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PART I
RANDOM MATRIX PREDICTIONS FOR RATIOS

1. Introduction

1.1. The statement. —Here for completeness we write down what is to be proved in
these notes. LetΛU(z) be the characteristic polynomial of a unitary matrixU ∈ U(N):

ΛU(z) = Det(Id−zU∗) .

For i = 1, . . . ,n let αi , βi , γi , andδi be complex numbers in the rangeReγi < 0< Reδi .
Let the symmetric groupS2n act by permutations of the set

H := {α1, . . . ,αn,β1, . . . ,βn} ,

and takeSn×Sn to be the subgroup ofS2n which permutes theαi ’s separately from the
βi ’s. DefineS to be the operator that symmetrizes a(Sn×Sn)-invariant functionf by
summing over cosets:

Sf (H) := ∑
[w]∈S2n/(Sn×Sn)

f (w−1 ·H) .

Theorem 1.1. — If dU is the Haar measure ofU(N) normalized by
∫

U(N) dU = 1, the
following is true for allN ∈ N:

∫

U(N)

n

∏
i=1

ΛU(eαi)ΛU(eβi)
ΛU(eγi)ΛU(eδi)

dU = S

(
eN∑n

i=1(βi−δi)
n

∏
j,k=1

(1−eα j−δk)(1−eγ j−βk)
(1−eα j−βk)(1−eγ j−δk)

)
.
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Remark. — Notice that the integrand on the left-hand side can be rewritten as

n

∏
i=1

ΛU(eαi)ΛU(eβi)
ΛU(eγi)ΛU(eδi)

= eN∑n
i=1(βi−δi)

n

∏
i=1

ΛU(eαi)ΛU∗(e−βi)
ΛU(eγi)ΛU∗(e−δi)

.

Remark. — The orthogonal polynomial method of Baik, Deift and Strahov [BDS]
apparently yields an answer for ratios only in the restricted rangeN≥ n. However, we
claim that the statement of Theorem 1.1 is true in the full rangeN≥ 1.

1.2. Some basic definitions of superanalysis. —

• Supermatrix:

M =
(

M11 M12
M21 M22

)
.

The matrix entries ofM11 andM22 are commuting variables (complex numbers),
the matrix entries ofM12 andM21 are anticommuting variables (i.e. generators of
an exterior algebra).

• Supertrace:

STrM =−TrM11+TrM22 .

• Superdeterminant:

SDetM =
DetM22

Det(M11−M12M
−1
22 M21)

.

SDetandSTrare related by

SDet= exp◦STr◦ ln ,

wheneverSDetexists.
• The tensor product of a supermatrixM with an ordinary matrixU is again a

supermatrix:

M⊗U :=
(

M11⊗U M12⊗U
M21⊗U M22⊗U

)
.

Note that the reciprocal of a superdeterminant,

SDet−1(M) =
Det(M11−M12M

−1
22 M21)

Det(M22)
,

exists whenever the blockM22 possesses an inverse.
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1.3. The good holomorphic object to consider. —For U ∈ U(N) with Haar mea-
suredU (normalized by

∫
dU = 1), consider the functionχ defined as the integral

χ(M) =
∫

U(N)
SDet−1(Id−M⊗U∗)dU ,

which is guaranteed to make sense ifId−M22⊗U∗ has an inverse for allU ∈ U(N),
i.e., if the spectrum ofM22 avoids the unit circle.

To see whyχ(M) is a useful object, letM be a diagonal supermatrix:

χ
(

diag(eα1, . . . ,eαn,eβ1, . . . ,eβn,eγ1, . . . ,eγn,eδ1, . . . ,eδn)
)

=
∫

U(N)

n

∏
j=1

Det(Id−eα jU∗)Det(Id−eβ jU∗)
Det(Id−eγ jU∗)Det(Id−eδ jU∗)

dU

= eN∑ j (β j−δ j )
∫

U(N)

n

∏
j=1

ΛU(eα j )ΛU∗(e−β j )
ΛU(eγ j )ΛU∗(e−δ j )

dU .

This is the function we are interested in.
The (super)functionM 7→ χ(M) is holomorphic, but only piecewise so, because of

the singularities that occur when one or several of the eigenvalues ofM22 hit the unit
circle. All discussion will be carried out in one of the domains of holomorphicity,
which is specified as follows.

Let U(n,n) be the noncompact pseudo-unitary group of2n×2n matricesT with the
propertyT = sT−1∗s, wheres= diag(1n,−1n). [Why U(n,n)? The answer is thatχ
will be seen to be the character of a representation which is unitary forU(n,n).] Then
let U(1) := U(2n), and defineU(2) to be the set of2n×2n matrices of the form

U(2) := {T diag(A,D)T−1 | A,D ∈ Herm(Cn); 0 < A < 1 < D; T ∈ U(n,n)} .

ThusU(2) is the orbit ofU(n,n) (acting by conjugation) of the block-diagonal positive
Hermitian matricesdiag(A,D) where the eigenvalues ofA are less than unity, and those
of D are greater than unity.U(2) is a (2n)2-dimensional real-analytic submanifold of
GL2n(C). We shall studyχ as a (super)function on the product manifoldU := U(1)×
U(2), i.e., for M11 ∈ U(2n) andM22 ∈ U(2). Of course,χ extends to a holomorphic
function on a tubular complex neighborhood ofU.

As a function on that domain,χ has a number of strong properties which determine
it completely and will be used to prove Theorem 1.1.

1.4. Outline of strategy. —

• Show thatSDet−1(Id−M⊗U) is a character in the tensor product of the os-
cillator (or Shale-Weil) representation of the metaplectic group with the spinor
representation of the spin group.
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• Using the fact that Howe pairs act without multiplicity in the oscillator-spinor
representation, show thatχ(M) =

∫
U(N) SDet−1(Id−M⊗U∗)dU is the character

associated with an irreducible representation of the Lie superalgebragl2n|2n.

These statements will first be established for the simple case whereM is a diagonal
matrix. Afterwards we introduce the notion of Lie supergroup and explain how to
make sense of the characterχ(M) as a superfunction on the Lie supergroupGL(2n|2n).
Then we use some basic results of supermanifold theory to computeχ(M). Outline:

• As an irreducible character,M 7→ χ(M) is a joint eigenfunction of the ring of
gl2n|2n-invariant differential operators. Show that the eigenvalue is zero for the
full ring.

• Using the explicit form of the (radial parts of the) invariant differential operators
given by Berezin [B], verify that the claimed expression (Theorem 1.1) forχ
is indeed a solution to the problem of finding a zero eigenfunction of all these
operators.

• Prove uniqueness of the solution.

2. 〈Ratio〉 is a character

2.1. gln|n×U(N) acting in the oscillator-spinor representation. — Given a com-
plex vector spaceV = Cd with unitary structure〈·, ·〉, consider the exterior algebra
∧(V) and symmetric algebraS(V). On the former we have the operations of exterior
multiplicationε and inner multiplicationι:

ε(v) : ∧k(V) → ∧k+1(V) (v∈V) ,

ι( f ) : ∧k(V) → ∧k−1(V) ( f ∈V∗) ,

on the latter the operations of (symmetric) multiplicationµ and differentiationδ:

µ(v) : Sk(V) → Sk+1(V) (v∈V) ,

δ( f ) : Sk(V) → Sk−1(V) ( f ∈V∗) .

The algebraic relations obeyed by these operators are the canonical anticommutation
relations (CAR) on the exterior algebra (or ”fermionic”) side:

ε(v)ε(v′)+ ε(v′)ε(v) = 0 ,

ι( f ) ι( f ′)+ ι( f ′) ι( f ) = 0 ,

ι( f )ε(v)+ ε(v) ι( f ) = f (v) , (1)

and the canonical commutation relations (CCR) on the symmetric (or ”bosonic”) side:

µ(v)µ(v′)−µ(v′)µ(v) = 0 ,

δ( f )δ( f ′)−δ( f ′)δ( f ) = 0 ,

δ( f )µ(v)−µ(v)δ( f ) = f (v) . (2)
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Supersymmetry enters when we take the tensor product of∧(V) with S(V) (called
the oscillator-spinor module). The above operators act on∧(V)⊗S(V) in the natural
way: the fermionic operatorsε(v) andι( f ) act on the tensor factor∧(V), the bosonic
operatorsµ(v) andδ( f ) act on the tensor factorS(V), and the bosonic and fermionic
actions commute.

The unitary structure〈·, ·〉 of V induces a canonical unitary structure on the oscillator-
spinor module∧(V)⊗S(V) in which ε is adjoint toι andµ is adjoint toδ:

ε(v)∗ = ι(Cv) , µ(v)∗ = δ(Cv) ,

whereC : V →V∗ is defined byCv= 〈v, ·〉.
Let nowV = Cn⊗CN (later we will doublen→ 2n) and write

V := ∧(Cn⊗CN)⊗S(Cn⊗CN) .

If {ea}a=1,...,N and{ej} j=1,...,n are orthonormal bases ofCN andCn respectively, let
{ fa}a=1,...,N and { f j} j=1,...,n be the corresponding dual bases, i.e.,fa = 〈ea, ·〉 and
fi = 〈ei , ·〉. The Lie algebrauN of the unitary groupU(N) is represented onV by

A 7→ r(A) = ∑
a,b; j

fa(Aeb)
(
ε(ej ⊗ea) ι( f j ⊗ fb)+µ(ej ⊗ea)δ( f j ⊗ fb)

)
.

Using the CAR and CCR relations it is easy to check that this is indeed a representation:

[r(A), r(B)] = r ([A,B]) (A,B∈ uN) .

r exponentiates to a unitary representation (which we still denote byr) of U(N).
Aside from theU(N)-representation, the oscillator-spinor moduleV carries a canon-

ical representation of the Lie superalgebragln|n. The latter is abstractly defined as the
algebra (overC) generated by operatorsEστ

i j with i, j ∈ {1, . . . ,n} and σ,τ ∈ {1,2}
satisfying the Lie (super)bracket relations

[Eστ
i j ,Eσ′τ′

i′ j ′ ] := Eστ
i j Eσ′τ′

i′ j ′ − (−1)(σ+τ)(σ′+τ′)Eσ′τ′
i′ j ′ Eστ

i j

= Eστ′
i j ′ δ ji ′δτσ′− (−1)(σ+τ)(σ′+τ′)Eσ′τ

i′ j δ j ′i δτ′σ . (3)

These generators are represented by operators on the oscillator-spinor moduleV as

ρ(E11
i j ) = ∑a ε(ei⊗ea) ι( f j ⊗ fa) , ρ(E12

i j ) = ∑a ε(ei⊗ea)δ( f j ⊗ fa) ,

ρ(E21
i j ) = ∑a µ(ei⊗ea) ι( f j ⊗ fa) , ρ(E22

i j ) = ∑a µ(ei⊗ea)δ( f j ⊗ fa) .

Again this is easily checked to be a representation:

ρ([X,Y]) = [ρ(X),ρ(Y)] (X,Y ∈ gln|n) .

This representation is unitary for the Lie algebraun⊕un⊂ gln|n, where each summand
un is a copy of the unitary Lie algebra associated with the vector spaceCn. For that
subalgebra the representation exponentiates to a unitary representation ofU(n)×U(n).
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SinceU(N) acts on one factor of a tensor productCn⊗CN andgln|n acts on the
other, it is clear that the two actions commute. In fact,U(N) andgln|n form adual pair
in the sense of R. Howe. This will become important later on.

2.2. Oscillator-spinor character. — Consider a diagonalU(N)-matrixU ,

U = diag
(

eiϕ1, . . . ,eiϕN

)
,

and a diagonal ”parameter” matrixM:

M = diag(eα1, . . . ,eαn,eγ1, . . . ,eγn) .

These are represented by operatorsr(U) and ρ(M) on the oscillator-spinor module
V . We will now evaluate the character of the oscillator-spinor representation on their
product, i.e.,

χ(M,U) := STrV ρ(M) r(U) .

Since the matricesU andM, as well as their representationsr(U) andρ(M), are com-
pletely diagonal, this is easily done by the rules

µ(ei)δ( fi)ep
i = zi

∂
∂zi

zp
i = pzp

i (p = 0,1,2, . . .)

on the symmetric side where the basis vectorei is viewed as a complex variablezi , and

ε(ei)ι( fi)e∧q
i = ζi

∂
∂ζi

ζq
i = qζq

i (q = 0,1)

on the alternating side where eachei is regarded as a generatorζi of ∧(Cn).
Here then is how the character is computed:

χ(M,U) = STrV e∑ j,a(α j+iϕa)ε(ej⊗ea)ι( f j⊗ fa)+∑ j,a(γ j+iϕa)µ(ej⊗ea)δ( f j⊗ fa)

=
n

∏
j=1

N

∏
a=1

1

∑
q=0

∞

∑
p=0

(−1)qeq(α j+iϕa)+p(γ j+iϕa) =
n

∏
j=1

N

∏
a=1

1−eα j+iϕa

1−eγ j+iϕa
.

The geometric series∑∞
p=0epγ = (1− eγ)−1 converges forReγ < 0. Therefore, the

oscillator-spinor characterχ(M,U) exists forM = diag(eα1, . . . ,eγn) if Reγ j < 0 for
all j = 1, . . . ,n. Since theU(N)-action onV is invariantly defined and any element
U ∈ U(N) can be brought to diagonal form by a suitable choice of basis, we have the
following statement.

Proposition 2.1. — The oscillator-spinor characterSTrV ρ(M)r(U) for V = Cn⊗
CN, V = ∧(V)⊗S(V), U ∈ U(N), M = diag(eα1, . . . ,eαn,eγ1, . . . ,eγn), andReγ j < 0
( j = 1, . . . ,n), is a ratio of determinants:

STrV ρ(M) r(U) =
n

∏
j=1

Det(Id−eα jU)
Det(Id−eγ jU)

.
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2.3. Adjusting the normal ordering. — The case dealt with by Prop. 2.1 is not the
one we are interested in. Doubling the number of parameters (by replacingn→ 2n),
we want the caseReγ j < 0 for j = 1, . . . ,n andReγ j > 0 for j = n+ 1, . . . ,2n; or
equivalently, in the notation of Sect. 1.3,

Reγ j < 0 < Reδ j ( j = 1, . . . ,n) .

In that case the geometric sums∑∞
p=0epδ j do not exist.

At the level of the right-hand side of the formula in Prop. 2.1 the problem is repaired
by the manipulation

Det(Id−eβ jU)
Det(Id−eδ jU)

= eN(β j−δ j ) Det(Id−e−β jU∗)
Det(Id−e−δ jU∗)

, (4)

as a result of which the denominatorDet−1(Id−e−δ j U∗) expands into a convergent
power series with respect toe−δ j U∗.

What’s the corresponding manipulation on the left-hand side? The answer is that in
all of the expressions for theU(N)- andgl2n|2n-generators we make the replacements

δ( f j ⊗ fa)−→ µ(ej ⊗ea) , µ(ej ⊗ea)−→−δ( f j ⊗ fa) ,

ι( f j ⊗ fa) −→ ε(ej ⊗ea) , ε(ej ⊗ea)−→+ι( f j ⊗ fa) , (5)

for j = n+ 1, . . . ,2n. (Note the minus sign in the bosonic sector!) This means, for
example, that the subset of generatorsE22

i j of gl2n|2n are now represented by

E22
ii ′ 7→∑aµ(ei⊗ea)δ( fi′⊗ fa) , E22

ji ′ 7→ −∑aδ( f j ⊗ fa)δ( fi′⊗ fa) ,

E22
i j ′ 7→∑aµ(ei⊗ea)µ(ej ′⊗ea) , E22

j j ′ 7→ −∑aδ( f j ⊗ fa)µ(ej ′⊗ea) ,

where we use the convention thati, i′ ∈ {1, . . . ,n} and j, j ′ ∈ {n+1, . . . ,2n}. In physics
one would say that the definition of the normal ordering is adapted to a new vacuum.

The transformation, sayψ, effecting the replacements (5) is an automorphism of
the CAR relations (1) and CCR relations (2). Since these relations determine the Lie
(super)bracket of theuN- andgl2n|2n-representations onV , the mappingψ is also an
automorphism of the latter two. Thus we get newU(N)- andgl2n|2n-representations
r̃ := ψ◦ r andρ̃ := ψ◦ρ.

The modified representationr̃ is still unitary forU(N). However, because of the sign
change in the bosonic sector, thegl2n|2n-representatioñρ no longer exponentiates to a
unitary representatioñρ of U(2n)×U(2n); ratherρ̃ is unitary forU(2n)×U(n,n).

Proposition 2.2. — TakeV to be the unitary vector spaceV = C2n⊗CN, and let
V = ∧(V)⊗S(V) be the associated oscillator-spinor module. LetM be a diagonal
matrix:

M = diag
(

eα1, . . . ,eαn,eβ1, . . . ,eβn,eγ1, . . . ,eγn,eδ1, . . . ,eδn

)
,
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with complex parameters in the rangeReγ j < 0 < Reδ j ( j = 1, . . . ,n). If r̃ and ρ̃
are theU(N)- and gl2n|2n-representations onV defined above, the oscillator-spinor
character evaluated on a pair(M,U) with U ∈ U(N) is

STrV ρ̃(M) r̃(U) =
n

∏
j=1

eN(β j−δ j ) Det(Id−eα jU)Det(Id−e−β jU∗)
Det(Id−eγ jU)Det(Id−e−δ jU∗)

.

Proof. — Since theU(N)-representatioñr is invariantly defined, it suffices to verify
the statement for the special case of diagonalU = diag

(
eiϕ1, . . . ,eiϕN

)
, where one has

STrV ρ̃(M) r̃(U) =

STrV
(

e∑ j,a(α j+iϕa)ε(ej⊗ea)ι( f j⊗ fa)+∑ j,a(γ j+iϕa)µ(ej⊗ea)δ( f j⊗ fa)

×e∑ j,a(β j+iϕa) ι( f j+n⊗ fa)ε(ej+n⊗ea)−∑ j,a(δ j+iϕa)δ( f j+n⊗ fa)µ(ej+n⊗ea)
)

.

Evaluating the supertrace in a basis of alternating and symmetric powers of the vectors
ej ⊗ ea, one gets multiple geometric sums as before. For example, the symmetric
powers(ej+n⊗ea)p are eigenvectors of the operator−δ( f j+n⊗ fa)µ(ej+n⊗ea) with
eigenvalues−(p+1), which gives

∞

∑
p=0

e−(p+1)(δ j+iϕa) =
e−δ j−iϕa

1−e−δ j−iϕa
.

The geometric series converge in the stated range forγ j and δ j . On collecting all
factors one obtains

STrV ρ̃(M) r̃(U) =
n

∏
j=1

eN∑ j (β j−δ j )
N

∏
a=1

(1−eα j+iϕa)(1−e−β j−iϕa)
(1−eγ j+iϕa)(1−e−δ j−iϕa)

,

as claimed.

By undoing the manipulation (4) and recalling the definition of the superdeterminant
SDet, the statement of Prop. 2.2 can be cast in the following succinct form.

Corollary 2.3. —

STrV ρ̃(M)r̃(U) = SDetC2n|2n⊗CN(Id−M⊗U)−1 .

2.4. Using Howe duality. — In an early and insightful article ”Remarks on Classical
Invariant Theory” [H], R. Howe introduced and studied the pair of representations

r̃ : U(N)→ U(V ) , and ρ̃ : gl2n|2n→ gl(V )

(as one in a triplet of families of such pairs, which are nowadays called Howe pairs).
Howe showed that the isotypic component ofV associated with the trivialU(N)-
representation (i.e., the space ofU(N)-invariant vectors inV ) is an irreducible rep-
resentation space forgl2n|2n. We denote this space byV0.
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Consider now theU(N)-average ofSTrV ρ̃(M) r̃(U) for M as defined in the state-
ment of Prop. 2.2. Since integration ofr̃(U) over U(N) with Haar measure projects
on theU(N)-invariants and thus on the linear subspaceV0⊂V , Howe’s result on dual
pairs immediately yields:

Proposition 2.4. — The functionM 7→ χ(M) defined by

χ(M) =
∫

U(N)
STrV ρ̃(M) r̃(U)dU ,

is an irreducible character ofgl2n|2n ,

χ(M) = STrV0
ρ̃(M) ,

where(V0, ρ̃) is the irreduciblegl2n|2n-representation associated with the trivialU(N)-
representation on the oscillator-spinor moduleV = ∧(C2n⊗CN)⊗S(C2n⊗CN) by
the Howe dual-pair correspondence.

Remark. — By Prop. 2.2 the functionχ is identical to the function on the left-hand
side of the statement of Theorem 1.1. Thus we have established that left-hand side
to be an irreduciblegl2n|2n-character. This completes the first step of the programme
outlined in Sect. 1.

As a first preparation for the proof of Theorem 1.1, consider the limiting case where
all parametersγ1, . . . ,γn andδ1, . . . ,δn (i.e., those residing in the denominator of the
ratio of characteristic polynomials) are removed from the picture by sending ineN∑ j δ j χ
the former to−∞ and the latter to+∞:

eN∑ j δ j χ−→
∫

U(n)
Detn(−U∗)

n

∏
j=1

Det(Id−eα jU)Det(Id−eβ jU)dU := χs . (6)

Another way to think about this limit is to say thatgl2n|2n is being restricted to the Lie
algebragl2n (with Cartan subalgebra parameterized byα1, . . . ,αn,β1, . . .βn), and we
now consider the dual pairgl2n×U(N) acting on the spinor moduleVs =∧(C2n⊗CN).
Let Vs,0 ⊂ V0 be the subspace ofU(N)-invariants inVs. The gl2n|2n-representation
(V0, ρ̃) then restricts to thegl2n-representation(Vs,0 , ρ̃s). From Howe [H] we know
the latter representation to be still irreducible. Its characterχs can be computed by
standard techniques (see, e.g., [Refs]), and we here record the result for later use.

Proposition 2.5. — The functionχs defined in (6) is the character of the irreducible
gl2n-representation(Vs,0 , ρ̃s). If W := S2n is the symmetric group permuting the2n
variablesα1, . . . ,αn,β1, . . . ,βn, andW0 := Sn×Sn ⊂ S2n is the subgroup which per-
mutes theα’s andβ’s separately, this character is expressed by the formula

χs = ∑
[w]∈W/W0

eN∑ j w(β j )

∏k,l (1−ew(αk)−w(βl ))
.
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3. Background material from supermanifold theory

It remains to compute the characterM 7→ χ(M) and prove that it is given by the
right-hand side of Theorem 1.1. For that purpose it is not prudent to adhere to the
limited view of χ as a function of the diagonal matricesM. Rather, to get enough
analytical control we are going to exploit the fact thatχ extends to a function on the
Lie supergroupGL(2n|2n). The desired statement then follows rather easily from some
basic results about the analysis on supermanifolds.

Since supermanifold theory is not a widely known subject, we inject the present
section to collect some of the necessary material for the convenience of the reader.
The computation ofχ is then carried out in Sect. 4.

3.1. The vector bundle underlying a Lie supergroup. — Lie supergroups have
been defined and studied by Berezin [B]. Here we will review a simplified definition,
which uses nothing but standard constructions in geometry.

We start from acomplex Lie superalgebra, which in brief is aZ2-graded complex
vector spaceg = g0⊕ g1 equipped with a parity function| · | (i.e., |X| = 0 for X ∈ g0
and|X|= 1 for X ∈ g1) and with a bracket operation[ , ] : g×g→ C. In the case of a
matrix Lie superalgebrag (such asg = gl or g = osp) where productsXY make sense
as matrix products, the bracket is defined by

[X,Y] := XY− (−1)|X||Y|YX

for elementsX,Y of definite parity, and is then extended to all ofg by linearity.
In the sequel we will be concerned only with the two classical Lie superalgebras,

namelygl and osp. To defineg = ospp|q(C), one begins with aZ2-graded vector
spaceV = Cp⊕Cq where one of the dimensions, sayq, is even. Fixing a symmetric
bilinear form s on Cp and an alternating bilinear forma on Cq (both of which are
nondegenerate), one then takes the vector spaceospp|q to be the set of complex linear
transformationsX of V which are skew with respect tos+a. In matrix form,

X =
(

X11 X12
X21 X22

)
,

whereX11 is a complexp× p matrix which is skew w.r.t. the symmetric forms:

s(X11v,w)+s(v,X11w) = 0 (v,w∈ Cp) ;

the complexq×q matrix X22 is skew w.r.t. the alternating forma; and so on.
In the case ofg = glp|q(C), the blocksXi j are just complex matrices of the specified

dimension, with no additional properties. In both cases (g = gl, osp) theZ2-grading
g = g0⊕g1 is given by

X =
(

X11 0
0 X22

)
+

(
0 X12

X21 0

)
.
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Let nowG0 be a complex Lie group with Lie algebraLie(G0) = g0⊂ g. In the case
of g = glp|q we takeG0 = GLp(C)×GLq(C), i.e., the set of matrices

g =
(

g1 0
0 g2

)
,

with g1 an invertiblep× p matrix andg2 an invertibleq× q matrix. In the case of
g = ospp|q we takeG0 = SOp(C)×Spq(C).

The corresponding Lie supergroupG = GL(p|q) or G = OSp(p|q) can in principle
be constructed by invoking anticommuting parametersξ1,ξ2, . . . to exponentiate also
the odd partg1 of the Lie superalgebra. However, in this approach (which is, roughly
speaking, the one taken by Berezin) the difficult part is to explain exactly what is
meant by the group multiplication law. The simplified approach to be outlined here is
to describe the group multiplication only at the infinitesimal level, as follows.

With the aim of constructing a certain important vector bundle (see below), we view
G0 as a homogeneous spaceM := (G0×G0)/G0. In other words,G0 is taken to act
on (g,h) ∈G0×G0 on the right by(k,k) ∈ diag(G0×G0)∼= G0, and we divide by that
action, i.e., we form cosets(g,h) ·G0 by the equivalence relation

(g,h)∼ (gk,hk) .

Yet another way of describing the situation is to say that we have a principal bundle
G0×G0→M with structure groupG0.

Now G0 also acts on the odd partg1 of the Lie superalgebrag by the adjoint repre-
sentation,Ad. In the cases at hand this is the action

Ad

(
g1 0
0 g2

)
:

(
0 X12

X21 0

)
7→

(
0 g1X12g

−1
2

g2X21g
−1
1 0

)
.

It is then a basic fact of differential geometry that one can construct anassociated
vector bundleE→M with total space

E = (G0×G0)×G0
g1 .

The vectors ofE over a point(g,h) ·G0 of M are equivalence classes

[(gk,hk);Y] = [(g,h);Ad(k)Y] (Y ∈ g1, k∈G0) .

Given the vector bundleE → M , consider the algebra of smooth sections of the
exterior bundle of the dual ofE:

A := Γ(M ,∧E∗) .

∧E∗ is the vector bundle whose fibre over a pointp∈ M is the exterior algebra∧E∗p
(with E∗p ∼= g∗1, the dual vector space ofg1). Note that the adjoint representationAd
of G0 on g1 induces a representation(Ad∗)−1 of G0 on g∗1. Of course the exterior
multiplication in the fibre over(g,h) ·G0 ∈M is defined by

[(g,h);A]∧ [(g,h);B] = [(g,h);A∧B] (A,B∈ ∧g∗1) ,



12 BRIAN CONREY, DAVID FARMER & MARTIN R. ZIRNBAUER

which is independent of the choice of representative of the equivalence class.
The basic idea here is that a Lie group (like any manifold) can be described either

by its points, or by the algebra of its functions. In the case of a Lie supergroup, the
latter viewpoint is the good one, i.e., one uses a description by the algebra of (su-
per)functions, and this algebra is none other thanA = Γ(M ,∧E∗).

3.2. g-action on a Lie supergroup. — A useful fact aboutA is that its elements are
in one-to-one correspondence with mapsF ∈ C∞(G0×G0,∧g∗1)

G0, i.e., with smooth
functionsF onG0×G0 that take values in∧g∗1 and are equivariant w.r.t.G0:

F(g,h) = Ad∗(k−1)F(gk,hk) .

Indeed, such a functionF determines a well-defined and unique sections∈ A by

s
(
(g,h) ·G0

)
= [(g,h);F(g,h)] .

The algebraA has a naturalZ2-gradingA = A0 +A1 by

A0 =
⊕

` even
Γ(M ,∧`E∗) , A1 =

⊕
` odd

Γ(M ,∧`E∗) .

The numerical (orC-number) part of a sections∈ A will be denoted bynum(s). Note
thatnum(s) ∈ Γ(M ,∧0E∗) vanishes for odd sections,s∈ A1.

An even derivationof A is a first-order differential operatorD : A0 → A0 andD :
A1 → A1, which satisfies the Leibniz product rule. Anodd derivationis a first-order
differential operatorD : A0→ A1 andD : A1→ A0 satisfying the anti-Leibniz rule.

We are now in a position to specify the Lie supergroup structure. The Lie groupG0
acts onA ∼= C∞(G0×G0,∧g∗1)

G0 in the obvious manner: there is a leftG0-action by

(LgF)(h,h′) = F(g−1h,h′) ,

and a rightG0-action by

(RgF)(h,h′) = F(h,g−1h′) ,

Specializing these to the infinitesimal level we get the corresponding canonical actions
of the Lie algebrag0 by even derivations ofA :

(X̂LF)(g,h) :=
d
dt

F(e−tXg,h)
∣∣∣
t=0

, (X̂RF)(g,h) :=
d
dt

F(g,e−tXh)
∣∣∣
t=0

.

Note the representation property[X̂L
1 , X̂L

2 ] = ̂[X1,X2]
L

and[X̂R
1 , X̂R

2 ] = ̂[X1,X2]
R
.

Similarly, the odd partg1 of the Lie superalgebrag acts in a canonical way by odd
derivations of the algebraA . This means that for everyY ∈ g1 we are given (odd)
first-order differential operatorŝYL andŶR such that the (super)bracket relations

[Ŷi
1,Ŷ

i
2] = [̂Y1,Y2]

i
, [X̂i ,Ŷi ] = [̂X,Y]

i

hold for i = L,R and allX ∈ g0 andY,Y1,Y2 ∈ g1. Unlike the action of the Lie algebra
g0, that of the odd partg1 does not readily exponentiate (see, however, the work of
Berezin [B]). We therefore leave this at the infinitesimal level.
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We will not here go into a detailed exposition of the action ofg1 and all its properties.
Suffice it to say that, e.g., the left action comes about by moving the left factor in

e−ξYge∑i ξiYi h−1

to the middle bye−ξYg = ge−ξAd(g)−1Y, using the Baker-Campbell-Hausdorff formula
on the product

e−ξAd(g)−1Ye∑i ξiYi ,

and finally linearizing inξ.
Let us now summarize the educational material of this subsection.

Definition 3.1. — Given a complex Lie superalgebrag = g⊕ g1, and a complex Lie
group G0 = exp(g0) acting on the vector spaceg1 by the adjoint representationAd,
there is an associated vector bundleE → M with total spaceE = (G0×G0)×G0

g1

overM = (G0×G0)/G0. By the Lie supergroupG = (g,G0) we mean theZ2-graded
algebra of sectionsAG = Γ(M ,∧E∗) carrying the canonical left and right action of
g. A section ofAG is also referred to as a (super)function onG. The component in
C∞(M ) of a sections∈AG is called the numerical part ofsand is denoted bynum(s).

3.3. What’s a representation in the supergroup setting?—If G is a Lie group (or,
for that matter, any group), a representation ofG is given by a complex vector space
V and a homomorphism fromG into the group of linear transformations ofV, i.e., a
mappingρ : G→GL(V) which respects the group multiplication law:

ρ(g1g2) = ρ(g1)ρ(g2) .

In the Lie supergroup setting, since we have purposely avoided defining what is meant
by the group multiplication law, we have to give meaning to the word ”representation”
in an alternative (albeit equivalent) way.

Recall that the basic data of a complex Lie supergroupG are a complex Lie super-
algebrag = g0⊕ g1 and a complex Lie groupG0 with Lie(G0) = g0. To specify a
representation ofG, one first of all needs a representation space, which in the present
context has to be aZ2-graded vector spaceV = V0⊕V1. For present use recall that

STrV = TrV0−TrV1 .

TheZ2-grading ofV induces a naturalZ2-grading of the endomorphisms ofV:

End(V) = End0(V)⊕End1(V) .

An elementA∈ End0(V) is a linear mappingA : V0 → V0 andA : V1 → V1, while an
elementB ∈ End1(V) is a linear mappingB : V0 → V1 andB : V1 → V0. By thisZ2-
grading the algebraEnd(V) carries the natural structure of a Lie superalgebra.

Definition 3.2. — A representation of a complex Lie supergroupG = (g,G0) on a
Z2-graded vector spaceV =V0⊕V1 is given by a homomorphism of Lie superalgebras

ρ∗ : g→ End(V) ,
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and a homomorphism of Lie groups

ρ : G0→GL(V0)×GL(V1) ,

which are compatible in the sense that(dρ)Id = ρ∗|g0.

Remark. — Note that compatibility implies that

ρ(g)ρ∗(Y)ρ(g−1) = ρ∗
(
Ad(g)Y

)
(g∈G0 , Y ∈ g1) .

3.4. What’s a character ofG?— If we are given a representation(V,ρ∗,ρ) of the
Lie supergroupG= (g,G0), we can say precisely – in the language of Sect. 3.1 – what
is meant by its characterχ, which we write informally asχ(M) = STrV ρ(M). The
precise meaning ofχ comes from its definition as an element ofAG = Γ(M ,∧E∗),
i.e., as a section of the vector bundle

∧E∗ = (G0×G0)×G0
∧g∗1 → M = (G0×G0)/G0 .

This sectionχ is constructed from the representation(V,ρ∗,ρ) as follows.
Fix some basisY1,Y2, . . . of g1, and denote the corresponding dual basis byξ1,ξ2, . . ..

(The construction to be made does not depend on which basis is chosen.) Then let
ξ ∈ End(g1)∼= g1⊗g∗1 be the tautological map, i.e.,

ξ = ∑i Yi⊗ξi

with the following interpretation. TheYi ∈ g1, as well as their representationsρ∗(Yi) ∈
End1(V), are viewed as matrices and their destiny isto be multiplied as matrices. The
ξi , on the other hand, are regarded as coordinates or linear functions ong1; as such
they are to be multiplied in thegraded-commutativesense. (Sinceg1 is theoddpart of
a Lie superalgebra, consistency requires that the product among theξi be the exterior
one). Thus we may also view theξi as a set of generators of the exterior algebra∧g∗1.

Now, fixing some pair(g,h) ∈ G0×G0, consider the task of representingM =
geξh−1 as an operator onV, and form the supertrace of this operator to define

χ(g,h) := STrV ρ(g)e∑i ξiρ∗(Yi)ρ(h−1)

= STrV ρ(gh−1)+∑i ξi STrV ρ(g)ρ∗(Yi)ρ(h−1)

+ 1
2 ∑i, j ξiξ j STrV ρ(g)ρ∗(Yi)ρ∗(Yj)ρ(h−1)+ . . . ,

where the Taylor expansion of the exponential function terminates at finite order since
theξi are nilpotent. If the dimension ofV is finite, this definition makes perfect sense.
In the infinite-dimensional case, convergence issues arise andχ(g,h) will typically
exist only for(g,h) in some open domainU ⊂G0×G0.

Wheng andh are allowed to vary,χ becomes a function onU which takes values in
∧g∗1 and is equivariant with respect toG0. Indeed,

χ(gk,hk) = STrV ρ(g)e∑i ξi ρ(k)ρ∗(Yi)ρ(k−1)ρ(h−1) .
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By the compatibility ofρ andρ∗,

∑i ξi ρ(k)ρ∗(Yi)ρ(k−1) = ∑i, j ξi ρ∗
(
Yj Ad(k) ji

)
= ∑i, j ξi Ad∗(k)i j ρ∗(Yj) ,

and therefore
χ(g,h) = Ad∗(k−1)χ(gk,hk) ,

wherek 7→ Ad∗(k−1) is the inducedG0-representation on∧g∗1. Henceχ is an element
of C∞(U,∧g∗1)

G0, or equivalently a section ofA = Γ(U/G0,∧E∗).

Definition 3.3. — The character determined by the representation(V,ρ∗,ρ) of a Lie
supergroupG = (g,G0) is defined to be the sectionχ ∈ AG given by

χ(g,h) = STrV ρ(g)e∑i ξi ρ∗(Yi)ρ(h−1) ,

whenever this exists. We also writeM = geξh−1 andχ(M) = STrV ρ(M) for short.

Remark. — If we identify theC-valued componentΓ(M ,∧0E∗)∼= C∞(G0×G0,C)G0

with C∞(G0) by F(g,h) = f (gh−1), the numerical part ofχ,

num(χ)(g,h) =
(
TrV0−TrV1

)
ρ(gh−1) ,

coincides with the (super)character of the complex Lie groupG0 associated with the
Z2-gradedG0-representation(V0⊕V1,ρ).

3.5. χ is an eigenfunction of all Laplace-Casimir operators. —Irreducible charac-
ters are special functions with special properties. Foremost among these is their being
joint eigenfunctions of the ring of invariant differential operators. Let us review this
general property in the superalgebra setting, which is where it will be exploited below.

If g is a Lie superalgebra, aCasimir invariantof g is an elementI in the center of
the universal enveloping algebraU(g), i.e, a polynomialI in the generators ofg with
the property[I ,X] = 0 for all X ∈ g. For example, ifE1, . . . ,Ed (with d = dimg) is a
basis ofg andQ : g×g→C is a nondegenerate invariant quadratic form, the quadratic
Casimir invariant is

I2 = ∑i j Qi j EiE j ,

where the coefficientsQi j are determined by∑ j Q
i j Q jk = δi

k andQi j = Q(Ei ,E j).

Lemma 3.4(Berezin). — Denote the canonical generators of the Lie superalgebra
glp|q byEστ

i j where the range of a lower index is understood to bei ∈ {1,2, . . . , p} if the
corresponding upper index isσ = 1, andi ∈ {1,2, . . . ,q} if σ = 2. The homogeneous
Casimir invariant of degreè∈ N of glp|q then is expressed as

I` = ∑Eσ1σ2
j1 j2

(−1)σ2Eσ2σ3
j2 j3

(−1)σ3 · · ·Eσ`−1σ`
j`−1 j`

(−1)σ`Eσ`σ1
j` j1

.

Remark. — From the basic bracket relations (3) it is in fact easy to check that[X, I`] =
0 for all X ∈ glp|q.
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Now turn to the functionsF on a Lie supergroupG = (g,G0), i.e., to the sections
F of the algebraAG = Γ(M ,∧E∗). Every Casimir invariantI ∈ U(g) determines an
invariant differential operator – also called a Laplace-Casimir operator –D(I) on such
functions. In the case of the quadratic Casimir invariantI2 this is(

D(I2)F
)
(M) = ∑i j Qi j ÊL

i ÊL
j F(M) = ∑i j Qi j ÊR

i ÊR
j F(M) ,

whereEi 7→ ÊL,R
i are the canonical left and right actions of the Lie superalgebrag on

the Lie supergroupG (Def. 3.1). More generally,D(I) is obtained by replacing in the
polynomial expression forI each generator ofg by the corresponding right-invariant
or left-invariant differential operator.

Assume now an irreducible representationρ of the Lie supergroupG to be given.
(For notational simplicity we suppress the representation spaceV, and we no longer
distinguish betweenρ and the representationρ∗ of the Lie superalgebrag.) Applying
any Laplace-Casimir operatorD(I) to the characterχ(M) = STrρ(M) you get(

D(I)χ
)
(M) = STrρ(I)ρ(M) .

Since the representation is irreducible, andI commutes with all the generators ofg,
the operatorρ(I) is a multiple of the unit operator by Schur’s lemma:ρ(I) = λ(I)× Id
with λ(I) ∈ C. Thusχ is an eigenfunction:

D(I)χ = λ(I)χ .

This fact will be exploited in Sect. 4.3.

3.6. Radial functions. — Another important fact about the characters of a groupG
is that they are constant on conjugacy classes:χ(g) = χ(hgh−1). In the case of a Lie
groupG, functionsF : G→ C with this property are calledradial. The infinitesimal
version of the radial property is

0 =
d
ds

F(e−sXgesX)
∣∣∣
s=0

=
(
X̂L + X̂R)

F(g) ,

in which form the definition readily carries over to the Lie supergroup setting. Notice
that the notation used here is consistent with our earlier definition of the left and right
actionsX̂L,R, by the identificationF2(g,h) = F1(gh−1).

Definition 3.5. — A sectionF ∈ AG on a Lie supergroupG is called radial if(
X̂L + X̂R)

F = 0

holds for allX in the Lie superalgebra ofG.

Now let G be a connected compact Lie group. The set of conjugacy classes then is
parameterized by the elementst in a Cartan subgroup, or maximal torus,T. Thus a ra-
dial functionF onG determines a functionf onT by restriction,f := F

∣∣
T . Conversely,

a function f onT extends to a radial functionF onG provided thatf is invariant under
the action of the Weyl groupW of G, i.e. f (t) = f (w · t) for all w∈W.
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Turning to the case of a Lie supergroupG, consider the situation where the un-
derlying Lie groupG0 is compact (and connected), with maximal torusT. A radial
sectionF ∈ AG still determines a functionf : T → C by restriction and truncation to
the numerical part,

f = π(F) := num(F)
∣∣
T ,

and this functionf is still invariant under the Weyl groupW of G0. However, the
converse is no longer true; in order for aW-invariant functionf on T to extend to a
radial sectionF ∈ AG some extra conditions must be fulfilled.

To specify what these are, let∆1 denote the set of odd roots of the Lie superalgebra
g, i.e., the set of functionsβ : t = Lie(T)→ C with the property

∀H ∈ t : [H,Xβ] = β(H)Xβ (Xβ ∈ g1) .

If 〈·, ·〉 is a nondegenerate and invariant quadratic form ong, assign to eachβ ∈ ∆1 its
dual elementHβ ∈ t by 〈Hβ, ·〉= β.

Theorem 3.6(Berezin). — Let f : T → C be aW-invariant function on the maximal
torusT of a Lie supergroupG. Thenf extends to a radial functionF ∈ AG if and only
if the following condition is satisfied for everyβ ∈ ∆1: the limit

lim
H→H ′β(H)−1 d

ds
f (eH+sHβ)

∣∣∣
s=0

exists for allH ′ in the zero locus ofβ, i.e., on the set{H ′ ∈ t |β(H ′) = 0}.

Remark. — The necessity of this condition for extendability can be seen as follows.
Let F ∈ AG be a radial section, and putf = π(F). An elementHβ ∈ t acts onf by

(Hβ · f )(eH) =
d
ds

f (eHesHβ)
∣∣∣
s=0

.

If ĤL,R
β are the differential operators associated toHβ by the left and right actions ofg

on AG, we equivalently have

Hβ · f = π
(
ĤR

β F
)

=−π
(
ĤL

β F
)

.

Now recall〈H,Hβ〉= β(H) and notice
〈
H, [Xβ,X−β]

〉
=

〈
[H,Xβ],X−β

〉
= β(H)

〈
Xβ,X−β

〉
.

Hence if root vectors are normalized so that〈Xβ,X−β〉= 1, then[Xβ,X−β] = Hβ. By the
representation property this carries over to a relation between differential operators:

Ĥ i
β = [X̂i

β, X̂
i
−β] (i = L,R) .
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Therefore, the directional derivativeHβ · f can be expressed as

Hβ · f = π
(1

2(ĤR
β − ĤL

β )F
)

= 1
2 π

(
[X̂R

β , X̂R
−β]F− [X̂L

β , X̂L
−β]F

)

= 1
2 π

(
[X̂L

β + X̂R
β , X̂R

−β− X̂L
−β]F

)
,

where the last equality sign follows from the fact that the left and rightg-actions on
AG commute in the graded-commutative sense.

Next we use the property that the sectionF is radial:(X̂L
β + X̂R

β )F = 0. Abbreviating

F ′ := 1
2(X̂R

−β− X̂L
−β)F we then arrive at an expression forHβ · f as

Hβ · f = π
(
(X̂L

β + X̂R
β )F ′

)
.

Since the differential operator̂XL
β + X̂R

β represents the adjoint action

−ad(Xβ) : H 7→ [H,Xβ] = β(H)Xβ ,

it is clear thatHβ · f vanishes linearly on the zero locus ofβ andβ−1Hβ · f exists.
Thus we have explained why the condition stated in Theorem 3.6 is a necessary one.

For sufficiency we refer to Berezin [B].

3.7. Radial part of the Laplacians for U(p|q).— Recall that for every Casimir in-
variantI ∈ U(g) there is an invariant differential operatorD(I) on the algebra of sec-
tions AG. If F ∈ AG is radial, i.e.,(X̂L + X̂R)F = 0 for all X ∈ g, then so isD(I)F ,
sinceD(I) commutes with all of thêXL,R. Therefore, every invariant differential op-
eratorD(I) has a radial part,̇D(I); if π is the restriction from the radial sectionsF in
AG to the torus functionsf : T → C, andπ−1 is the inverse map on the extendable
W-invariant torus functions, this is the differential operatorḊ(I) = π◦D(I)◦π−1.

We finish our exposition of background material by writing down the radial parts of
the invariant differential operators for the unitary Lie supergroupG = U(p|q), whose
base manifold is the compact real Lie groupG0 = U(p)×U(q). The Casimir invariants
I` of glp|q were given in Lemma 3.4.

Let the maximal torusT = U(1)p+q of U(p)×U(q) be coordinatized by

t = diag
(

eiψ1, . . . ,eiψp;eiϕ1, . . . ,eiϕq

)
,

and denote bỹD` the homogeneous radial differential operators

D̃` =
p

∑
i=1

∂`

∂ψ`
i

− (−1)`
q

∑
j=1

∂`

∂ϕ`
j

.

Theorem 3.7(Berezin). — If J : U(1)p+q→ R is the function given by

J =
∏1≤i<i′≤psin2(1

2(ψi−ψi′)
)

∏1≤ j< j ′≤qsin2(1
2(ϕ j −ϕ j ′)

)

∏p
i=1∏q

j=1sin2(1
2(ψi−ϕ j)

) ,
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the degree-̀Laplace-Casimir operator forU(p|q) has the radial part

Ḋ(I`) = J−1/2(
D̃` + P̀−1

)◦J1/2 ,

whereP̀−1 denotes lower-order terms, which are polynomial of maximal degree`−1
in the homogeneous operatorsD̃k.

In the special case when dimensions match, one has the following simplification,
which will be of use in Sect. 4.5.

Lemma 3.8. — For p= q= n the functionJ can be put in the formJ = Det2(K) where
K is then×n matrix with entries

Ki j =
1

sin
(1

2(ψi−ϕ j)
) .

Proof. — In the Cauchy determinant formula

∏i< j(xi−x j)(y j −yi)
∏i, j(xi−y j)

= Det

(
1

xi−y j

)

i, j=1,...,n

,

make the substitutionxi = eiψi andy j = eiϕ j . The statement then immediately follows
from Euler’s formula2isinz= eiz−e−iz on dividing both sides by a suitable factor.

Corollary 3.9. — For p= q the constant term of the lower-order differential operator
P̀−1(∂/∂ψi ,∂/∂ϕ j) in the radial partḊ(I`) vanishes for all̀ ∈ N: P̀−1(0,0) = 0.

Proof. — The first step is to show that forp= q= n the square rootJ1/2 is annihilated
by every homogeneous radial differential operatorD̃`. For that purpose, write

J1/2 = Det(K) = (2i)ne−
i
2 ∑k(ψk−ϕk)Det

(
1

1−e−i(ψi−ϕ j )

)

i, j=1,...,n
.

Now express the determinant as a sum over permutations, move theψi andϕ j into the
lower resp. upper half of the complex plane, and expand the factors(1−e−i(ψi−ϕ j ))−1

into geometric series. The result is an absolutely convergent series, each term of which
is annihilated by every one of thẽD`. ThusD̃`J1/2 = 0 for all ` ∈ N.

SinceḊ(I`) is a differential operator, one hasḊ(I`) ·1 = 0 and Theorem 3.7 implies
0 = J−1/2(D̃` + P̀−1)J1/2 = P̀−1(0,0).

Finding the radial part of an invariant differential operator is an algebraic problem (as
opposed to an analytical one). It is therefore clear that the formulas given in Theorem
3.7 hold not only for the compact Lie supergroupU(p|q) but admit analytic continua-
tion to an open domain in the complex Lie supergroupGL(p|q). It is in such a domain
that we will use them to complete the proof of Theorem 1.1.
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4. Computation of theGL(2n|2n)-character χ

In Sect. 2.4 we considered the Howe pairgl2n|2n×U(N) acting on the oscillator-
spinor moduleV = ∧(C2n⊗CN)⊗S(C2n⊗CN), and showed the correlation function
of interest to be an irreducible character,χ; in fact, combining Props. 2.2 and 2.4 with
Cor. 2.3 we have that the left-hand side of the statement of Theorem 1.1 is equal to

∫

U(N)
SDet−1(Id− t⊗U)dU = STrV0

ρ̃(t) = χ(t) ,

whereV0 is the vector space ofU(N)-invariants inV , andρ̃ is thegl2n|2n-representation
arising from the standard one by changing the normal ordering (Sect. 2.3). In the
present section we adopt the simplified notationsV := V0 andρ := ρ̃.

4.1. Extending the domain of definition ofχ. — All of our considerations ofχ in
Sect. 2 were restricted to the diagonal matricesM = t; it is, in fact, only the diagonal
valuesχ(t) that we ultimately want to know. However, to establish good analytical
control and actually compute these values, we will now extend the torus functiont 7→
χ(t) to a function on the Lie supergroupG = GL(2n|2n).

Because the representation spaceV is infinite-dimensional, the characterχ at hand
does not extend to all of the complex Lie groupG0 = GL2n(C)×GL2n(C), but exists
only on a suitable open domain inG0. Our first task is to describe this domain.

Proposition 4.1. — The characterχ(t) = STrV ρ(t) extends to an analytic function on
the product manifoldU = U(1)×U(2) ⊂G0 whereU(1) = U(2n) and

U(2) = {T diag(C,D)T−1 |C,D ∈ Herm(Cn); 0 < C < 1 < D; T ∈ U(n,n)} .

This analytic functionχ : U → C analytically continues to a holomorphic function on
a tubular complex neighborhood̃U of U in G0. The holomorphic functionχ : Ũ → C
in turn lifts to a holomorphic even section ofΓ(Ũ,∧E∗).

Proof. — From Sects. 2.3 and 2.4 we know thatSTrV ρ(t) has the expression

STrV ρ
(
diag(t1, t2)

)
=

∫

U(N)

Det(Id− t1⊗U)
Det(Id− t2⊗U)

dU (7)

and, parameterizing the diagonal matricest = diag(t1, t2) as

t1 = diag(eα1, . . . ,eαn,eβ1, . . . ,eβn) , t2 = diag(eγ1, . . . ,eγn,eδ1, . . . ,eδn) , (8)

exists forReγ j < 0 < Reδ j and arbitrary complexα j andβ j ( j = 1, . . . ,n).
Consider now anyM = diag(M1,M2) ∈ U(1)×U(2). Every such matrixM can be

diagonalized:M = gtg−1 whereg∈ U(2n)×U(n,n), andt = diag(t1, t2) is given by
(8) with parameters in the good range:γ j < 0 < δ j andα j ,β j ∈ iR.
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Since the representationρ is unitary forU(2n)×U(n,n) (see Sect. 2.3), we have
ρ(g−1) = ρ(g)−1 = ρ(g)∗ and hence

χ(M) = STrV ρ(g)ρ(t)ρ(g)−1 = χ(t) .

Thusχ(M) exists onU and is constant on the orbits of the adjoint action ofU(2n)×
U(n,n) onU. The same holds true for the right-hand side of (7). This relation therefore
extends to

χ(M) = STrV ρ(M) =
∫

U(N)
SDet−1(Id−M⊗U)dU ,

whereM = diag(M1,M2) ∈U is regarded as a block-diagonal supermatrix.
Since the functionM 7→SDet−1(Id−M⊗U) is analytic onU for every fixed unitary

matrix U , so is its integral over the compact Lie groupU(N). Thusχ : U → C is an
analytic function. Moreover, for allM in the interior ofU, i.e., for eigenvalueseγ j

andeδ j that are strictly smaller resp. greater than unity, this analytic function has a
finite radius of convergence. It therefore extends holomorphically to a tubular complex
neighborhoodŨ of U. (Of course this neighborhood degenerates on approaching the
boundary ofU or sending any of theγ j or δ j to zero.)

To elevateχ : Ũ → C to a holomorphic section ofΓ(Ũ,∧E∗), recall the definitions
G0 = GL2n(C)×GL2n(C) andE = (G0×G0)×G0

g1 whereg1 is the odd part of the

Lie superalgebragl2n|2n. The domainŨ is open in the complex Lie groupG0. If
M ∈ Ũ, then for any pair(g,h) ∈G0×G0 in the fibre overM = gh−1 of the principal
G0-bundleG0×G0→G0 we set

χ(g,h) := STrV ρ(g)e∑i ξi ρ∗(Yi)ρ(h−1) .

This expression exists because the Taylor expansion with respect to the nilpotent gen-
eratorsξi ∈ g∗1 terminates at finite order and each expansion coefficient

STrV ρ(g)ρ∗(Yi1)ρ∗(Yi2) · · · ρ∗(Yik)ρ(h−1)

exists. Since the operatorsρ∗(Yi) for Yi ∈ g1 lie in the odd subspaceEnd1(V), these
expansion coefficients are nonzero only when the orderk is even. Their dependence
ong,h is holomorphic. Finally, by setting

χ
(
(g,h) ·G0

)
:= [(g,h);χ(g,h)]

as usual,χ is established as a holomorphic even section ofΓ(Ũ,∧E∗).

In the following we will frequently use the short-hand notationχ(M) = STrV ρ(M) for
the sectionχ ∈ Γ(U,∧E∗) which is obtained by restricting the holomorphic section
χ ∈ Γ(Ũ,∧E∗) to the real-analytic domainU defined in Prop. 4.1.

Having extended the torus functiont 7→ χ(t) to a section on a domain of the Lie
supergroupGL(2n|2n), we can now apply the powerful machinery reviewed in Sect. 3
and exploit the fact thatχ is an eigenfunction of the ring ofgl2n|2n-invariant differential
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operators:D(I)χ = λ(I)χ. The first step is to calculate the eigenvaluesλ(I) from the
relationρ(I) = λ(I)× IdV .

4.2. All Casimir invariants vanish on V. — From Lemma 3.4 recall the expression
for the degree-̀Casimir invariantI` of gl2n|2n. There exists a simple heuristic why all
of these invariants must be identically zero in such a representation as(V,ρ).

The first step of the argument is to verify from the basic bracket relations (3) of
gl2n|2n that each invariantI` can be expressed as an anticommutator of odd elements:

I` = [Q,F(`)] ,

whereQ = ∑2n
i=1E12

i i , andF(`) ∈ U(gl2n|2n) is given by

F(`) = ∑E2σ2
i j2

(−1)σ2Eσ2σ3
j2 j3

(−1)σ3 · · ·Eσ`−1σ`
j`−1 j`

(−1)σ`Eσ`1
j` i .

If the representation spaceV were finite-dimensional, we could now argue that

STrV ρ(I`) = STrV [ρ(Q),ρ(F(`))] = 0 ,

since the supertrace of any bracket vanishes. On the other hand, sinceI` is a Casimir in-
variant, the operatorρ(I`) on the irreducible representation spaceV must be a multiple
of unity: ρ(I`) = λ(I`)× IdV . In finite dimension we could therefore say that

STrV ρ(I`) = λ(I`)STrV Id = (dimV0−dimV1)λ(I`) .

Inspection ofV shows that there is exactly one vector in the even subspaceV0 which
has no partner in the odd subspaceV1 – this vector is the ”vacuum”. Thus the dimension
of V0 exceeds that ofV1 by one. HenceSTrV ρ(I`) = 1 ·λ(I`), and from the previous
resultSTrV ρ(I`) = 0 we would be forced to concludeλ(I`) = 0.

This argument is not sound, as the representation spaceV has infinite dimension and
the tracesSTrV ρ(I`) andSTrV Id as such do not exist. Nevertheless, the conclusion still
holds true:

Proposition 4.2. — In the representation(V,ρ) all Casimir invariantsI` vanish.

Proof. — The heuristic argument becomes rigorous on regularizing the traces. This is
done with the help of an alternating sum of generators,

Λ =
2

∑
σ=1

n

∑
j=1

(Eσσ
j j −Eσσ

j+n, j+n) ,

which is not a Casimir invariant ofgl2n|2n, but does lie in the center ofU(gln|n⊕gln|n)
and hence commutes with bothQ andF(`). OnV it is represented by the operator

ρ(Λ) =
2n

∑
j=1

N

∑
a=1

(
ε(ej ⊗ea)ι( f j ⊗ fa)+µ(ej ⊗ea)δ( f j ⊗ fa)

)
,

which is called the particle number in physics.
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Now if τ is any positive real parameter, inserting the operatore−τρ(Λ) cuts off the
infinite contribution from high particle numbers and makes the traces of the heuristic
argument converge. Thus, on the one hand we now rigorously have

STrV e−τρ(Λ)ρ(I`) = STrV [ρ(Q),e−τρ(Λ)ρ(F(`))] = 0 ,

and on the other hand, sinceρ(I`) = λ(I`)× IdV ,

STrV e−τρ(Λ)ρ(I`) = λ(I`)STrV e−τρ(Λ) .

To compute the last trace, notice thate−τΛ is the diagonal matrix

e−τΛ = diag
(
e−τ× Idn,e

τ× Idn,e
−τ× Idn,e

τ× Idn
)

and use the formula (7) to obtain

STrV e−τρ(Λ) =
∫

U(N)

Detn(Id−e−τU)Detn(Id−eτU)
Detn(Id−e−τU)Detn(Id−eτU)

dU = 1 .

Therefore
0 = STrV e−τρ(Λ)ρ(I`) = λ(I`) ,

and the proposition is proved.

By combining Prop. 4.2 with the relationship between Casimir invariants and invariant
differential operators, we infer:

Corollary 4.3. — The irreducibleGL(2n|2n)-characterχ(M) = STrV ρ(M) lies in the
kernel of the full ring ofgl2n|2n-invariant differential operators:

D(I`)χ = 0 (` ∈ N) .

4.3. Radial differential equations for χ. — Being the character (or supertrace) of a
representation, the analytic sectionχ ∈ A := Γ(U,∧E∗) satisfies the equation

(X̂L + X̂R)χ = 0

for all X ∈ gl2n|2n. Thusχ ∈ A is radial, and is determined by its values as a Weyl-
invariant and extendable torus functiont 7→ χ(t). Hence, ifḊ(I`) is the radial part of the
invariant differential operatorD(I`), the equationD(I`)χ = 0 reduces toḊ(I`)χ(t) = 0.

We are now going to describe the radial partsḊ(I`). For that purpose, recall from the
proof of Prop. 4.1 that a maximal torus of the real-analytic domainU = U(1)×U(2) is

T := U(1)2n× (
(0,1)n× (1,∞)n) ,

which is parameterized byt = diag(t1, t2) with t1 andt2 as in (8) and variables subject to
the conditionsα j ,β j ∈ iR andγ j < 0< δ j ( j = 1, . . . ,n). We now view these variables
as coordinates ontC, the complexified tangent space of the flat torusT. As such they
determine differential operators∂/∂α j , ∂/∂β j etc. on functionsf : T → C.
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In order to transcribe Berezin’s Theorem 3.7 to the present context in concise form,
we need a good notation. Let us fix a set∆+ of positive roots of the Lie superalgebra
gl2n|2n as follows. Arranging the coordinates as an ordered sequence

δ1, . . . ,δn,β1, . . .βn,α1, . . . ,αn,γ1, . . . ,γn ,

∆+ will be taken to be the set of differencesx− y wherex andy are any two entries
from this sequence subject to the requirement thatx occurs earlier thany. To illustrate:
δ1−δ2, δn−1−β1, andα2− γn are some examples of positive roots.

A root r is calledevenor odd depending on whether the eigenvectorX in the root
equation[H,X] = r(H)X is an even or odd element of the Lie superalgebra. For ex-
ample, in the case at handδ1− δ2 is an even root, whileδn−1− β1 andα2− γn are
odd roots. The corresponding decomposition of the system of positive roots is written
∆+ = ∆+,0∪∆+,1.

Proposition 4.4. — The characterχ : T → C given byχ(t) = STrV ρ(t) satisfies the
set of differential equations̃D(I`)χ(t) = 0,

D̃(I`) = J−1/2
n

∑
j=1

(
∂`

∂α`
j

+
∂`

∂β`
j

− (−1)`
∂`

∂γ`
j

− (−1)`
∂`

∂δ`
j

)
◦J1/2 ,

for ` ∈ N, where the functionJ1/2 : T → C is an analytic square root of

J(t) =
∏r∈∆+,0

sinh2(1
2r(ln t)

)

∏r∈∆+,1
sinh2(1

2r(ln t)
) .

Proof. — On restricting the sectionχ ∈ A to the torus functionχ : T → C, it is im-
mediate from Cor. 4.3 thaṫD(I`)χ(t) = 0 for all ` ∈ N. By Theorem 3.7 the differen-
tial operatorD̃(I`) = J−1/2D̃` ◦J1/2 agrees with the radial parṫD(I`) up to lower-order
terms,J−1/2P̀−1◦J1/2. Since the lower-order operatorsP̀−1 are themselves expressed
as polynomials in thẽD` and all constant termsP̀−1(0,0) vanish (Cor. 3.9), the system
of equationsḊ(I`)χ = 0 is equivalent to the system of equationsD̃(I`)χ = 0 (` ∈ N).

The expression for the functionJ follows from Theorem 3.7 on settingp = q = 2n
and analytically continuing from the compact torusU(1)4n to the domainT.

4.4. W-invariance and extendability. — Let us now spell out explicitly the proper-
ties ofχ : T → C that are implied byW-invariance and extendability.

Recall from Prop. 4.1 that the characterχ(M) exists as an analytic section ofA =
Γ(U,∧E∗) on the domainU = U(1)×U(2). Since this domain is invariant under
conjugation byg∈ U(2n)×U(n,n), so is the character:

χ(M) = χ(gMg−1) (for all g∈ U(2n)×U(n,n)) .
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Proposition 4.5. — The functionχ(t) = STrV ρ(t) is invariant under the action of the
Weyl groupW = S2n× (Sn×Sn) on the tangent space ofT:

χ(t) = χ(ew·ln t) (w∈W) ,

where the symmetric groupS2n permutes the entries inln t1 = (α1, . . . ,αn,β1, . . . ,βn)
of t = diag(t1, t2), while the first and second factor in the productSn×Sn permute the
first n resp. lastn entries ofln t2 = (γ1, . . . ,γn,δ1, . . . ,δn).

Proof. — Let t be the tangent space of the flat torusT, and consider the orbit of a point
ln t ∈ t under the adjoint action ofG := U(2n)×U(n,n). Every distinct intersection of
this orbit with t gives rise to one element of the Weyl groupW. Since conjugation by
g∈G leaves the eigenvalues ofln t unchanged, every point of intersection must corre-
spond to a permutation of the eigenvalues. Conjugation by(U1, Id) ∈ G with suitably
chosenU1 ∈ U(2n) allows to arbitrarily permute the2n entries ofln t1. However, con-
jugation by(Id,U2) with U2∈U(n,n) never mixes the sets(γ1, . . . ,γn) and(δ1, . . . ,δn),
but only permutes the elements of these two sets separately.

The conditions in order for aW-invariant torus functiont 7→ f (t) to extend to a section
F(M) of A were discussed in Sect. 3.6. To formulate these conditions in the case at
hand, we need the odd roots of the Lie superalgebragl2n|2n. These are all the functions
t→ C given by

αi− γ j , αi−δ j , βi− γ j , βi−δ j ,

for i, j = 1, . . . ,n. Via the nondegenerate invariant quadratic form〈X,Y〉 = STrXY of
gl2n|2n restricted tot, each of these root functionsr : t→C corresponds to a vector field
Hr on T by dr = 〈Hr , ·〉. (In Sect. 3.6 these objects were calledβ resp.Hβ.) The latter
in turn determines a first-order differential operatorĤr by the directional derivative. In
this way, e.g., the functionαi− γ j translates to the differential operator∂/∂αi +∂/∂γ j .
Berezin’s Theorem 3.6 now transcribes to the following.

Proposition 4.6. — A W-invariant functionf : T → C extends to a sectionF ∈ A =
Γ(U,∧E∗) if and only if for each of the choices(i, j = 1, . . . ,n)

r Ĥr
αi− γ j , ∂/∂αi +∂/∂γ j ,
αi−δ j , ∂/∂αi +∂/∂δ j ,
βi− γ j , ∂/∂βi +∂/∂γ j ,
βi−δ j , ∂/∂βi +∂/∂δ j ,

limH→H ′ r(H)−1Ĥr f (eH) exists for allH ′ in the zero locus ofr.

Since the characterχ(t) = STrV ρ(t) is an extendableW-invariant function, we have

Corollary 4.7. — The functiont 7→ χ(t) obeys the conditions stated in Prop. 4.6.
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4.5. Proof of the main theorem. —We have now accumulated enough information
about the charactert 7→ χ(t) to prove Theorem 1.1. Let us summarize everything that
we know.

A. χ is an analytic function on the torus

T = U(1)2n× (0,1)n× (1,∞)n ,

which we parameterize byα j ,β j ∈ iR andγ j < 0 < δ j ( j = 1, . . . ,n) as in (8).
B. In the limiting situation where the variablesδ j andγ j ( j = 1, . . . ,n) are sent to
±∞, the functionχ has the asymptotic behavior given in Prop. 2.5.

C. χ lies in the kernel of the ring of invariant differential operators; by Prop. 4.4 this
is equivalent to the system of equationsD̃(I`)χ(t) = 0 (` ∈ N).

D. TheW-invariant and extendable functionχ has the properties specified in Props.
4.5 and 4.6.

The proof of Theorem 1.1 is done in two steps: we first show that the conditions (A-D)
admit at most one solutionχ; afterwards we will write down the solution and verify
that it has the required properties.

4.5.1. Uniqueness of the solution. — To prove uniqueness, we shall demonstrate that
the solution can be constructed in the form of a convergent power series. The starting
point of this construction is Prop. 2.5: sending the parametersδ j andγ j to ±∞, we
know the asymptotics ofχ to beχ/χ∞ → 1 with

χ∞(t) = ∑
[w]∈W/Wλ

χλ
∞(ew−1·ln t) , χλ

∞(t) =
eNλ(ln t)

∏i, j(1−e(αi−β j )(ln t))
.

HereW = S2n× (Sn×Sn) is the Weyl group of our problem (as before in Prop. 4.5),
andWλ ⊂W denotes the subgroup that stabilizes

λ := ∑ j(β j −δ j) .

χ∞ is the leading term in a power series for the analytic functionχ. Actually, each
summand in the formula forχ∞ is the leading term of such a series, and to construct
the functionχ it is enough to construct the power series built on one of these terms,
sayχλ

∞. The complete answer forχ is then obtained by summing overW-translates.
Our procedure will therefore be to look for solutions of the system of differential

equationsD̃(I`)χλ(t) = 0 (` ∈ N) with the asymptotic data given byχλ/χλ
∞ → 1. If χλ

is such a solution, then since the operatorsD̃(I`) areW-invariant, the sum

χ(t) = ∑
[w]∈W/Wλ

χλ(ew−1·ln t)

will be a W-invariant solution of the system̃D(I`)χ(t) = 0 with the required limit
at infinity. Conversely, every analytic solutionχ of this system with the prescribed
asymptotics can be presented as such a sum.
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To tackle the construction of a power series forχλ, recall λ = ∑ j(β j − δ j). The
significance of this linear function is thatNλ plays the role of (non-dominant) highest
weight for the representation(V,ρ). Givenλ, define

∆λ := {r ∈ ∆+ | 〈r,λ〉= 0} .

Thus∆λ is the subset of positive roots which have vanishing scalar product withNλ.
The functionJ of Prop. 4.4 now decomposes as

J = Jλ× (J/Jλ) =: Jλ× jλ ,

whereJλ is given by the same formula asJ but with the products in the numerator and
denominator restricted to run over the subsystem of roots∆λ ⊂ ∆+:

Jλ(t) =
∏r∈∆λ,0

sinh2(1
2r(ln t)

)

∏r∈∆λ,1
sinh2(1

2r(ln t)
) .

Definition 4.8. — TakeΛ+ to be the integer lattice of linear functions

µ= ∑n
j=1(a jα j −b jβ j +c jγ j −d jδ j)

with a j , b j , c j , andd j in N∪{0}, and∑n
j=1(c j +d j) > 0.

Now recall the formulãD(I`) = J−1/2D̃` ◦J1/2 and consider the system of equations

0 = D̃(I`)χλ = D̃`

(
J1/2χλ) (` ∈ N) .

If πs := ∏i, j(1−eαi−β j )◦ ln is the denominator ofχλ
∞ = eNλ/πs, write

J1/2χλ = J1/2
λ × (

j1/2
λ /πs

)× (
πsχλ) ,

and notice that the middle factor,

j1/2
λ /πs = ∏

i, j

1−eγk−δl

(1−eαk−δl )(1−eγi−β j )
◦ ln ,

possesses a power series expansion:

j1/2
λ (t)/πs(t) = 1+∑µ∈Λ+

B(µ)e−µ(ln t) ,

which converges everywhere onT. It is therefore possible to look for the analytic
functionχλ in the form of a power series

χλ(t) = χλ
∞(t)

(
1+∑µ∈Λ+

C(µ)e−µ(ln t)
)

. (9)

Lemma 4.9. — If the system of differential equations̃D(I`)χλ(t) = 0 (` ∈ N) has a
solutionχλ with limit (χλ/χλ

∞)→ 1 at infinity, then this solution is unique.
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Proof. — SetC(0) = B(0) = 1. Inserting the ansatz (9) into the system of differential
equations we then have

∀` ∈ N : ∑µ∈Λ+∪{0}
(
∑ν∈Λ+∪{0}B(ν)C(µ−ν)

)
D̃`

(
J1/2

λ eNλ−µ
)

= 0 .

The functionst 7→ Jλ(t)1/2e(Nλ−µ)(ln t) for µ∈ Λ+ are all linearly independent. This
statement remains true after application of the differential operatorsD̃`. Indeed, mov-
ing the variablesα j ,β j off the imaginary axis we may expand thesinh-functions in
Jλ

1/2 into convergent series of exponential functions. The resulting exponentials are
eigenfunctions of the differential operators (with constant coefficients)D̃`; and for
ν ∈ Λ+ none of eigenvalues vanishes for all` ∈ N simultaneously.

It now follows that the coefficientsC(µ) of any solutionχλ must satisfy

∀µ∈ Λ+ : C(µ)+∑ν∈Λ+
B(ν)C(µ−ν) = 0 ,

which constitutes a recursive system of equations for the unknownsC(µ). Its solution
is unique once the limitχλ/χλ

∞ → 1 = C(0) has been fixed.

4.5.2. Existence of solution. — To restate the result claimed in Theorem 1.1, let
SW/Wλ be the symmetrization operator

SW/Wλ f (t) := ∑
[w]∈W/Wλ

f (ew−1·ln t) ,

which is defined for the case of functionsf ◦exp :t→ C that areWλ-invariant.

Lemma 4.10. — A solution to the problem posed by the conditions (A–D) above is

χ(t) = SW/Wλ

(
eNλ(ln t) j−1/2

λ (t)
)

,

where j−1/2
λ is taken to be the analytic square root

j−1/2
λ =

n

∏
k,l=1

sinh
(1

2(αk−δl )
)

sinh
(1

2(γk−βl )
)

sinh
(1

2(αk−βl )
)

sinh
(1

2(γk−δl )
) ◦ ln .

Proof. — Let us verify the properties A–D in sequence.

The functioneNλ j−1/2
λ approachesχλ

∞ at infinity for δl andγl (l = 1, . . . ,n), and is
analytic on a dense open subset inT. The apparent singularities fromαk− βl = 0
(mod2πi) are ”healed” forχ by the symmetrizationSW/Wλ . Thus properties A and B
are fulfilled.

Turning to C, since the radial differential operatorsD̃(I`) commute with symmetriza-
tion operatorSW/Wλ, we have

0 = D̃(I`)χ = SW/Wλ

(
J−1/2D̃` ◦J1/2

λ eNλ
)

.
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To establish property C, it therefore suffices to show that

D̃`

(
J1/2

λ eNλ
)

= 0 .

For this purpose, observe that the even roots in∆λ are

αi−α j , βi−β j , γi− γ j , δi−δ j (1≤ i < j ≤ n) ,

while the odd roots in that subsystem areαi− γ j andβi−δ j (i, j = 1, . . . ,n). Thus

Jλ =
∏i< j sinh

(1
2(αi−α j)

)
sinh

(1
2(γi− γ j)

)

∏i, j sinh
(1

2(αi− γ j)
)

× ∏i< j sinh
(1

2(βi−β j)
)

sinh
(1

2(δi−δ j)
)

∏i, j sinh
(1

2(βi−δ j)
) .

By Lemma 3.8 this can be expressed more simply as a product of two determinants:

Jλ = Det
(
sinh−1(1

2(αi− γ j)
))

i, j=1,...,n

× Det
(
sinh−1(1

2(βi−δ j)
))

i, j=1,...,n .

By expanding the reciprocals of thesinh-functions into convergent power series,

1/2

sinh
(1

2(αi− γ j)
) =

e
1
2(γ j−αi)

1−eγ j−αi
= e

1
2(γ j−αi) +e

3
2(γ j−αi) + . . . ,

it is now easy to verify that̃D`

(
J1/2

λ eNλ) = 0 indeed holds for all̀ ∈ N.
Finally, W-invariance (property D) ofχ is not an issue, as this is enforced by the

symmetrizerSW/Wλ. It remains to verify the conditions for extendability which are
listed in Prop. 4.6. To show thatχ satisfies these regularity conditions, we first show

that j−1/2
λ satisfies them. Fix some pairk, l ∈ {1, . . . ,n} and apply toj−1/2

λ the differ-
ential operator associated with, e.g., the rootβk− γl :

2
βk− γl

(
∂

∂βk
+

∂
∂γl

)
j−1/2
λ =

j−1/2
λ

βk− γl

n

∑
i=1

{
coth

(1
2(βk− γi)

)−coth
(1

2(βk−αi)
)

+ coth
(1

2(γl −βi)
)−coth

(1
2(γl −δi)

)}
.

After summation overi, the expression in curly brackets is regular at the zero locus of
βk− γl , since there are only two terms which are singular and these cancel each other:

coth
(1

2(βk− γl )
)
+coth

(1
2(γl −βk)

)
= 0 .

Regularity of the expression above is then ensured by the fact thatβk− γl divides

j−1/2
λ , i.e., j−1/2

λ has a zero,j−1/2
λ ∼ sinh

(1
2(βk− γl )

)
, at the zero locus ofβk− γl .

The same argument holds for the rootsαk− δl . For the rootsαk− γl andβk− δl a

similar argument goes through, except that these roots do not dividej−1/2
λ but divide

the corresponding expression in curly brackets.
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Regularity still holds after multiplyingj−1/2
λ by eNλ = eN∑i(βi−δi). For the rootsαk−

γl this is obvious, for the rootsαk−δl andβk− γl it follows because they dividej−1/2
λ ,

and forβk− δl it follows because the differential operator∂/∂βk + ∂/∂δl annihilates
the factoreN∑i(βi−δi).

Since the Weyl groupW just permutes the odd roots, regularity persists after appli-
cation of the symmetrizerSW/Wλ. Thus we have verified property D.

Our solution to the problem posed by the conditions (A-D) is easily seen to coincide
with the one stated in Theorem 1.1. Since the solution is unique by Lemma 4.9, the
proof of that theorem is now complete.
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