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Abstract

We find the generating function for the number of k-tuples of monic
polynomials of degree n over Fq that are relatively r-prime, meaning
they have no common factor that is an rth power. A corollary is the
probability that k monic polynomials of degree n are relatively r-prime,
which we express in terms of a zeta function for the polynomial ring.
This gives an analogue of Benkoski’s result concerning the density of
k-tuples of relatively r-prime integers. Special cases include that of
pairs of relatively prime polynomials (k = 2 and r = 1) and square-
free polynomials (k = 1 and r = 2). We also generalize to the broader
context of prefabs and their generating functions.

In this paper we consider for polynomials over a finite field the analogues
of classical results in probabilistic number theory going back to 1874 when
Mertens [9] proved that the probability that two positive integers are rela-
tively prime is s 6/π2 or 1/ζ(2). This result was extended by D. N. Lehmer
[8] in 1900 to show that the probability that k positive integers are relatively
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prime is 1/ζ(k). In 1885 Gegenbauer [4] proved that 1/ζ(r) is the probabil-
ity that a positive integer is not divisible by an rth power, where r ≥ 2 is
a fixed integer. More recently, in 1976 Benkoski [2] unified these results by
proving that the probability that k positive integers do not have a common
rth power factor is 1/ζ(kr). As a guide to the history of this material and
for related results we recommend Hardy and Wright [5] and Kac [7]. Short,
accessible proofs of Lehmer’s result and of Gegenbauer’s result for r = 2 (the
square-free probability) are in papers of Nymann [10] and [11]. A readable
and heuristic approach at the student level is in a fairly recent article of
Jones [6].

The main result of this paper are two analogues of Benkoski’s theorem
for polynomials over a finite field and proved with combinatorial techniques.
Similar results are in the literature, but it does not appear that the unified
analogue of Benkoski’s theorem has been published. Then we show how the
first analogue fits into the wider context of prefabs.

Let q be a prime power and let Fq be the finite field of order q. We
consider polynomials with coefficients in Fq. For an integer r ≥ 1 we say
that polynomials f1, . . . , fk are relatively r-prime if they have no common
factor of the form hr, where deg h > 0. When r = 1, this is the usual notion
of being relatively prime.

Theorem 1 Let cn be the number of k-tuples of monic polynomials of degree
n that are relatively r-prime. Let C(t) =

∑
n≥0 cntn be the ordinary power

series generating function of the cn. Then

C(t) =
1− qtr

1− qkt

and

cn =
{

qkn 0 ≤ n ≤ r − 1
qkn − qkn−kr+1 n ≥ r

.

Proof Partition the qkn k-tuples (f1, . . . , fk) into subsets according to the
degree i of the monic polynomial h where hr is the greatest common rth
power divisor. Then (f1/hr, . . . , fk/hr) is a tuple with no common rth power
divisors. There are cn−ir such k-tuples. Therefore,

qkn =
∑
i≥0

qicn−ir.

We construct the generating function and change indices by letting j =
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n− ir: ∑
n≥0

qkntn =
∑
n≥0

∑
i≥0

qkcn−irt
n

=
∑
n≥0

∑
i≥0

qktircn−irt
n−ir

=
∑
j≥0

∑
i≥0

qktircjt
j

=
∑
j≥0

cjt
j
∑
i≥0

qitir

From this we see that ∑
n≥0

cntn = (1− qtr)
∑
n≥0

qkntn.

Comparing the coefficients of tn gives the formula for the cn. Sum the
geometric series on the right to see that

C(t) =
1− qtr

1− qkt
.

2

Corollary 2 The probability that k monic polynomials of degree n are rel-
atively r-prime is

1− 1
qkr−1

.

2

This probability is, of course, also the asymptotic probability as n→∞
and should be seen as the polynomial analogue of 1/ζ(kr) in Benkoski’s
theorem. We will see that it is indeed the reciprocal of the value at s = kr
of the zeta function of the polynomial ring Fq[x]. This zeta function is
defined by

ζq(s) =
∑

a

1
(Na)s

,

where the sum is over all ideals of Fq[t] and Na, the norm of the ideal a, is
the order of the residue ring Fq[t]/a. Every ideal is principal and generated
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by a unique monic polynomial. There are qn monic polynomials of degree n
and hence qn ideals of norm qn. Therefore,

ζq(s) =
∑
n≥0

qn

qns

=
1

1− q1−s
.

Thus, from Corollary 2 the probability that k polynomials are relatively
r-prime is given by

1
ζq(kr)

= 1− 1
qkr−1

.

There is an alternative polynomial analogue for which we consider k-
tuples of polynomials of degree less than or equal to n. In some sense this
may be more like the integer case in which the density of a subset of Nk is
defined by counting those tuples less than or equal to n. On the other hand,
the limit probability as n → ∞ remains the same even though the number
of relatively r-prime k-tuples changes.

Theorem 3 Let en be the number of relatively r-prime k-tuples (f1, . . . , fk)
of polynomials of degree less than or equal to n, and let E(t) =

∑
entn.

Then

E(t) = (1− qtr)
(

qk

1− qkt
− 1

1− t

)
and

en =
{

qk(n+1) − 1 0 ≤ n ≤ r − 1
qk(n+1) − qk(n+1−r)+1 + q − 1 n ≥ r

.

Proof There are qk(n+1) k-tuples (f1, . . . , fk), where deg fi ≤ n. Setting
aside (0, 0, . . . , 0), we partition the remaining qk(n+1) − 1 non-zero k-tuples,
just as before, into subsets according to the degree of the greatest common
rth power factor. Then

qk(n+1) = 1 +
∑
i≥0

qien−ir.

Now we proceed as in the proof of Theorem 1 to see that∑
n≥0

entn = (1− qtr)
∑
n≥0

(
qk(n+1) − 1

)
tn.

Compare the coefficients of tn to derive the formula for en and sum the
geometric series to derive the closed form for E(t). 2
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Corollary 4 The probability that k random polynomials are relatively r-
prime is

1
ζq(kr) =

1− 1
qkr−1

.

Proof This probability is the limit

lim
n→∞

en

qk(n+1)
,

and its value follows immediately from the theorem. 2

The monic polynomials over a finite field are an example of a prefab
[1, 12]. We will consider a prefab P having an objects of order n and
associated generating function A(t) =

∑
n≥0 antn. For the prefab of monic

polynomials over Fq, the order of a polynomial is its degree, an = qn, and
A(t) = (1−qt)−1. To put Theorem 1 into the context of prefabs we consider
k-tuples of objects of order n, the number of which is an

k. Let

A[k](t) =
∑
n≥0

an
ktn

be the associated generating function. Now let cn be the number of k-tuples
of objects of order n having no common constituent that is repeated r times
in each element of the tuple. Then, just as for polynomials, we have

an
k =

∑
i≥0

aicn−ir.

Therefore ∑
n≥0

an
ktn =

∑
n≥0

∑
0≤i≤n

ait
ircn−irt

n−ir,

and so we see that A[k](t) = A(tr)C(t), which leads to the prefab general-
ization of Theorem 1

C(t) =
A[k](t)
A(tr)

.

For the case r = 1, that is for relatively prime tuples in prefabs, this was
derived in [3]. Now Theorem 1 follows from this equation because for poly-
nomials A[k](t) = (1− qkt)−1 and A(tr) = (1− qtr)−1.
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