal level we get the corresponding canonical actions
of the Lie algebrayp by even derivations ofi:

oL _do i G _d —tX
(RF)gh = o FeXgh)]| . (RFF)(@h) = LFlge™n)| .
Al A — L Al A ——R

Note the representation propef¥t, X5 = [Xg, %] and[XR X = [X1,Xz] .

Similarly, the odd par; of the Lie superalgebrg acts in a canonical way by odd
derivations of the algebral. This means that for every € g1 we are given (odd)
first-order differential operatofé- andYR such that the (super)bracket relations

VLV = MY, (XY = (XY

hold fori = L,Rand allX € gg andY, Y1,Y> € g1. Unlike the action of the Lie algebra
go, that of the odd parg1 does not readily exponentiate (see, however, the work of
Berezin B]). We therefore leave this at the infinitesimal level.
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We will not here go into a detailed exposition of the actiogpénd all its properties.
Suffice it to say that, e.g., the left action comes about by moving the left factor in

e &YgeXiditip1

to the middle bye8Yg = ge~¢Ad@ Y ysing the Baker-Campbell-Hausdorff formula
on the product
e €A Y giEN

and finally linearizing ir€,.
Let us now summarize the educational material of this subsection.

Definition 3.1 — Given a complex Lie superalgebga= g ¢ g1, and a complex Lie
group Go = exp(go) acting on the vector spagg by the adjoint representatioAd,
there is an associated vector bundie— 2/ with total spaceE = (Go x Go) X, 91
over M = (Gg x Gp)/Gp. By the Lie supergrou® = (g,Gp) we mean th&.,-graded
algebra of sectiongig = I'(‘M, AE*) carrying the canonical left and right action of
g. A section of4g is also referred to as a (super)function @& The component in
C” (M) of a sectiors € A is called the numerical part cfand is denoted bgum(s).

3.3. What's a representation in the supergroup setting?—f Gis a Lie group (or,
for that matter, any group), a representatiorGof given by a complex vector space
V and a homomorphism fror® into the group of linear transformations \¢f i.e., a
mappingp : G — GL(V) which respects the group multiplication law:

P(9192) = P(91)P(Q2) -
In the Lie supergroup setting, since we have purposely avoided defining what is meant
by the group multiplication law, we have to give meaning to the word "representation”
in an alternative (albeit equivalent) way.

Recall that the basic data of a complex Lie supergrGugre a complex Lie super-
algebrag = go ® g1 and a complex Lie grougsg with Lie(Gg) = go. To specify a
representation o6, one first of all needs a representation space, which in the present
context has to be Z»-graded vector spadé = Vo @ Vi. For present use recall that

STI‘V = TrVO — TI‘Vl .
TheZ,-grading ofV induces a naturdl,-grading of the endomorphisms ¢t
EndV) =Enth(V) DEnd(V) .

An elementA € Endy(V) is a linear mappind\ : Vo — Vo andA : V1 — Vi, while an
elementB € Endy (V) is a linear mappind : Vo — V4 andB : V1 — V. By this Z,-
grading the algebrBndV) carries the natural structure of a Lie superalgebra.

Definition 3.2 — A representation of a complex Lie supergroBp= (g,Go) on a
Zo-graded vector spacé = Vp® V1 is given by a homomorphism of Lie superalgebras

p.:g— EndV),
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and a homomorphism of Lie groups
P: Go — GL(Vo) X GL(V]_) ,
which are compatible in the sense thdp)ig = p|g,-

Remark — Note that compatibility implies that
P(9)p:(Y)P(g™) = p.(Ad(9)Y) (g€ Go,Y €g1).

3.4. What's a character of G?— If we are given a representatiaW, p..,p) of the

Lie supergroufs = (g,Gp), we can say precisely — in the language of Sect. 3.1 — what
is meant by its characteq, which we write informally ax(M) = STr, p(M). The
precise meaning of comes from its definition as an element.ag = (M, AE*),

i.e., as a section of the vector bundle

ANE* = (GoXGo) XGO/\gi — M = (GoXGo)/Go.

This sectiory is constructed from the representatidp.., p) as follows.

Fix some basi¥, Yo, ... of g1, and denote the corresponding dual basi&h¥o, . . ..
(The construction to be made does not depend on which basis is chosen.) Then let
¢ € End(g1) = g, ® g7 be the tautological map, i.e.,

E: ZIYI ®EI

with the following interpretation. Th¥ < g1, as well as their representationgY;) €
End,(V), are viewed as matrices and their destingoibe multiplied as matricesThe
&, on the other hand, are regarded as coordinates or linear functiogns as such
they are to be multiplied in thgraded-commutativeense. (Sincg; is theodd part of
a Lie superalgebra, consistency requires that the product amoiglieehe exterior
one). Thus we may also view tligas a set of generators of the exterior algetbga
Now, fixing some pair(g,h) € Go x Gp, consider the task of representiiy =
gefh~1 as an operator oy, and form the supertrace of this operator to define

X(gh) = ST p(g)eX“P-Mp(ht)
= STip(gh ™)+ Y & STy p(g)p.(Y)p(h™)
+ 335,88 STV @R ()P (Y))p(h ™) +...

where the Taylor expansion of the exponential function terminates at finite order since
the&; are nilpotent. If the dimension &f is finite, this definition makes perfect sense.
In the infinite-dimensional case, convergence issues ariseg@ptl) will typically
exist only for(g,h) in some open domaifil C Gg x Go.
Wheng andh are allowed to varyy becomes a function ofi which takes values in
Ag; and is equivariant with respect @y. Indeed,

X(gk hk) = STr p(g) €215 PP (P ) (1)
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By the compatibility ofp andp,,
3 &P () = T, &pe (Y Ad(K)i) = ¥, &Ad* (K)ij pa(Y)) ,
and therefore
X(g.h) = Ad* (k) x(gk.hK) ,

wherek — Ad*(k~1) is the induced3o-representation ong;. Hencey is an element
of C*(U,Ag})®, or equivalently a section off = I'(U/Go, AE¥).

Definition 3.3, — The character determined by the representaiigrp.,p) of a Lie
supergroupG = (g, Go) is defined to be the sectigne A4g given by

X(g.h) = STr, p(g) X &P-Mp(h~?) |
whenever this exists. We also wille= geth~ andx (M) = STr, p(M) for short.

Remark — If we identify theC-valued componerit( M, A°E*) =2 C*(Gg x Gg, C) %0
with C*(Gp) by F(g,h) = f(gh 1), the numerical part of,

num(x)(g,h) = (TrVo - TrV1) p(gh_l) ’

coincides with the (super)character of the complex Lie grégmssociated with the
Z»-gradedGo-representatioVo & V1, p).

3.5. x is an eigenfunction of all Laplace-Casimir operators. —Irreducible charac-

ters are special functions with special properties. Foremost among these is their being

joint eigenfunctions of the ring of invariant differential operators. Let us review this

general property in the superalgebra setting, which is where it will be exploited below.
If g is a Lie superalgebra, @asimir invariantof g is an element in the center of

the universal enveloping algebidg), i.e, a polynomial in the generators of with

the propertyil,X] = O for all X € g. For example, ifEy,...,Eq (with d = dimg) is a

basis ofg andQ: g x g — C is a nondegenerate invariant quadratic form, the quadratic

Casimir invariant is

=5, QEE;,
where the coefficient§') are determined by ; Q) Qj = &} andQj; = Q(E;, E;).

Lemma 3.4(Berezin). — Denote the canonical generators of the Lie superalgebra
glpiq by Ejj" where the range of a lower index is understood to &€1,2,..., p} if the
corresponding upper index &= 1, andi € {1,2,...,q} if 0 = 2. The homogeneous
Casimir invariant of degreé € N of gl then is expressed as

o= B2 (-1)EPA3 (—1)% B (L)Y ETT

j2j3 Je—1be jeia

Remark — From the basic bracket relations (3) itis in fact easy to checkKXhat] =
Ofor all X € glyq.
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Now turn to the function$ on a Lie supergrous = (g,Go), i.e., to the sections
F of the algebrads = I' (M, AE*). Every Casimir invariant € U(g) determines an
invariant differential operator — also called a Laplace-Casimir operabgt }-on such
functions. In the case of the quadratic Casimir invarlarhis is

(D(IZ)F)<M) - ZU QljélLé}_F“\/I) = z” QljélRéjRF“\/I) )

whereE; — EiL’R are the canonical left and right actions of the Lie superalgglma
the Lie supergrouf® (Def. 3.1). More generallyp(1) is obtained by replacing in the
polynomial expression for each generator gf by the corresponding right-invariant
or left-invariant differential operator.

Assume now an irreducible representatpof the Lie supergrouf to be given.
(For notational simplicity we suppress the representation sgaesd we no longer
distinguish betweep and the representatign of the Lie superalgebrg.) Applying
any Laplace-Casimir operatdx(l) to the charactex(M) = STrp(M) you get

(D(1)x) (M) =STrp(1)p(M) .
Since the representation is irreducible, dncbommutes with all the generators gf

the operatop(l) is a multiple of the unit operator by Schur’s lemnpl) = A(1) x Id
with A(1) € C. Thusy is an eigenfunction:

D(HXx=A()X-
This fact will be exploited in Sect. 4.3.

3.6. Radial functions. — Another important fact about the characters of a grGup
is that they are constant on conjugacy clasggg) = x(hgh™t). In the case of a Lie
groupG, functionsF : G — C with this property are callecadial. The infinitesimal
version of the radial property is

d - -
O:_F —sSX sX — XL XR F
S Fe¥ge™)|_ = (X +X7)F(g).
in which form the definition readily carries over to the Lie supergroup setting. Notice

that the notation used here is consistent with our earlier definition of the left and right
actionsXbR, by the identificatior (g, h) = F1(gh™1).

Definition 3.5 — A sectionF € 4 on a Lie supergrous is called radial if
(X-+XR)F =0
holds for allX in the Lie superalgebra d&.

Now let G be a connected compact Lie group. The set of conjugacy classes then is
parameterized by the elemenis a Cartan subgroup, or maximal tords, Thus a ra-
dial functionF onG determines a functiohonT by restriction,f :=F \T. Conversely,
a functionf onT extends to a radial functidh on G provided thatf is invariant under
the action of the Weyl grouw/ of G, i.e. f(t) = f(w-t) for allw e W.



AUTOCORRELATION OF RATIOS OF CHARACTERISTIC POLYNOMIALS AND OF L-FUNCTIONS/

Turning to the case of a Lie supergro@ consider the situation where the un-
derlying Lie groupGg is compact (and connected), with maximal tofius A radial
sectionF € A4 still determines a functiori : T — C by restriction and truncation to
the numerical part,

f =n(F) := num(F)|, ,
and this functionf is still invariant under the Weyl groug/ of Go. However, the
converse is no longer true; in order foM&invariant functionf on T to extend to a
radial sectior- € 4g some extra conditions must be fulfilled.
To specify what these are, 18§ denote the set of odd roots of the Lie superalgebra
g, i.e., the set of function@ : t = Lie(T) — C with the property

VHet: [HXg=B(H)Xs (X< g1).

If (-,-) is a nondegenerate and invariant quadratic forng,aassign to eac € 4 its
dual elementp € t by (Hg,-) = B.

Theorem 3.6Berezin). — Letf : T — C be aW-invariant function on the maximal
torusT of a Lie supergroufis. Thenf extends to a radial functioR € 4g if and only
if the following condition is satisfied for evefyc Ax: the limit

i —13 H+sHg
H'TL/B(H) dsf(e ) s=0

exists for allH’ in the zero locus of, i.e., on the sefH’ € t|B(H’) = 0}.

Remark — The necessity of this condition for extendability can be seen as follows.
LetF € A be aradial section, and plit= 1i(F ). An elementHg € t acts onf by

(Hp- D)) = S T(Ee)]

s=0

If ﬁé’R are the differential operators associatedigoby the left and right actions af
on A4g, we equivalently have

AR ~1
NOW |eca”<| I,I |B> - B(H) a||d notice

(H. [Xg, X ]) = ([H,Xg], X_g) = B(H) (X Xp) -

Hence if root vectors are normalized so t(éf, X_g) = 1, then[Xg, X_g] = Hg. By the
representation property this carries over to a relation between differential operators:

Hp =X, X5l (i=L,R).
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Therefore, the directional derivativ; - f can be expressed as
He f = m(3(AF—ADF)
= %T[([XEX_RB]F - [XE,XIZB]F)
= %T[([X‘% —I—Xg,X_RB —XI__B]F) ,
where the last equality sign follows from the fact that the left and rggattions on

As commute in the graded-commutative sense. o
Next we use the property that the secttors radial: (XIIS_ + Xg)F = 0. Abbreviating

F/ = %()A(fB — XEB)F we then arrive at an expression tdg - f as

Hg- f =T((Xg + X§)F') .

Since the differential operat&é + )A(ﬁR represents the adjoint action

—ad(Xg) : H — [H,Xg] = B(H)Xg ,

itis clear thatHg - f vanishes linearly on the zero IocusLbﬁndB*lHB- f exists.
Thus we have explained why the condition stated in Theorem 3.6 is a necessary one.
For sufficiency we refer to Berezi].

3.7. Radial part of the Laplacians for U(p|g).— Recall that for every Casimir in-
variantl € U(g) there is an invariant differential operatdfl) on the algebra of sec-
tions 4. If F € 4g is radial, i.e.,(Xt +XR)F = 0 for all X € g, then so isD(I)F,
sinceD(l) commutes with all of th&X“R. Therefore, every invariant differential op-
eratorD(1) has a radial parD(l); if Ttis the restriction from the radial sectioRsin
A to the torus functiond : T — C, andrr ! is the inverse map on the extendable
W-invariant torus functions, this is the differential operadgt) = o D(I) ot L.

We finish our exposition of background material by writing down the radial parts of
the invariant differential operators for the unitary Lie supergr@p U(p|q), whose
base manifold is the compact real Lie grabp= U(p) x U(qQ). The Casimir invariants
¢, of glpq Were given in Lemma 3.4.

Let the maximal toru§ = U(1)P*9 of U(p) x U(q) be coordinatized by

t:diag(eiq’l,...,eiwp;eiq’l,...,ei¢f4) ,
and denote byD, the homogeneous radial differential operators
. P 3
R TRP T
Theorem 3.7(Berezin). — If J: U(1)P*% — R is the function given by
_ Masici<pSin® (3(Wi — W) Masj<j<qSir’ (3(9; — ¢5))

J
M M= sin? (3(Wi — )

)
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the degree-Laplace-Casimir operator fod(p|q) has the radial part
D(ly) =37Y2(Dy+Pr_1) 03Y2,

whereP,_; denotes lower-order terms, which are polynomial of maximal degreg
in the homogeneous operatddg.

In the special case when dimensions match, one has the following simplification,
which will be of use in Sect. 4.5.

Lemma 3.8 — For p=gq= nthe function] can be put in the formd = Det?(K) where
K is then x n matrix with entries

osin(3(Wi-9))
Proof. — In the Cauchy determinant formula
Mi<i 6 =X —%) _ Det(
i, —Yj)
make the substitutior = €% andy; = €?i. The statement then immediately follows
from Euler’s formulaisinz= €%— e '? on dividing both sides by a suitable factor.]

Xi—yi>i.,j_1, n

.....

Corollary 3.9 — For p = qthe constant term of the lower-order differential operator
P,—1(0/0y;,0/0¢;) in the radial partD(l,) vanishes for all € N: P,_1(0,0) = 0.

Proof. — The first step is to show that fgr= q = nthe square roat'/2 is annihilated
by every homogeneous radial differential operdder For that purpose, write

i 1
o _ _ (e bad0per( L
J DeI(K) (2|) e 2 Det<1_e_i(wi—¢j))i7j:1,..~,n .

Now express the determinant as a sum over permutations, moyg émel¢ j into the
lower resp. upper half of the complex plane, and expand the factorg ' (Wi—¢1))-1
into geometric series. The result is an absolutely convergent series, each term of which
is annihilated by every one of th&. ThusD,J%/2 = 0for all ¢ € N.

SinceD(ly) is a differential operator, one h&xly) -1 =0 and Theorem 3.7 implies
0=J"Y2(D,+P,_1)32=P,_4(0,0). O

Finding the radial part of an invariant differential operator is an algebraic problem (as
opposed to an analytical one). It is therefore clear that the formulas given in Theorem
3.7 hold not only for the compact Lie supergrdupp|q) but admit analytic continua-

tion to an open domain in the complex Lie supergr@lg p|q). Itis in such a domain

that we will use them to complete the proof of Theorem 1.1.
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4. Computation of the GL(2n|2n)-character x

In Sect. 2.4 we considered the Howe pgiis;, >, x U(N) acting on the oscillator-

spinor modulel = A(C?" @ CN) ® S(C?" CN), and showed the correlation function
of interest to be an irreducible characterjn fact, combining Props. 2.2 and 2.4 with
Cor. 2.3 we have that the left-hand side of the statement of Theorem 1.1 is equal to

/( )SDerl(Id —t®U)dU = STry, p(t) =X (1),
U(N

wherel4 is the vector space &f(N)-invariants in?/, andp is thegl,y 2,-representation
arising from the standard one by changing the normal ordering (Sect. 2.3). In the
present section we adopt the simplified notatidns- 15 andp :=p.

4.1. Extending the domain of definition ofx. — All of our considerations ox in
Sect. 2 were restricted to the diagonal matribkes-t; it is, in fact, only the diagonal
valuesy(t) that we ultimately want to know. However, to establish good analytical
control and actually compute these values, we will now extend the torus futiction
X(t) to a function on the Lie supergro®= GL(2n|2n).

Because the representation sp¥cis infinite-dimensional, the charactgrat hand
does not extend to all of the complex Lie groB@p = GLon(C) x GL2n(C), but exists
only on a suitable open domain@y. Our first task is to describe this domain.

Proposition 4.1 — The characte(t) = STk p(t) extends to an analytic function on
the product manifoldl = 1 x 1@ c Gy wherett™ = U(2n) and
21® = {T diag(C,D)T™*|C,D € Herm(C"); 0< C< 1< D; T e U(n,n)} .

This analytic functiory : ¢ — C analytically continues to a holomorphic function on
a tubular complex neighborhood of U in Go. The holomorphic functiog : U — C
in turn lifts to a holomorphic even sectionof U, AE*).

Proof. — From Sects. 2.3 and 2.4 we know tl&alr, p(t) has the expression

Det(ld—t;®U)
(N) Det(ld —to @ U)

ST p(diag(ts,tz)) = /u du (7)

and, parameterizing the diagonal matritesdiag(ty,t2) as
t; = diag(e™,..., e &1 . &)ty =diage”,....eM e, ... &), (8)

exists forReyj < 0 < Redj and arbitrary complej andBj (j = 1,...,n).

Consider now anM = diag(M1,M,) € UM x 1@, Every such matriM can be
diagonalized:M = gtg~* whereg € U(2n) x U(n,n), andt = diag(ty,t) is given by
(8) with parameters in the good rangg:< 0 < 9; anda,3j € iR.
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Since the representatignis unitary forU(2n) x U(n,n) (see Sect. 2.3), we have
P(g~!) =p(9)* = p(g)* and hence

X(M) = STr, p(9)p(t)p(g) = X(t) .

Thusx(M) exists on and is constant on the orbits of the adjoint actiorgn) x
U(n,n) on U. The same holds true for the right-hand side of (7). This relation therefore
extends to

x(M):STer(M):/( )SDerl(Id—M®U)dU,
U(N

whereM = diag(M1, M) € U is regarded as a block-diagonal supermatrix.

Since the functioM — SDet 1(Id— M ®U) is analytic onti for every fixed unitary
matrix U, so is its integral over the compact Lie grougN). Thusy : ¥4 — C is an
analytic function. Moreover, for aM in the interior of U, i.e., for eigenvaluegi
and € that are strictly smaller resp. greater than unity, this analytic function has a
finite radius of convergence. It therefore extends holomorphically to a tubular complex
neighborhoodi! of . (Of course this neighborhood degenerates on approaching the
boundary oftl or sending any of thgj or §; to zero.)

To elevatex : U — C to a holomorphic section dT(fZl, AE*), recall the definitions
Gp = GL2n(C) x GLon(C) andE = (Gg x Go) X G, 01 whereg; is the odd part of the
Lie superalgebraly, s, The domain?l is open in the complex Lie grou@o. If
M € €U, then for any paifg,h) € Gg x Gy in the fibre oveM = gh™! of the principal
Go-bundleGg x Gg — Gg we set

X(g,h) := STw p(g)eXi&iP-(Mp(h1).

This expression exists because the Taylor expansion with respect to the nilpotent gen-
eratorst; € g; terminates at finite order and each expansion coefficient

ST ()P« (Y,)Px (Vi) -+ P (Vi )p(h ™)

exists. Since the operatops(Y;) for Y; € g lie in the odd subspaceénd; (V), these
expansion coefficients are nonzero only when the okdsreven. Their dependence
ong, his holomorphic. Finally, by setting

X((9.h)-Go) :=[(g,h); x(g,N)]
as usualy is established as a holomorphic even sectioﬁ(cffl, NE™). l

In the following we will frequently use the short-hand notatjgiM) = STr, p(M) for
the sectiory € I' (U, AE*) which is obtained by restricting the holomorphic section
X € (U, N\E*) to the real-analytic domaifil defined in Prop. 4.1.

Having extended the torus functian— x(t) to a section on a domain of the Lie
supergrougsL(2n|2n), we can now apply the powerful machinery reviewed in Sect. 3
and exploit the fact that is an eigenfunction of the ring f;, on-invariant differential



22 BRIAN CONREY, DAVID FARMER & MARTIN R. ZIRNBAUER

operators:D(I)x = A(l)x. The first step is to calculate the eigenvalaél) from the
relationp(l) = A(l) x Idy.

4.2. All Casimir invariants vanish onV. — From Lemma 3.4 recall the expression
for the degred-Casimir invariant, of gln2,. There exists a simple heuristic why all
of these invariants must be identically zero in such a representatidf@s

The first step of the argument is to verify from the basic bracket relations (3) of
glon2n that each invarianiy can be expressed as an anticommutator of odd elements:

If = [Qa F(g)] ’

whereQ = 52 E1?, andF () € U(glpn2n) is given by
14 2 0¢_10y¢ 1
FO = 3 B (DB (-1 B (1) Ef
If the representation spavewere finite-dimensional, we could now argue that

STw p(l¢) = STw [p(Q).p(F )] =0,

since the supertrace of any bracket vanishes. On the other hand,sg@€asimir in-
variant, the operatqu(ly) on the irreducible representation spatmust be a multiple
of unity: p(ly) = A(ly) x Idy. In finite dimension we could therefore say that

STry p(|g) = )\(|g) STy Id = (dimVo — dimVl))\(|g) .

Inspection oV shows that there is exactly one vector in the even subsygaaich
has no partner in the odd subsp&ge- this vector is the "vacuum”. Thus the dimension
of Vo exceeds that of; by one. Henc&STr, p(l;) = 1-A(l,), and from the previous
resultSTr, p(l;) = 0 we would be forced to concluadgl,) = 0.

This argument is not sound, as the representation 3paes infinite dimension and
the tracesSTr p(l;) andSTr,/Id as such do not exist. Nevertheless, the conclusion still
holds true:

Proposition 4.2 — In the representatioiiV, p) all Casimir invariantsl, vanish.

Proof. — The heuristic argument becomes rigorous on regularizing the traces. This is
done with the help of an alternating sum of generators,

2 n
A=73 > (B —Efnjm),
o=1j=1
which is not a Casimir invariant afly, o5, but does lie in the center &f(gly, © glyn)
and hence commutes with bofhandF(©). OnV it is represented by the operator

2n N
P(A) = Z Z (S(ej ®ea)l(fj® fa) +Hu(ej ®€a)d(fj® fa)) ;
j=la=1

which is called the particle number in physics.
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Now if T is any positive real parameter, inserting the operatdfM cuts off the
infinite contribution from high particle numbers and makes the traces of the heuristic
argument converge. Thus, on the one hand we now rigorously have

STiv e "PMp(ly) = STw [p(Q),e P Wp(F) =0,
and on the other hand, sinpél;) = A(l¢) x Idy,
STry e "PWNp(ly) = A(1) STy e PN |
To compute the last trace, notice tleaf” is the diagonal matrix
e " =diag(e™" x Idn,€" x Idn, " x Idn, €' x Idn)
and use the formula (7) to obtain

P / Det'(ld — e "U) Det(Id — €'U)
V =
U

() Det'(Id— e TU) Det'(Id — €U) du=1.
Therefore

0=STre " Wp(ly) =A(ly) ,
and the proposition is proved. l

By combining Prop. 4.2 with the relationship between Casimir invariants and invariant
differential operators, we infer:

Corollary 4.3 — The irreducibleGL(2n|2n)-characterx(M) = STr, p(M) lies in the
kernel of the full ring ofl, 2q-invariant differential operators:

D(|g))( =0 (€ S N) .

4.3. Radial differential equations forx. — Being the character (or supertrace) of a
representation, the analytic sectipr 4 := I (U, AE*) satisfies the equation
(Xt +XF)x =0

for all X € glonon. ThusX € A4 is radial, and is determined by its values as a Weyl-
invariant and extendable torus functioss X (t). Hence, ifD(l,) is the radial part of the
invariant differential operatdd(l,), the equatio(I,)x = 0 reduces td(l,)x(t) = 0.

We are now going to describe the radial p&¥ts$,). For that purpose, recall from the
proof of Prop. 4.1 that a maximal torus of the real-analytic domaia UV x U@ is

T:=UD)* x ((0,1)"x (1,00)")

which is parameterized liy= diag(ts, t2) with t; andt; as in (8) and variables subject to
the conditionsxj, Bj € iR andy; <0< §; (j =1,...,n). We now view these variables
as coordinates ofy, the complexified tangent space of the flat tofusAs such they
determine differential operatodsda, d/0B; etc. on functions : T — C.
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In order to transcribe Berezin’s Theorem 3.7 to the present context in concise form,
we need a good notation. Let us fix a &gt of positive roots of the Lie superalgebra
glon2n as follows. Arranging the coordinates as an ordered sequence

617'"76H7Bl7"'Bn7Gl7"'7an7y17"'7yn7

A, will be taken to be the set of differencgs- y wherex andy are any two entries
from this sequence subject to the requirementxtaaicurs earlier thay. To illustrate:
01 — 02, On_1 — PB1, andas — y, are some examples of positive roots.

A root r is calledevenor odd depending on whether the eigenveckom the root
equation[H, X] =r(H)X is an even or odd element of the Lie superalgebra. For ex-
ample, in the case at hadd — &, is an even root, whilé,_1 — 31 anda, — y, are
odd roots. The corresponding decomposition of the system of positive roots is written
A=Ay oUAL .

Proposition 4.4 — The charactery : T — C given byx(t) = STr p(t) satisfies the
set of differential equationS(l,)x(t) =0,

5(|g>:\]1/2§ <a_£ o' (_1)“3_6 (_1)40_4> 0J¥?

+_ —_ —
2, \ 9o " op! oy, 08
for ¢ € N, where the functiod/2 : T — C is an analytic square root of
Mrea, o SINKP (3r(Int))
) = 2 .
|‘|r€A+_’15|nh2 (3r(Int))

Proof. — On restricting the sectiog € A4 to the torus functiorx : T — C, it is im-
mediate from Cor. 4.3 thdd(l,)x(t) = 0 for all € N. By Theorem 3.7 the differen-
tial operatod(l,) = J-1/2D, 0 JV/2 agrees with the radial paltx(l;) up to lower-order
terms,J~Y/2P,_10J%2. Since the lower-order operatd®s 1 are themselves expressed
as polynomials in th®, and all constant ternf3_,(0,0) vanish (Cor. 3.9), the system
of equationdD(l,)x = 0 is equivalent to the system of equatiddd,)x = 0 (/ € N).

The expression for the functiahfollows from Theorem 3.7 on setting= g = 2n
and analytically continuing from the compact tokul)*" to the domairi . l

4.4. W-invariance and extendability. — Let us now spell out explicitly the proper-
ties ofx : T — C that are implied byV-invariance and extendability.

Recall from Prop. 4.1 that the characjgM) exists as an analytic section &f =
[ (U, AE*) on the domain?l = U™ x 1@, Since this domain is invariant under
conjugation byg € U(2n) x U(n,n), so is the character:

X(M) =x(gMg™1) (forallge U(2n) x U(n,n)).
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Proposition 4.5 — The functiorx(t) = STk p(t) is invariant under the action of the
Weyl grouplV = Spp X (S, X Sy) on the tangent space of.

X(t) =x(e"")  (wew),

where the symmetric groufp, permutes the entries imt; = (a4,...,0n,B1,...,Bn)
oft = diag(t1,t2), while the first and second factor in the prod&tx S, permute the
first n resp. lastn entries ofint, = (y1,...,¥n,01,...,0n).

Proof. — Lettbe the tangent space of the flat tofusand consider the orbit of a point
Int € t under the adjoint action @ := U(2n) x U(n,n). Every distinct intersection of
this orbit with t gives rise to one element of the Weyl grodp Since conjugation by

g € G leaves the eigenvalues loft unchanged, every point of intersection must corre-
spond to a permutation of the eigenvalues. ConjugatiofUayld) € G with suitably
choserlJ; € U(2n) allows to arbitrarily permute then entries ofint;. However, con-
jugation by(ld,Uz) with U € U(n, n) never mixes the set§,...,Yyn) and(d1,...,0n),

but only permutes the elements of these two sets separately. ]

The conditions in order for @-invariant torus function — f(t) to extend to a section
F(M) of 4 were discussed in Sect. 3.6. To formulate these conditions in the case at
hand, we need the odd roots of the Lie superalggbg,. These are all the functions
t — C given by
oai—vYj, ai—90, Bi—-yj, Bi—9,
fori,j=1,...,n. Via the nondegenerate invariant quadratic fgY) = STrXY of
glon2n restricted tat, each of these root functions t — C corresponds to a vector field
Hr onT by dr = (Hy,-). (In Sect. 3.6 these objects were calfeesp.Hg.) The latter

in turn determines a first-order differential operathrby the directional derivative. In
this way, e.g., the functioa; — y; translates to the differential operat@toa; + d/dy;.
Berezin’s Theorem 3.6 now transcribes to the following.

Proposition 4.6 — A W-invariant functionf : T — C extends to a sectiof € 4 =
(U, \E*) if and only if for each of the choicdg j=1,...,n)
r Hy
ai —Y;j, 6/aon +a/6yj ,
ai—9;, 0/0a;+0/0d;,
Bi—vj, 0/0Bi+0/0y;j,
Bi—%j, 0/0Bi+0/0%;,
limy e r(H)~1H, f () exists for allH’ in the zero locus of.
Since the characteq(t) = STk, p(t) is an extendablé/-invariant function, we have

Corollary 4.7. — The functiort — X(t) obeys the conditions stated in Prop. 4.6.



26 BRIAN CONREY, DAVID FARMER & MARTIN R. ZIRNBAUER

4.5. Proof of the main theorem. —We have now accumulated enough information
about the charactér— X (t) to prove Theorem 1.1. Let us summarize everything that
we know.

A. X is an analytic function on the torus
T=U1)*x(0,1)"x (1,0)",

which we parameterize hy;,3; € iR andy; <0< 9; (j =1,...,n) asin (8).

B. In the limiting situation where the variablés andy; (j = 1,...,n) are sent to
+oo, the functiony has the asymptotic behavior given in Prop. 2.5.

C. x lies in the kernel of the ring of invariant differential operators; by Prop. 4.4 this
is equivalent to the system of equatidd@,)x(t) =0 (¢ € N).

D. TheW-invariant and extendable functiggpthas the properties specified in Props.
4.5 and 4.6.

The proof of Theorem 1.1 is done in two steps: we first show that the conditions (A-D)
admit at most one solutiog; afterwards we will write down the solution and verify
that it has the required properties.

4.5.1. Uniqueness of the solutior— To prove uniqueness, we shall demonstrate that
the solution can be constructed in the form of a convergent power series. The starting
point of this construction is Prop. 2.5: sending the paraméteesdy; to -0, we

know the asymptotics of to bex /X« — 1 with

A (g tint A eAint
w(l) = o€ ' , o t) = . - .
X=(t) [W]e%/MX ( ) Xall) |_|i7j<1_e((1|—[3j)(|nt))
HereW = Sy, x (Sh x Sy) is the Weyl group of our problem (as before in Prop. 4.5),
andW, C W denotes the subgroup that stabilizes

A= (Bi—9).

X« IS the leading term in a power series for the analytic funcyorctually, each
summand in the formula fot. is the leading term of such a series, and to construct
the functiony it is enough to construct the power series built on one of these terms,
sayx.. The complete answer foris then obtained by summing ovéf-translates.

Our procedure will therefore be to look for solutions of the system of differential
equationD(1,)x*(t) = 0 (¢ € N) with the asymptotic data given kg /x} — 1. If X}
is such a solution, then since the operaf(l) areW-invariant, the sum

Xt= S x‘em
(W] EW/Wy

will be a W-invariant solution of the syste(l,)x(t) = 0 with the required limit
at infinity. Conversely, every analytic solutignof this system with the prescribed
asymptotics can be presented as such a sum.
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To tackle the construction of a power series Yot recallA = ¥i(Bj—9j). The
significance of this linear function is thAfA plays the role of (non-dominant) highest
weight for the representatidiv,p). GivenA, define

Dy :={relA | (r,A)=0}.

ThusA,, is the subset of positive roots which have vanishing scalar productNaith
The functionJ of Prop. 4.4 now decomposes as

J=3 x /)= x]r,

wherelJ, is given by the same formula d$ut with the products in the numerator and
denominator restricted to run over the subsystem of rApts A, :

Mrea, o SINKE (3r(Int))

Mreay, SINKF (3r(Int))

Definition 4.8. — Take/\; to be the integer lattice of linear functions
u= 3 i (ajoj —biBj+cjyj — d;)

with aj, bj, ¢j, andd; in NU {0}, andy'_,(cj +d;) > 0.

R(t) =

Now recall the formuld(l,) = J-1/2D, 0 J¥/2 and consider the system of equations
0=D(,)x*=DB,(IY?%) (¢eN).
If T :=[7; j(1—€"Pi)oln is the denominator of}, = eV /T, write
IV = 372 (13 /16) > (Tex?)
and notice that the middle factor,

1/2 1— ek=o

/Te= I_l (1— M0 (1—ehi™ BJ) oln

possesses a power series expansion:

1/2( t)/T(t) = 1+ Zue/h. B(W) g H(Int) 7

which converges everywhere dn It is therefore possible to look for the analytic
functionx? in the form of a power series

XM = X5 (0) (1+ Y on, CIEHM) (9)

Lemma 4.9 — If the system of differential equatiofi¥1,)x(t) = 0 (¢ € N) has a
solutiony® with limit (x* /x}) — 1 at infinity, then this solution is unique.
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Proof. — SetC(0) = B(0) = 1. Inserting the ansatz (9) into the system of differential
equations we then have

VleN: zpe/\+u{0} <zve/\+u{o} B(v)C(u—v)) D, (\])J\'/ZeN)\—H> —0.

The functionst — J, (t)%/2eNA=WnY) for |y € A, are all linearly independent. This
statement remains true after application of the differential oper&orindeed, mov-
ing the variablesxj, 3; off the imaginary axis we may expand teah-functions in

32 into convergent series of exponential functions. The resulting exponentials are
eigenfunctions of the differential operators (with constant coefficidbts)and for
v € A\, none of eigenvalues vanishes for @ N simultaneously.

It now follows that the coefficientS(p) of any solutiony® must satisfy

VHEANAL: C(W)+ zvem B(v)C(p—v) =0,

which constitutes a recursive system of equations for the unkn@gms Its solution
is unique once the limig* /x2 — 1 = C(0) has been fixed. O

4 .5.2. Existence of solution— To restate the result claimed in Theorem 1.1, let
Sv/)w, be the symmetrization operator

Suw f)i= F  f(e ),
(W eW /W,
which is defined for the case of functiofis exp :t — C that aré\j -invariant.

Lemma 4.10 — A solution to the problem posed by the conditions (A—D) above is
X(t) = Sww, (M 20)
Wherej)jl/2 is taken to be the analytic square root

12 _ N sinh(3(ak—&)) sinh(3(w—B))
A ko1 sinh(3(ax—By)) sinh(3 (v —&))

Proof. — Let us verify the properties A-D in sequence.

The func:tione'\”‘j)jl/2 approacheg? at infinity for & andy; (I = 1,...,n), and is
analytic on a dense open subsefTin The apparent singularities froom, — 3 = 0
(mod 2rt) are "healed” forx by the symmetrizatiosy \y . Thus properties A and B
are fulfilled.

Turning to C, since the radial differential operatbxd,) commute with symmetriza-
tion operatoiSy v , we have

0= 5(|p)x = SN/V\I>\ <J_1/2|550J)J\'/2€N)\> .

oln .
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To establish property C, it therefore suffices to show that
f)g (J)]\'/ZGN)\> =0.
For this purpose, observe that the even roos,jare
o —0oj, Bi—Bj, vi—vyj, d&-9 (1<i<j<n),
while the odd roots in that subsystem age-y; andB — 9; (i,j = 1,...,n). Thus
Mi<jsinh(3(a; —aj)) sinh(3(y —v;))
Mi.jsinh(3(ci ;)
Mi<jsinh(3(Bi —Bj)) sinh(3(8 — &)
;i sinh(3(Bi —&;))
By Lemma 3.8 this can be expressed more simply as a product of two determinants:
Hh = Det(sinh*1 (3(ai _VJ)))i,jzl,..,,n
x  Det(sinh ™ (1(Bi - 8))))
By expanding the reciprocals of tiseh-functions into convergent power series,
1/2 ez (Vi—ai)
sinh(3(ai—y;)) 1—ei~®
it is now easy to verify thab, (Jkl/ze’\“) = 0indeed holds for all € N.
Finally, W-invariance (property D) of is not an issue, as this is enforced by the

symmetrizerSy w, - It remains to verify the conditions for extendability which are
listed in Prop. 4.6. To show thgtsatisfies these regularity conditions, we first show

thatj;l/2 satisfies them. Fix some pairl € {1,...,n} and apply toj;l/2 the differ-
ential operator associated with, e.g., the @t y;:
=12 p
2 0 0\ .-1/2 Iy 1 1
a5 T 53— = S coth(5(Bk—Vi)) —coth(5(Bk — a;
Bx—V (aBk 0v|> h Byt & Oz (B W) —com(3(Bi—a)
+ coth(3(vi — Bi)) —coth(3(vi —&i)) } -

After summation over, the expression in curly brackets is regular at the zero locus of
Bk — Vi, since there are only two terms which are singular and these cancel each other:

coth(3(Bk—¥i)) +coth(3(yi —Bk)) = 0.

Regularity of the expression above is then ensured by the facBthaty divides
j;l/z, ie., j;l/z has a zero,jA_l/2 ~ sinh(3(Bx—Vi)), at the zero locus oy — V.

The same argument holds for the roois— 9. For the rootsug —y andBx— 9 a

similar argument goes through, except that these roots do not c]@i]é% but divide
the corresponding expression in curly brackets.

h =

i,j=1...n "

— e%(yj_ai) _|_e%(yj_ai) + ..

°
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Regularity still holds after multiplying;l/2 by eNA = eN2i(Bi=%)  For the rootsty —

yi this is obvious, for the rootsy — & and@y —yi it follows because they dividg,

and forBx — ¢ it follows because the differential opera@fdfy + d/d8 annihilates
the factoreNZi(Bi—3),

Since the Weyl groujV just permutes the odd roots, regularity persists after appli-
cation of the symmetrizey vy, - Thus we have verified property D. l

Our solution to the problem posed by the conditions (A-D) is easily seen to coincide
with the one stated in Theorem 1.1. Since the solution is unique by Lemma 4.9, the
proof of that theorem is now complete.
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